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The Sign of Sub/rafion ; as 9—6 is 9 leſs 
—} 1 6, and ſignifies that 6 is to be taken from 9, 
or leſs. that ſo their Difference may be found. 


3 The Sign of Multiplication; as 9x6, is ꝙ in- 
* } | * F 6, and ſignifies that g is to be Multiplied 
a into or with 6. 

The Sign of Diviſion; as 8 —2, is 8 by 2, 
and ſignifies that 8 1s to be Divided by 2, alſo 
thus 2) 8 (4 or thus + each ſignifying the ſame 
thing, to wit, 8 Divided by 2. | 


The Sign of Equality or Equation, viz. when- 
ever this Sign = is placed betwixt Numbers (or 
Quantities) it denotes them to be Equal, as 

=9, or 9-+6==15, or 9g—b==3, Cc. That 
is, 915 Equal tog, or 9 more 6 is Equal to 15, 
and 9 leſs 6 is Equal to 3, &c. 

The Sign of Prop-rtion, or that commonly 

called the Golden Rule, or Rule of Three, and 
8 7 85 1 :: is always placed betwixt the Two middle 
8 8 * Terms or Numbers in Proportion. Thus 


„ | 2:8::60:24. To be read thus; as 2, is to 


83 ſo is 6, to 24. 


Theſe Signs and their Siguifications, being perfectly learnt, 
will help to ſhorten the Work. 


HAF. II. 


Concerning the Principal Rules in Atithmetick, and how 
they are performed in whole Numbers. | 


HE Rules by which Numerical Operations are perſorm'd 

in all the Parts of Arithmetick, are many and various, 
ſeveral of them being form'd and raiſed as Occaſion requires, 
when applied to Practice; yet they are all comprehended within 
the due Conſideration of theſe Six, vis. Numeratjon (or 1250 
tion), 
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tion), Addition, Subſtraction, Multiplication, Diviſion, and 
Evolution, or Extraction of Roots, 


8 


_— 


ect. 1, Of Numtrration or Notation, 


Numeration or Notation, teacheth to Read or Expreſs the 
true Value of any Number when writ down; and conſequently 
to write down any propoſed Number according to it's true Value 
when it is named: And this conſiſteth of T'wo Parts. 


1. The due Order of placing down Figures. 
2. The true valuing of each Figure in it's Place. 
Both which are plainly exhibited in the following Table. 
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By this Numeration Table it is apparent, that the Order of 
Places is reckoned from the Right-hand towards the Left ; the 
firſt Place of any Number being always that which is the out- 
moſt Figure to the Right-hand : and whatever Figure flands in 
that Place, doth only ſignify it's own ſimple Value, viz. fo 
many Units as that Figure repreſents, 

The ſecond Place is that of Tens, and any Figure ſtanding in 
that Place ſignificth ſo many Tens as that Figure repreſents ON 
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The third Place is Hundreds, the fourth Place Thouſands, &c. 
That is, each Place towards the Left-hand is Ten Times the 
Value of that next it, towards the Right. 

For Inſtance, ſuppoſe 7 50 were propoſed to be read or pro- 
nounced according to the Value of each Figure as they now 
ſtand. The firſt Figure in this Sum is 9, becauſe it ſtands in 
the Place of Units, and therefore ſignifies but it's own ſimple Va- 
lue, to wit, 9 Units, or 9. The ſecond Figure 5 ſtands in the 
Place of Tens, and therefore ſignifies Five Tens or Fifty, The 
Figure 7 ſtands in the third Place, or Place of Fundy eds, and 
833 it ſignifies Seven Hundred; and the whole Sum is to be 
read or pronounced thus, Seven Hundred Fifty Nine. 

Note, Although the Figure 7 ſtands in the third Place (accord- 
ing to the Order of Numbering) yet when the whole Sum comes 
to be read, it is fir{t pronounced; the reading of Numbers being 
perſormed like that of Letters or Words, always beginning with 
the outmolt Figure towards the Left-hand, and fo many Figures 
as are placed together without any Point, Comma, Line, or 
other Note of Diſtinction between them, are all but one Sum, 
and muſt be read as ſuch. 

For Example, 763596 is but one entire Sum or Number, not- 
withſtanding it contiſts of fix Places of Figures, and is thus 
read ; Seven Hundred Sixty Three Thouſand, Five Hundred 
N. 1200 Six. 

The like is to be obſerved in reading or expreſſing the true 
Value of any Sum or Rank of Numbers conſiſting of Seven, E ight, 
Nine, or more Places of Figures, each Figure being to be valued 
according to it's Diſtance from the Place of Unity : As in the 
foregoing Table. 

Now ſuch Values may as well ariſe by Cyphers, as by other 
Figures; for Inſtance, 6 ſtanding by itſelf, repreſents but Six 


Units : But if a Cypher be annext to it thus, bo, then it becomes 


Sixty; tor the Cypher poſſeſſing the Place of Units, hath thereby 
removed the 6 into the Place of Tens; and another Cyber more 
would make it boo, Six Hundred, &c. 
Whence it may be noted, that although a Cypher of itſelf 
ſignify nothing (as hath been ſaid before) yet being placed on the 
Right-hand of any Figure, it augments the Value of that Figure 
by advancing it into a higher Place than otherwiſe it would have 
been, had not the Cypher been there, 

Take one Example more in Numeration (if you pleaſe, that 


in the Table) viz, 07097795033 I, Which is, according as is 
there ſignificd, 


Six 
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Six Hundred Seventy Eight Thouſand Millions, 

Nine Hundred Eighty Seven Millions, 

Six Hundred Fifty Four Thouſand, 

Three Hundred Twenty One Units, Of any propoſed Species 
or Quantities whatſoever. 

And here it may be obſerved, that every third Figure from the 
Flace of Units, bears the Name of Hundreds ; which ſhews that 
if any great Sum be parted, or rather diſtinguiſhed into Periods, 
of Three Figures in each Period (as in the foregoing Table), it 
will be of good Uſe to help the young learner in the eaſier 
valuing and expreſſing that Sum. 


Sec. 2. Of Addition, 
Paſtulate or Petition. 


That any given Number may be increaſed or made more, by putting 
| another Number to it. 
Addition is that Rule by which ſeveral Numbers are collected 
and put together, that ſo their Sam or Total Amount may be 
known. 


In this Rule Two things being carefully obſerved, the Work 
will be eafi'y performed. a 

1. 7 he firſt is the true placing of the Numbers, ſo as that 
each Figure may ſtand directly underneath thoſe Figures of the 
ſame Value, viz. place Units under Units, Tens under Tens, and 
Hundreds under Hundreds, &c. © ; | 

Then underneath the loweſt Rank (always) draw a Line to 
ſeparate the given Numbers from their Sum when it is found. 

Example. If theſe Numbers 54327, and 2651, were given 
to be added together, they muſt be placed 


$4327 

Thus, 205 U 

2. The ſecond thing to be obſerved is the due Collecting or 

Adding together each Row of Figures that ſtand over one ano- 
ther of the ſame Value: And that is thus performed, 


| Rule. 


| 1 
Always begin your Addition at the Place of Units, and Add 
together all the Figures that ſtand in that Place, and if their Sum 
be under Ten, ſet it down below the Line underneath it's own 
Place; but if their Sum be more than Ten, you muſt ſet down 
only the overplus, or odd Figure above the Ten (or Tens) and /o 
many Tens as the Sum of thoſe Units amounts to, you muſt carry 


L 


: Part I. 


ä 


n 


Chap. 2. Of Addition. 9 


to the place of Tens; Adding them and all the Figures that tand 
in the place of Tens together, in the ſame manner as th1je of the 
Units were added ; then proceed in the ſame order to the place of 
Hundreds, and ſ% on to each place until all is done. 

The Sum ariſing from thoſe Additions will be the Total 
Amount required, 


. 


Let it be required to find the Sum of the aforeſaid Numbers, 
wiz. 5 543%] 
e 2051 
56978 the dum required. 

Beginning at the place of Unzts, I fay 1 and 7 is 8, which 
being leſs than 10, I ſet it down (according to the Rye) under- 
neath it's own place of Cuts; and then proceed to the place of 

Tens, ſaying 5 and 2 is 7, which being leſs than 10, I ſet it 
down underneath it's own place of Tens, and proceed to do the 
like at the place of Hundreds, and then at Thouſands, ſetting 
each of their Sas underneath their own reſpective places: 
Laſtly, becauſe there is not any Figure in the lower Rank to be 
added to the Figure 5, which ſtands in the place of Ten Thou- 
fands, in the upper Rank, I therefore bring down the faid 5 to 
the reſt, placing it underneath: it's own place, and then I find 
that 54327-+2051==50978, the true Sym required, 


E. I MP LE 2. 


Suppoſe it were required to find the Sam of theſe Numbers, 
- 2578-+499--742-þ-184-t-95. Theſe being placed, as before di- 
rected, will ſtand as in the Margin. Then beginning (as before) 
at the place of Units, ſay 5 and 4 is 9, and 2 is 11, and 
6 is 17, and 8 is 25; ſet down the 5 Units underneath its 3578 
own place of Litas, and carry the 20, or two Tens, tothe 496 
place of Tens (at which place they are only 2) ſaying, 2 742 
and 9 is 11, and 8 is 19, and 4 is 23, and q is 32, and 7 184 
is 29; ſet down the 9 underneeth it's own place of Tens, 95 
and carry the 30, or three Tens (which indeed is 300) —— 
to the place of Hundreds, at which place they are but 3, 5095 
ſaying, 3 [carry and I is 4, and 7 is 11, and 4 is 15, and 
5 is 203 here becauſe there is no Fizure overplus (as before) I ſet 
down a Cypher underneath the place of Hundreds, and carry the 
2 Tens (or rather the 2000) to the place of Theujands, ſay ing 
(as 


[ 
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10 Arithmetick. Part J. 
(as before) 2 I carry and 3 is 5, which being the laſt, I ſet it 
down underneath it's own place, and all is finiſhed. And find the 
Sum or Total amount tobe 5095==357 8+490-+7424-184+95. 
If this Example be well confidered, it will be ſufficient to 
ſhew the uſual Method of Addition in whole Numbers ; but to 
make all plain and clear, I ſhall ſhew the young Learner the 
Reaſon of carrying the Tens from one Degree or Row of Figures, 
to the next Superior Degree, which is done purely to ſave 
Trouble, and prevent the ufing of more Figures than are really 


neceſſary, as will appear by the following Method of adding 
together the ſame Numbers of the laſt Example. 


Thus, add together each ſingle 31578 
Row of Figures by itſelf; as if there 40906 
were no more but that one Row, 71402 
ſetting down the dum underneath it's " 4 
own place, s 1 lo 5 
The Sum of the Row of Units, is | | 205 

The Sum of the Row of Tens, is 37/0 Add 
The Sum of the Row of Hund. is 0 71010 
Ie three Thouſand brought down |3 210'o 


The Sum or Total Amount as before, is 5095 


From hence I. preſume it will be eaſy to conceiv® the true 
Reaſon of carrying the aforeſaid Tens ; and alſo that Cyphers do 
not augment or increaſe the Sum in Addition. (Ste Page 4.) 

I might have here inſerted a Lineal Demonſtration of this 
Rule of Addition; but I thought it would rather puzzle than 
improve a young Learner, efpecially in this place; beſides the 
Reafon of it is ſufficiently evident from that Natural Truth of 
the Il hole being Equal to all it's Parts taken together. Euclid 1. 
Axiom 19. | | 

That is, the Numbers which are propoſed to be added toge- 
ther, are by that Axiom underſtood to be the ſeveral Parts, and 
their Sum or Total Amount found by Addition is underſtood to 
be the Whole, | 

And from thence is deduced the Method of proving the 
Truth of any Operation in Addition, viz. By parting or ſeparating 
the given Numbers into Two Parcels (or more, according to the 
Largeneſs of it) and then adding up each Parcel by itſelf : For 
if thoſe particular S ums ſo found, be added into one Sum, and 
that Sum prove Equal or the ſame with the Total Sum fit ſt 

found, 
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found, then all is right; if not, care muſt be taken to diſcover 
and cotrect the Error. 


EXAMPLE. 


5047 
mY The Sum of theſe Parts is, 12952 
1 
Add 
2900 
woe {The Sum of theſe is, 9513 
The Total dumof 3 The Sum of each 
all theſe Parts 22405 Parcel put together 22405 


i — 1 


n 


Sect. 3. Of Suübſtractton. 


Poſtulate or Petition. 
That any Number may be diminiſhed, or made leſs, by taking 
another Rumber from it. 


Subſtraction is that Ry/e by which one Number is deducted 
or taken out of another, that ſo the Remainder, TY ences or 


Exceſs may be known. 


As 6 taken out of , there remains 3. ﬀ This 3 is alſo the 
Difference between b and 9, or it is the c of g above 6. 

Therefore the Number (or Sum) out of which Subſtra@in is 
required to be made, muſt be greater than (or at leaſt equal to) 
the Subtrabend or Number to be ſubſtracted. 

Note, This Rule is the Converſe or Direct contrary to Addi- 
tion, 

And here the ſame Caution that was given in Addition, of 
placing Figures directly under thoſe of the ſame Value, viz. Units 
under Units, Tens under Tens, and Hundreds under Hundreds, &c, 
muſt be carefully obſerved ; alſo underneath the loweſt. Rank 
there muſt be drawn a Line (as before in Addition) to ſeparate 
the given Numbers from their Difference when it is found. 

Then having placed the leſſer Number under the greater, the 
Operation may be thus performed. 

R U-L E. 

Begin at the Right Hand Figure or place of Units (At in 

ms) and take or Julſiraet the lower Figure in that place 
C 2 from 
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3 —— 


from the Figure that flands over it, ſetting down the Remainder 
or Difference 1:derneath it's own place. If the Two Figures 
chance to be Equat, ſet d1wn a Cypher: But if the upper Figure 
be leſs than the lower Figure, then you muſt add 10 to the upper 
Figure, or mentally call it Io more than it is, and from that dum 


ſubſtract the lower Figure, ſetting down the Remainder (as before 


directed). Now becauſe the 10 thus added, was ſuppijcd to be 
borrowed from the next ſuperior place (viz. of Tens) in the upper 
Figures, therefore you muſt either call the upper Figure in that 
place ſrem whence the 10 was tarrowed, one leſs than really it is, 
or elſe (which is all ene, aud maſi ujun!) yen muſt call the ler 
ND | ene more ton it really is, and then proceed 
za Alon 1 twat ce, as in the former 3 and ſo gradually 
u from one Kow of Figures to anther until all be done. 


\. » 1 4 12 717 1524 1574 
4 dan 453 471 4.4601. 1e 


* 


44 
115 


F . 
Let it be requiicd tu find the Difference between 6785, and 
4572. That 1s, let 4572 be ſub/tragted from 6785. 
Theſe Numbers being placed down, as before directed, will 
ſtand 
5 6785 
Thus 2 4572 
2213 
Beginning at the place of Units, take 2 from 5 and there 
Wiil remain 3 which mult be ſet down underneath it's own place, 
and then pioceed to the place of Tens, taking 7 from 8. and 
there will remain I, to be ſet down underneath it's own place; 
again, at the place of Hundreds, take 5 from 7, and there re- 
mains 2, which ſet down, as before; laſtly, take 4 from 6 and 
there will remain 2, which being ſet down underneath it's own 
Place, the Work is ſiniſned, and the Difference ſo found will be 
2213=9755—4572, as was required. 


EB 

The Difference between 5849, and 7490 is required. 

Having placed the Numbers as in the Margin, begin 
at the place of Units, (as before) and ſay q from 6 cannot 7496 
be, but 9 from 16 and there remains 7, to be ſet down 5849 
under it's own place; next proceed to the place of Tens, ——— 
where you mult now pay the 10 that was borrowed to 1647 
make the © 16, by counting the upper Figure 9 in that 
place one leſs than it is, ſaying 4 from 8 and there remains 4, 


or elſe (which is the molt pradtiſed) ſay 1 I borrowed and 4 is 5, 
| fi 0M 
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from 9 and there remains 4, to be ſet down under it's own place 
(as before); again, at the place of Hundreds, (ay 8 from 4 that 
cannot be, but 8 from 14 there will remain 6 to be ſet down; 
and here I have borrowed 10 (as before) which muſt be paid in 
the ſame manner as the other 10 was, ©z. either by calling the 
in the upper Rank but 6, ſaying 5 from 6 there remains 1, 
or elſe by ſaying 1 borrowed and 5 is 6 from 7 and there remains 
I, which being fet down under it's own place all is done, and the 
Difference required will be 1647=7496—5849. 


EE KS MP LE - 2. 
From 830476 
Take 741068 


Remains 89408 


By this Example you may perceive that Cyphers in the Sub- 
trahend, viz. in the Numbers to be /ub/irafed, do not diminiſh 
the Number from whence Subſtraction is made, See Page 4. 

Theſe Three Examples, I preſume, may be ſufficient ro ſhew 
the young Learner the Method of Suhitradting whole Numbers; 
as for the Reaſon thereof it is the ſame with that of Addition, 
Page 10. viz. of the Whole being Equal to all it's Parts taken 
together. > 

That is, in this Rule the Number from which Sub/fradtion is 
required to be made, is underitood to be the Whole, and the 
Subtrabend or Number to be ſubſtradted, is ſuppoled to be a part 
of that Whole ; conſequently if that Part be taken from the 
Whole, the Remainder will be the other part. 

From hence is deduced the common Method of proving Su3- 
firattlion, by adding together the Subtrahend and the Remainder. 
For if the Sum of thoſe Two (which are here called Parts) be 
equal to the Number from whence Sub/?ra&15m was made (which 
is here called the Whole) then the Work is right; if not, care 
mult be taken to diſcover and correct the Error. 


AA ME. 
From 59435 
Take 47008 
{a 


11827 
vu) $700 Sum which is equal to the Number from 
39435 whence Sub/traciton Was made. 


5 Or 
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Or from the aboveſaid Reaſon, it will be eaſy to conceive 
how to prove the Truth of Sub/tradtion by Subtrattion, 


For if from 59435 being here the whole, 
there be taken 47608 as part of that whole; 


there will remain 11827 the other part (as before) 


And if from 59435 the whole, there be ſubſtracted the 
laſt part, viz, 11827 


there will remain 47608 the firſt part, or Number which was 
required to be firſt S2 racted. 


From 75643 From 4000000 
Take gooo Take 986432 
Remains 66643 Remains 601 3568 


Set. 4. Of Multiplication. 


Multiplication is a Rule by which any given Number may be 


ſpeedily increaſed, according to any propoſed Number of Times. 

That is, One Number is ſaid to Multiply another, then the 
Number multiplied is ſ often added to itſelf, as there are Units 
in the Number multiplying ; and another Number is produced. 
(Euclid 7. Def. 15.) 

To perform Multiplication, there | is required two given Num- 
bers, called Factors. 

The Firſt is the Number to be multiplied, which is generally 
put the greater of the T'wo Numbers, and is commonly called 
the Multiplicand. 

The other is that Number by which the Firſt is to be multi- 
plied, and is uſually called the Multiplicator or Multiplier; and 
this denotes the Number of Times that the Multiplicand is required 
to be added to itſelf. For ſo many Units as are contained in the 


Multiplier, ſo many times will the Multiplicand be really added 


to itſelf (as per Euclid above). And from thence will ariſe a 


Third Number, called the Product. But in Geometrical Ope- 


rations it is called the Rectangle or Plain. 

For inſtance; ſuppoſe it were required to cats 6 four 
times, that is, to multiply 6 into or with 4. Theſe two Numbers 
are to be ſet (or placed) down as in Addition or * 

us 
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Of Pultiplication, 15 
6 MAtultiphicanad, 1. + 
Thus} 4 Multiplier, or Factors. 


Product 24 viz. 4 times 6 is 24, as plainly appears 
by Addition, viz. By fetting down 6 four 106 
times, and then adding them together into one 42 Add 
Sum, Thus þ 6 
b 4460 
Tieom hence it is evident, that Multiplication — 
* 3#s only a Conciſe or Compendious May of ad- 24. 
ding am given Number 10 itſelf, fo often as any Number - 
Times may be propoſed. | 
Before any Operation can be readily performed in Multipli- 
cation, the ſeveral Producꝭs of the ſingle Figures one into ano- 
ther muſt be perfectly learned by Heart, wiz. That 2 times 2 is 
4, that 3 times 3 is 9, and 3 times 6 is 18, c. According as 
they are expreſſed in the following Table; wherein I have 
omitted multiplying with 2, it being ſo very eaſy that any one 
may do it. 


Multiplication Table. 


c , — — — — 
[3x3= 9[4x4=16[5x5=25]6x6==30|7x7==49|8x8=64 
| [3x4=12|4x5=20|5 x0==30]0x7z=42]7x8==56|3x9==72 
[3x5=15|4x0=24]5x7=35|6x8=48]7x9=63|9x9=81 
[3x6=18|4x7=28]5 x8=4c[ox9=5gl oo TC 
1 1 nh 4x8=32]5x9=45] 
: 3x8=24|4x9=30| 
: [3x9=27 | 


I think it needleſs to give any Explanation of this Table ; 
for if the Signs and their Significations be well underſtood, (vide 
page 5) it muſt needs be eaſy, Only'this may be noted, that 
4xZ=3Zx4, or 7x5=5x7, Ce. 

That is, 3 times 4 is the ſame with 4 times 3, or 5 times 7 
is the ſame with 7 times 5, &c, The like muſt be underſtood 
of all the reſt in the Table. | Ws TT 

And when all theſe ſingle Products are fo perfectly learned 
by Heart, as to be ſaid without pauſing ; you may then proceed 
(but not till then) to the Buſineſs of Multiplication; which will 
be found very eaſy, if the following Rule (and £xampies) be 
carcfully obſerved, 


RULE. oP 
Always begin with that Figure which flands in the Units ght 
ith the Multiplier, and with it multiply the Figure nd 


i 
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in the Units place of the Multiplicand ; if their Product be leſs 


than Ten, ſet it down underneath it's own place of Units, and 
preceed to the next Figure of the Multiplicand. But if their 
Product te above Ten (or Tens) then ſet down. the Overplus enly 
(or odd Figure, as in Addition) and bear (or carry) the ſaid 
Ten er Tens in mind until you have multiplied the next Figure 
of the Multiplicand, with the ſame Figure of the Multiplier; 
then to their Product add the Ten or Tens carried in mind, ſet- 
ting down the Overplus of their Sum above the Tens, as before : 
and fo proceed on in the very ſame manner, until all the Fi- 
gures of the Multiplicand are multiplied with that Figure of the 


Multiplier. 
EXAMPLE 1. 
Suppoſe it were required to multiply 3213 into or with 2. 
3213 Multiplicand 
3 Multipher 

Product 9539 | 
Beginning at the Units place, fay 3 times 3 is 9, which, be- 
cauſe it is leſs than Ten, ſet down underneath it's own place; 
and proceed to the next place of Tens, ſaying 3 times 1 is 3, 
which ſet down underneath it's own place; then to the next place, 
viz, of Hundreds, ſaying 3 times 2 is-6, which ſet down, as 
before; laſtly, at the place of Thouſands, ſay 3 times 3 is 9, 
which being ſet down underneath it's own place, the Operation 
is finiſhed; and the true Product is 9639=3213x3, as was 


required, | 1 
EA 2. | 
Let it be required to multiply 8569 into 8. Sct down theſz 
Numbers as before, | 2” | | 
Thug 8562 
8 
68552 
Beginning at the Units place, ſay 8 times 9 is 72, ſet down 
the 2 underneath it's own place of Units, and bear the 50, or 
7 Tens in mind, and proceed to the next Figure of the Mulli- 
plicand (at which place the 7 Tens are only 7) ſaying 8 times 
© is 48, and the 7 carried in mind is 55 ; ſet down the odd 5 
underneath it's own place of Tens, and carry the 50 (which. is 
really 5$CO) to the next place (viz. of Hundreds) at which 
place it is only 5, where ſay, 8 times 5 is 40, and the 5 car- 
ried in mind is 45; ſet down the 5 underneath it's oben place, 
and carry the 40 or 4 Tens (which is really 4220) to the 
nexec 


or Factors. 


\ 
* 
1 
* 
\ 
1 
1 
f 
* 


> Ma 


ett a a. — _ C4 


8 
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next place, viz. of Thouſands, ſaying, 8 times 8 is 64, and 4 
Carried in mind is 68. (Now this being the laſt Place or Figure 
to be multiplied) Set down the whole Product 68, and the Work 
is done, : 5 | 

So that, 8569x8=68552, the Product required. 

Now the reaſon of this, and all other the like Operations, 
may be eaſily conceived from this which follows. 


8 5 2 © The ſame Factors as before. 


11 |- 25 Here 8 times 9 is 72, as before, becauſe the 9 
/ ſtands in the Units place. 
f Now here it is not really 8 times 6=48, but it is 
510 


8 times 60==480, becauſe the 6 ſtands in the place 

of Tens. | 
| And here it is not 8 times 5=40, but is is really 
© 8 times 500= 4000, becauſe the 5 itands in the 

place ot Hundreds. | | 

Laſtly, becauſe the 8 in the Multiplicand ſtands 

EIA [0 95 the place of the Thouſands, it is therefore 8 times 
| 8c00=64000, and not 8 times 8=64. 
6855 2 The Sum of the particular Products, which gives 
| BY tive Product, as before. 


| 


By what hath been already ſaid, with a little Conſideration 
had to the Examples, I preſume the Learner may eaſily under- 
ſtand how to multiply whole Numbers with any fingle Figure. 
And when it is required to multiply with more than one; then 
ſo many Figures as there are in the Multiplier, ſo many parti- 
cular Products there muſt be. 

That is, all the Figures of the Multiplicand muſt be multi- 
plied with every ſingle Figure of the Multiplier, as if there were 
but one ſingle Figure: and the Sum of all thoſe particular Pro- 
ducts, will be the true Product required. But in thoſe Opera- 
tions, great Cale mult be taken in ſetting down the particular 
Products (which ariſe by each multiplying Figure) in their proper 
places. Which will be eaſily done, if the following Directions 
be carefully obſerved. | 

Always place the firſt Figure (or Cypher) of every 
Pi. guete Product, directly underneath the multiplying 
Figure. Or thus: | 188 

The Firſt Figure (or Cypher) of the ſecond particular Product 
muſt ſtand directly under the ſecond Figuie (or place) of the 
firſt Product; and the Firſt Figure (or Cypher) of the Third 
D particular 
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particular Product, muſt fland direfly underneath the Third Fi- 
gure of the Firſt Product: And ſi on until all is done. 

Now the Reaſon of placing the firft Figure of every particular 
Product iu their Order, will be very obvious to any one that 
conſiders the laſt Example; wherein the Cyphers are only ſet 
down to ſhew the true Diſtance of the firſt Fizure in each 
particular Product from the Units place. And altho' it is not 
uſual to ſet down Obers in this manner; yet they are always 
ſuppoſed to be there: That is, their Places are always left void, 


as in the two following Exampl.s ; wherein I have placed Points 
inſtead of Cypyers, 


_— 


— — 
K — 
— — 


— 


— 


1 — 9 — 
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EXAMPLE 3. 
Let it be required to multiply 78094, into or with 7563. 


787 c Tactors. 


234282 The Firſt particular Product with 3 
468564. The Second particular Product with 60 
390470. The Third particular Product with 500 
546658... The Fourth particular Product with 7coo 


G 


— 


590624922 The Total, or true Product required, 


EXJIMPLE: 6. 
Suppoſe it be required to multiply 57 498 into boos, 


|: 57498 

| 6o00cs 

y 450984 The Product with 8 
| 3440 8. The Product with 60000 
| 34590339984=57498x 60008, as was required. 


Here you may obſerve, that I paſs oyer the Cyphers, and only 
take care of placing the firit Product of the laſt Figure, viz. of 
i 60000 according to the foregoing Directions. 

ö When there is a Cypher or Cyphers, to the Right-hand either 
| of the Multiplicand or Multiplicator, or to both; in that caſe 
multiply, the Figures as before; neglecting the Cyphers until 
the particular Products are added together; Then to their Sum 


annex ſo many Cyphers as ate in either or both the Factors, 
As in theſe : | 


ETI MELT 


a 
* 


40 


— . * 4 " 
3 


os. 


2 2 a; 


* 2 ; W 
* 2 47 
* 3 oy; 


n 
1 # ; 
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2 1 5 14 e 
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1 EXAMPLEs. EXAMPLE6, EXAMPLE ;. 

1 9538 87600 785000 

Wy 4600 79 56900 

3 _ 01 "9 NE 

57228 7884 7065 
38152 6132 4710 

— 8 — n——_ 92 
43874800 69 20400 . 


— 


_— wn” . — 0 


44566500090 
Take a few Examples without their Wort, at large. 


75049x579=4 3500771, 
687000x 350==24457 2000 
530074x45007==23884044718 
7901375x30000==237041250000 
537084c00x590700=3172555180c000 
102030405x594030201=51420405540261405 
987654321x123456789=121932941112635269 


WY WY VU ww 


Note, If it be required to multiply any Number with jo, 
100, ooo, ioo, Fc it is only annexing the Cyphers of the 
Multiplier to the Hgures of the MAulliplicand, and the Woik is 
done. | 


Thus $ 578x109 =5780. 5781000 =578000 
; $78x 100==5 7900, 578x10000==5780CCO, Ec. 


Theſe Examples (being well underſtood) are ſufficient to 
inſtruct the Learner all the Varieties that can happen in multrply- 
ing of whole Numbers, according to the Method generally prac- 
tiſed: However it may not be amiſs to ſnew here how AHAultipli- 
cation may be performed (with many Figures} by Addition only. 


EXAMPLE. 


fo Let it be required to multiply 879654 into 79853. 

In order to perform this (or any other Operation of this kind) 
by Addition only; you muſt make a Tariffa or ſmall Table of 
the given ultiplicard, in this manner: 

Firſt, Make a ſmall Column, and in it place gradually down= 
ward the Nine lingle Figures ; viz. 1, 2, 3, 4, 5» Cc. 


E D 2 Then 


Arithmetick. Part I. 
Then againſt the Figure 1, ſet down the Multiplicand 


20 


(which in this Example is 879654) and againſt the Figure 24 


ſet down the double of the Multiplicand, found by adding 


it to itſelf; To this double add the Multiplicand, ſetting 
down their Sum againſt the Figure 3. And 


ſo proceed on by a continued Addition until 11 879654 
there be Ten times the Multiplicand in the 211759308 
Table; which if the Work is true, will be the 312638962 
Zultiplicand itſelf with a Cypher to the 43518016 
Right-hand of it, as in the annexed Table. 5 4398270 
This being done, it will be caſy to conceive, 615277924 
that the Figures in the ſmall Column of the 7166157578 
Table, do leſpectively repreſent thoſe of the 87037232 
Multiplier: And that the Numbers againſt 97916886 
any of thoſe Figures in the ſmall Column, will. 10 8790540 


be the true Product of the Multiplicand agree- 


ing to any Figure of the Multiplier; as plainly appears by the 
Work of this Example, 


879654 
Then 988 5 The Factors as before. 
3, in the Table is 2638962 8796543 
©, is 5277924 28796540 
Againſt 48, is 7037232 =879654x800 
9, is 7916886 =B7965 4x9000 
17, is 6157578 =87995 4x7 0000 


| The Product required 750251807402 =879654x79863 


Note, This Method of Tabulating the Mulliplicand, is both 
eaſy and certain; being neither ſubject to Eriors, nor burden- 
ſome to the Memory, and therefore in large Calculations it may 
be found very uſeful. But for common Practice the uſual 
Method (as in Page 18, &c.) is beſt, and to be preferred before 
this. i 

Moſt Maſters that teach (and ſeveral Authors that write of) 
Arithmetick, do. teach to prove the Truth of Multiplication, by 
Calting*away all the Nines that are contained in both the Factors, 
and their Produc?; but becauſe that Method is very erroneous, | 
as might be ; aſily ſhewed ; I ſhall therefore omit inſerting it, 
and leave the Proof of Multiplication to the next Section, where- 


in (I preſume) the Reaſon and Proof, both of it and Diviſfan, 
will plainly appear, | 5 


: Sect, 


Diviſion is a Rule by which one N. amber may be ſpeedily 


4 ſubſtratted trom another, ſo many times as it is contained 


therein. 

That is, It ſpeedily diſcovers how often one Number is con- 
tained (or may be found) in another: And to perform that there 
are Jp Two Numbers to be given. 

. The one of them is that Number which is propoſed to be 
diviaed, and is called the Dividend. 

2. The other is that Number by which the ſail D:vi4-nd is to 
be divided, and is called the Diviſor. 

And by comparing theſe Two, viz. the Dividend and the 
Diviſor together, there will ariſe a Third Number, called the 
Quotient; which ſhews how often the D:wijor is contained in che 
Dividend, or into what Number of Equal Parts the Dividend is 
then divided. Therefore, 

Diviſion is by Euclid fitly termed the meaſuring of ove N uraber 
by another, viz. one Number is ſaid to meaſure another by that 
Number, which when it multiphes, or is multiplied by it, it pro- 
duceth. Euclid 7. Def. 23 

And, if a Maeda: 3 another, multiply that Number 
by which it meaſureth, or be multiplied by it, it produccth the 
Number which it meaſureth. Euclid 7. Axiom 9. 

That is to ſay, If that Number which divides another {called 
the Diviſor) be multiplied with the Number which is produced 
by Diviſion (called the Quotient) their Product will be the Num- 
ber divided or Dividend. Whence it follows, that _:71//zzn and 
Multiplication are the Converſe and Direct Contrary une to ano— 
ther (as Subſtradzn is to Addition) and do mutually prove the 
Truth of each other's Operal ions. 

T ſhall therefore make choice of the foregoing Fxamples in 
Multiplication, in order (as I preſume) to render the Buinels of 
Diviſion more plain and eaſy. 

Firſt, Let it be required to find how often 6 is tices] in 24. 
That is, to duwide 24 by 6. 

N. B. Always place down the given Numbers in this Order; 
Firſt ſet down the Divi/or, and to the Right-hand of it draw a 


_ crooked Line; then ſet down the Dividend, and to the Right of 


it draw another crooked Line, in which muſt be placed the 
Quotient Figure, or Figures, as they become found. 


Thus 


— 


= AI ” * * 
—— 


1 


2 


— * — 
——ꝓ—ä — 
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- — 
— — 
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Dividend. 
Thus Diviſor 6) 24 (4 the Quotient. 


Here I conſider how many times 6 there is in 24, and find 


it 4, viz. 4 times © is 24, therefore 4 is the true Quotient or 


Anſwer. required, 

This is apparent by Sub/raftim, 2 wy 
as in the Margin; where 24 the 2 29.4648 
Dividend is ſet down, and fiom = A 18 
it 6 the Diviſer continually 2 |2 | 6 
fublrafted ſo often as it can be, S.> hs 
which is. juſt 4 times. Therefore 4 2 . 1 | 6 
is the true Quotient or Anſwer I 
required, E | 9 

85 l 


O 


Corollary. | 
From hence it is evident; that Diviſſan is but a conciſe or 
compendious Method of ſubſiracting one Number from another, 
ſo often as it can be found therein; for if the Diviſor be con- 
tinually /u>/7-aFed from the Dividend, accounting an Unit 


(or 1) for each time it is ſub/tradted (as above) the Sum of thoſe 
Units will be the Quotient. 


All Operations in Diviſion do begin contrary to thoſe of 
Multiplication, viz. at the Firſt Figure to the Left-hand, or that 
of the higheſt Value, and decreafe the Dividend by a repeated 
Subſtraction of each Product atiſing from the Diviſor when mul- 
tiplied into the Quotient Figure. And the only Difficulty in Di- 
viſion of whole Numbers (or indeed of any Numbers) lies in 
making choice of ſuch a Quotient Figure, as is neither too big 
nor too little; and that may be eaſily obtained by obſerving the 
following Rule, which hath two Caſes. 


RULE. 


Caſe 1. As often as the Firſt Figure of the Diviſor is taken 


from the Firſt Figure of the Dividend: So L muſt the Second 
Figure of the Diviſor be taken from the Second Figure of the 
Dividend, when it is joined with what Remains of the Firſt. 
And as often muſt the Third Figure of the Diviſor be taken from 
the Third * of the Dividend, Ec. 
But if the Firſt Figure of the Diviſor cannot be taken from 
the Firſt Figure of the Dividend. Then; Fo 
ale 
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CEaſe 2. 80 often as the Fir Figure of the Diviſor is taken 
4 from the Two Firſt F igures of the Dividend, ſ often muſt the 
Second Figure of the Diviſor be taken from the Third Figure of the 
F Dividend, when it is joined with what remained of the Second: 
14.4 f er muſt the Third Figure of the Diviſor be taken from the 
- Fourth Figure of the Dividend, Sc. 
That is, the Quotient Figure muſt be ſuch, as being multiplied 
into the Diviſar, will produce a Product equal to ſuch a part of 
tbe Dividend as is then taken for that Operation: But if ſuch 
a2 Product cannot be exactly found, then the next leſs muſt be 
taken, and ordered, as in the following Examples : of which let 
that in Page 16 be the fuſt, wherein there was given 8569 the 
Multiplicand, and 8 the Multiplier. To find the Product b8552. 
Let us here ſuppoſe the ſaid Product 68552, and 8 the Mul- 
tijplier, both given; thence to find the Multiplicand. That is, 
Let it be required to divide 68552 by 8. 


Y Dividend | 
oo > _ Diviſor 8) 68552 ( Quotient when found. 


3 
U 
"is IV. EIN 


EE 


According to the Rule, Caſe 1. I compare 8 the Diviſor with 
# © 6 the Firſt Figure of the Dividend, and finding I cannot take it 
ſe from that, I then conſider (by Caſe 2.) how often 8 can be 

taken from 68, the two firſt Figures of the Dividend, and find 

it may be taken 8 times; for 8 times 8 is 64, being the greateſt 
of Product of 8 (into any Figure) that can be taken from 68, I 
therefore place 8 in the Quotient, and with it multiply 8 the 
b VDiviſor, ſetting down their Predua underneath the ſaid 'I'wo 
4 3 Firſt Figures of the Dividend, ſulflratting it from them, and 
then the Work will ſtand 


IN 
8 Thus 8) 68552 (8 
ne 8 64 

4 . + 
I In order to a ſecond Operation, T make a Paint under the next 
„ Agure of the Dividend, viz. under the 5, and bring it down 
ud XZ underneath in its own place to the Remainder 4, which will by 
he that means become 45. Then I conſider how many times 8 can 
/t. be taken from 45, and find it may be 5 times, for 5 times 8 is 
"ny 40, I therefore place 5 in the Quotient, and with it multiply 8 
5 tbe Diviſor, ſetting down and /ub/ſtrafing their Product, as 


before. Then the Work will ſtaud | . 
Thus 


a. „„ 
Thus 8) 68552 (88 JD 
64. | 
4 
40 


— —— 


; 5 | 
For a Third Operation I make a Pain: under the next 


Figure of the Dividend, viz. under the 5, and bring it down, 
as before, proceeding in all reſpects, as before; and then the 


Work will ſtand 
Thus 8) 68552 (856 
$44 


Laſtly, I point and bring down the 2, viz, the laſt Fieure 
of the Dividend to the Remainder 7, which will then a. lad 
72, and proceeding as in the other Operations, I find that 8 the 
Drvifor can be taken juſt 9 times from 72, and the Work is 
finiſhed, and will ſtand 

Thus 8) 98552 (8569 


The true Nuotient is found to be 8569, being asc t the 
Eighth part of 68552, or the Maltiplicand of the propoſed 
Lee of Multiplicatron, As was required. 

The Reaſon of the Operations will be very plain to any one 
that will a little conlider of it, as follows: 


2 | Drvifor 


J. 


xt 


he 


ire 
ne 
he 

is 


Diviſor 8) 712 (9. The Fourth Quotient Figure. 


Diuiſor 8) 68552 (8000. The Firſt Quotient Figure. 


* 


of Diviſion, bo 


| This Product of the Diviſor into the 
Quotient is 64000, viz. B times 8ooo; the 
Sulftratt oA ſoſoſo & Quotient Figure being always of the ſame 
Value or Degree with that Figure under 
which the Unzt's place of its Product ſtands. 


Diviſer 8) 1445 5[? (500. The Second Quotient Figure. 
| And here the Product is 4000, vix. 
| Subſtr ac 4]® 1 by g times 500, not 8 times 5. 


— 


Diviſor 8) 


505 2 (60. The Third Quotient Figure. 
Subſtract [4] o 


Alſo here the Product is 480, wiz. 8 
Fen 60, for the Reaſons aboveſaid. 


Now here the Product is but 72, viz. 

Subſtract 239 times 8, becauſe the 9 ſtands in the 

| place of Units. | 9885 

Remains (0 0) Now the dum of all the ſeveral Luotients, 


viz. 8000-þ500+60-+9=8569, as before. 


If the Proceſs of this Example be well conſidered and compa- 


red with that of Multiplication, Page 17. it will evidently ap- 


pear to be only the Converſe of that; for the particular Pro- 
ducts are alike in both, only that which is 4% there, is fit 


here; there they are added, here they are ſubſtracted. So that 


whoever underſtands the true Reajon of the one, muſt needs 


- underſtand the Reaſon of the other, and then Divi/fien will be- 
come very eaſy, although the Diviſor conſiſts of ſeveral places 


of Figures. 


EXAMPLE. 
Let it be required to divide 590624922 by 7503, 
Dividend 


Diviſer 7563) 590624922 ( 
'Tis plain at the firſt ſight, that 7563 the Diviſor, cannot be 


taken from 5906, the like Number of Figures in the Dividend, 


/ muſt be allowed Five Figures of the Dividend, viz. 59062 for 
4 the Firſt Operation or Quotient; that fo the Fit Figure 7 of 
the Diviſor may be taken out of the two Fut Figures, viz. 59 


of the Dividend, &c. 


Therefore, by the Second Caſe of the Rule (Page 23.) there 


E Then 
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Then I proceed (per Caſe 2.) and conſider how often 7 may 
be taken from 59, and find it may be taken 8 times, for 8 
times 7 is but 56, which I mentally ſabſtract from 59, and 
there remains 3; to this 3 I mentally adjoin the Third Figure 
of the Dividend, viz. o, which makes it 30, out of which I 
muſt take the Second Figure of the Diviſor, viz. 5. ſo often as 
I took the 7 from 59, which was 8 times : But that cannot be, 
for 8 times 5 is 40, which is more than 30, therefore 8 is too big 
a Figure to be placed in the Quotient; yet, hence I conclude, 
that the next leſs, viz. 7 may be taken without any further 
Trial. I therefore place 7 in the Quotient, and with it multiply 
the Diviſor, ſetting down their Product under the Dividend, 
and ſubſtract it from thence, as in the other Example, and then 
the Lord will ſtand 


Thus 7563) 590624922 (7 


In order to a Second Operation, I make a Point under the next 
Figure of the Dividend, viz. under the 4, and bring it down 


to the Remainder 6121, which will then become 61214, with 
which I proceed in all reſpects as I did before with the 59062, 
and find the next Quotient Figure will be 8, with which I mul- 


tiply the Diviſor, &c. and ſubſtract their Product from the ſaid 
61214. Then the Vor will ſtand 


Thus 7563) 590624922 (78 
52941. 
61214 
60504 


710 


To this Remainder 710, I point and bring down the next 
Figure of the Dividend, viz. 9, which makes it 7109; now 
becauſe the Diviſer 7563 cannot be taken from 7109, I there- 
fore place a Cypher in the Puotient. 

And this muſi always be carefully obſerved, viz. That for 
every Figure er Cypher, which is brought down from the Divi- 
dend, in order to. a new Operation, there muſt always be either 
a r ky Cypher, ſet down in the Quotient, Then the Work 
Wl an | 


Thus 


2. 
OW 
re- 


for 
vi- 
her 


rk 


* 
nus 
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Chap. 1 Of Diviſion, 27 


Thus 7563) 590624922 (780 
e e 


61214 
bogog 


— 


7109 
To this 7109, I bring down another Figure of the Dividend, 


"wiz. 2, and then it will become 71092 ; then I conſider how 


often 7 can be taken from 71, &c. (juſt as at the firſt Operation) 
and find it may be taken 9 times, therefore I ſet down ꝗ in the 
Quotient, and with it multiply the Diviſor, ſetting down and 


ſubſtracting their Product, as before; Then the Work will ſtand 


Thus 7563) 3 (7809 
52941. 


302 
To this Remainder 3025, I point and bring down the laſt 
Figure 2 of the Dividend, which makes it 3025 2; then pro- 


ceceding in all reſpects as before, I find me Quotient Figure to 
be 4, with it I multiply the Diviſor, ſetting down and ſub/tratting 


their Product as before, and then the Work will ſtand 


Thus 7563) 590624922 (78094 
„ 


61214 
60504 


—_— 


71092 
68067 
30252 
30252 


— 


(00000) 
Here the Work is ended, and 1 find the Pyotient to be 78094, 


4 being the true Multiplicand of the propos'd Example of Multi- 
plication, Page 18. 


That is, 7563 ĩs contained in * juſt 78094 3 
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If the Work of this Example be confidered and compared 
with the Rule (Page 22.) the whole Buſineſs of Diviſion will 
be eaſy ; for indeed the only Difficulty (as I faid before) lies in 
making choice of a true Quotient Figure, which cannot well 
be done according to the Common Method of Diviſion, without 
Trials, yet thoſe Trials need not be made with the whole Diviſor 
(as appears by this laſt Example) for by the two Firſt Figures 
of the Diuiſor all the reſt are generally regulated; except the 
Second Figure chance to be 2, 3, or 4, and at the ſame time the 
Third Figure be 7, 8, or 9, then indeed reſpect muſt be had to 
the Third Figure, according as the Rule directs. 

However, if thoſe Trials are thought too troubleſome, they 
may be avoided, and the ſame Quotient Figure may both eaſily 
and certainly be found by help of ſuch a ſmall Table made of 
the Diviſor, as was of the MAultiplicand in Page 20. 


EXAMPLE 4 


Let it be required to divide 70251807402 by 79863. See 
the Example of Multiplication, Page 20, and as there directed 
make a Table of the Diviſor 79863, 

Thus, 
Diviſor. Dividend. Quotient. 
79863) 70251807402 (879654 
159726 638904. The Work of this Operation 
239589 636140 IT preſume may be eaſily under- 
319452 559041 ſtood. For thoſe Figures in the 
399315 © 270997 Table are the Produ#t of the Di- 
718767 vi/o# into all the ꝙ Figures; con- 
— ſequently thoſe Figures in the 
638904 has ae ſmall Column do ſhew what 
718767 — 4/917 Figure is to be placed in the 
—— 431260 Quotient; without any doubtful 
399315 Trials of the Diviſor with the 
319452 Dividend, as before. 
r 
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This Method of Tabulating the Diviſor may be of good Uſe 
to a Learner ; eſpecially until he is well practiſed in Diviſion; 
yea, and even then if the Diviſor be large, and a Quotient of 
many Figures be required ; as in reſolving of high Æguations, 
and calculating of Afronomical Tables, or thoſe of Intereſt, Qc. 


Hitherto 


c 
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ed Hitherto I have made choice of Examples wherein the Divi- 
ill dend is truly meaſured or divided off by the Diviſor, without 
in leaving any Remainder, being exactly compoſed of the Diviſer 


ell and Quotient. But it moſt uſually falls out, that the Diuiſar 
ut will not exactly meaſure the Dividend; in which caſe the Re- 


or mainder (after Diviſion is ended) muſt be ſet over the Diuiſar 
t with a ſmall Line betwixt them adjoining te the Quotient. 
he Suppoſe it were required to divide 379 by 5, 
to 5) 379 (75% er 

35+ 
ey — 
ly 29 
of 25 

(4) 


| EXAMPLE: 6, 
Again, Let it be required to divide 43789 by 67. 


ce 67) 43789 (653437 the crue Quotient required. 
ed 402 
358 
335 
8 239 
r- 201 
he c ; — — 
3 (38) | 
n- How ſuch Remainders thus placed over their Diviſors (which 


he are indeed Vulgar Frafioms) may be otherwiſe managed, ſhall 
at be ſhewed farther on. - | 
ne N. B. When the Diviſor happens to be an Unit, viz. 1. with 
ul _ a Cypher or Cyphers annexed to it, as 10, 100, 1000, E&fc. Divi- 
he ion is truly performed by cutting off with a Point or Comma, ſo 
many Figures of the Dividend as there are Cyphers in the Diviſor; 
then are thoſe Figures ſo cut off to be accounted a Remainder, and 
the reſt of the Figures in the Dividend will be the true Quotient 
: required, becauſe an Unit or 1 doth neither multiply nor divide. 
ſe IJ | EXAMPLE 7. UE 
F + Let it be required to divide 57842 by 100. The Work may 
of ſtand thus, 100) 578,42 the Quotient required; or thus 
5s, 100) 57842 (578; the ſame as before. " | 
J Hence it follows, that if any Diviſor have Cyphers to the 
Right-hand of it, you may cut off ſo many of the laſt Figures 
Bb in 
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in the Dividend, and divide the other Figures of the Dividend, 
by thoſe Figures of the Diviſor that are left when the Cyphers 
are omitted, But when Diviſion is ended, thoſe Cyphers fo 


omitted in the Diviſor, and the Figures cut off in the Dividend, 
are both to be reſtored to their own places. 


EI MEPLE$. 
Suppoſe it were required to divide 675469 by 5400. 
5400) 675469 (125 


54. 


135 
108 


274 
270 


Remains (4) But the true Remainder is 469. 
Conſequently the true Quotient is 1254525. 

As to the manner of proving the Truth of any Operation, 
either in Multiplication or Diviſion, | preſume it may be calily 
underſtood, by what is delivered in Page 21, compared with 
the three firſt Examples of Diviſion ; for from thence it will be 
eaſy to conceive, that if the Diviſor and Quotient be multiplied 
together, their Product (with what Remains after Diviſion being 
added to that Product) will be equal to the Dividend. As in 
the Fifth Example, where the Dividend is 379, the Diviſor is 
5, the Quotient is 75, and the Remainder is 4. 

I fay, 75* 5 375, to which add the Remainder 4, it will 
be 379. 

Again, in the Sixth Example, the Diviſor is 67, the Quotient 
1s 653, and the Remainder is 38. | 

Then 653x67==43751, and 43751-+38=43789 the Divi- 
Hend, . 1 

There are ſeveral uſeful Contractions, both in Diviſion and 
Multiplication, which have purpoſely omitted until I came to 
treat of Decimal Arithmetick. Alſo I have omitted the Buſineſs 
of Evolution or ExtraQting of Roots, until further on; and fo 
ſhall conclude this Chapter with a few Examples of Diviſioi 
unwrought at large, leaving them for the Learner's Practice. 


379) 43800771 (75649. 
Or 75649) 43800771 ( 579- 
45007) 


W. NW WY W.- -- -'S 


7) 
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45007) 23884044718 (530674. 


Or 530674) 23884044718 


( 45007. 


356) 244572000 (687000, 
596co) 57659066400 (967434. 


10000) 679543820000 (67954382. 


79) 282016 (356975. 


— 


C3 AF. 
Concerning Addition and Subſtraction of Numbers of 


different Denominations, and how to reduce them from 
ene Denomination to another. 


SECT. 


— 


III. 


1. Of Engliſh Coin. 
1 E leaſt Piece of Money uſed in England is a Farthing, 


and from thence ariſeth the reſt, as in this Table. 


Farth. 
Fo. d. Pen. 


48= 12 I 5. Shill, 
g60=240=20=1 l. Pound Sterling. 


65s. 84. a Noble. 


C 55. is a Crown, 
hay" s. is an Angel. 


135. 4d, a Mark, 


Note, When J. 5s. d. 9. are placed over (or to the Right-hand 
of) Numbers, they denote thoſe Numbers to ſignify Pounds, 
Shillings, Pence, and Farthings. 


EEE 


As 35 10 6 2. Or 35 1. to S. 61 4. Either of theſe 


do ſignify 35 Pounds, 10 Shillings, 6 Pence, 2 Farthings. 


The ſame muſt be underſtood of all the following Characters, 


belonging to their reſpective Tables, wiz. 
' ſures, &c. 


2, Troy Weight, 


31 Edw. J. 


12 Hen. VII. 


Of Veigbts, Mea- 


The Original of all Heights uſed in England, was a Corn of 
I beat gathered out of the middle of the Ear, and being well 
> dried, 32 of them were to make one Penny Height, 20 Penny 
Mieigbis one Ounce, and 12 Ounces one Pound Troy. Vide Sta- 
2 tutes of 51 Hen, III. 


But 


2 — ah 


_—— 
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But in later Times it was thought ſufficient to divide the 
aforeſaid Penny Weight into 24 equal Parts, called Grains, 
being the leaſt Veight now in common Uſe; and from thence 
the reſt are computed, as in this Table. | 


Gr. Grain, By Troy WA eight are 
24= 1 P. E. Penny Weight. Not weighed 7ewels, Gold, 
480= 20== 1 0z. Ounce, ? } Silver, Corn, Bread, 


5760=240==12=1 I Pound. and all Liquors. 


Beſides the common Diviſions of Troy Weight, I find in Angliæ 
Notitia, or, The Preſent State of England, Printed in the Year 
1699, that the Moneyers (as that Author calls them) do ſubdivide 
the Grain. 


20 Periots = 1 Droite. 
24 Droites = 1 Mite. 
20 Mites = 1 Grain, &c. as before. 


Thus 


a_ 


i: Blanks = 1 Periot. 


3. Apothecaries Weights. 


The Apotbecaries divide a Pound Troy, as in this Table, 
Gr, Grain. | 


20= 1 I Scruple. 
160 — = I 5 Dram. 
480= 24= 8= 1 5 Ounce. 
5760=288=96=12=1 th Troy, the ſame as before. 


By theſe 7/+ights the Apothecaries compound their Medicines : 
but buy and ſell their Drugs by Averdupois Meigbt. 


4. Averdupois Weight. 
When Averdupors Weight became firſt in Uſe, or by what Law 


it was firſt ſettled, I cannot find out in the Statute Boats; but on + 


the contrary, I find that there ſhould be but one Height (and one 
Meaſure) uſed throughout this Realm, viz. that of Troy, (Vide 
14 Ed. III. and 17 Ed. III.) So that it ſeems (to me) to be firſt 
introduced by Chance, and ſettled by Cuſtom, wiz. from giving 
good or large Weight to thoſe Comnioditities uſually weighed 
by it, which are ſuch as ate either very Courſe and Dreſh, or 

very 
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very ſubject to waſte; as all kind of Grocery Wares. And 
Pitch, Tar, Rojin, Wax, Tallow, Flax, Hemp, &c. Copper, 
Tin, Steel, Iron, Lead, &c. Alſo Fleſh, Butter, Cheeſe, Salt, &c. 
To theſe and the like (I preſume) it was thought convenient to 
allow a greater Weight than the Laws had provided, which 
happen'd to be about a Sixth part more : For I found by a very 
nice Experiment, that one Pound Averdupois is equal to 14 
Ounces, II Penny Weights, and 15% Grains Troy, And it is 
now computed as in the following Table. 


i Drams. | Ib 
16=1 C. Ounces, I4=a Stone 
862 16-1 lb Pour ds. | 28—1 of C. 
28072= 1792= 112= 1 C:. Hundred. And 56—1 of C. 
$73440=35840=2240=20=1 Tun. $4=3 of C. 


5. Long Meaſure. 


As the leaſt part of J/z:ght came at firſt from a Wheat Corn; 
ſo (it is generally ſaid) the leaſt part of a Long Meaſure was at 
firſt a Barley Corn, taken out of the middle of the Ear, and being 
well dried, three of them in length were to make one Inch; and 
thence the reſt, as in this Table. 

Barley Corns, 4 Nails; of a Yard, 
321 FE. Inches. and} 1 Yard=1 Ell, 
2 Tard Fathom, 


| 20= 1281 F. Feet. 
6 n 
594 — 198 162 5$553==1 F. Pelz. 
23760 59202 bbo= 220 40==1 Furiongs, 
OO 8 = OH DDO = S- b = = S Mile. 


Note, That forty Poles (or Perches) in Length, and four in 
Breadtb, do make a Statute Acre of Land. 

That is, 220 Yards, multiplied into 22 Yards=4840 Square 
Yards are a Statute Acre. 

And according to the Tranſactions of the French Academy, 
Anno 1687, a Paris Foot Royal is = 12,8 Inches Engliſh; Six 
of thoſe Feet make a Toiſe; and 570 Tx/es=305184 Englih 
Feet, are the Meaſure of one Degree of a great Circle upon the 
Surface of the Earth. So that one Degree is 69 Miles and 288 
Yards, which is very near to our Countryman Mr Norwoed's 
Experiment- made betwixt London and York, Anno 1635; who 
found that 367196 Feet==bg Miles, and 958 Yards do make a 
& F | Degree, 


———— — « 
— 
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Degree. And not bo Miles, according to the common received 
Opinion and Practice cf the Navigators or Scamen. 

Hence, according to the French Account, the Circumference 
of the Earth (ſuppoſing it to be a true Spherical Figure) is 
24899 Engliſh Miles. 


6. Of Liquid Meaſures. 


All Meaſures of Capacity, both Liquid and Dry, were at firſt 
made from Troy Weight, Vide Statutes ꝙ H. III. 51 H. III. 12 
Z. VII. Sc. wherein it is enacted, that eight Pound Troy Weight, 
of M heat, gathered out of the middle of the Ear, and well dried, 
ſhould make one Gallan of ine Meaſure : And that there ſhould 
be but one Meaſure for Il ine, Ale, and Corn, throughout this Realm, 
(Vid. Stat. 14 Ed. III. 15 Rich. II.) But Time and Cuſtom hath 
altered Meaſures, as they have done Meigbts (and perhaps for one 
and the ſame Reaſon) for now we have three different Meaſures, 
viz. one for Vine, one for Ale or Beer, and one for Corn, 

I have inſerted Tables of each, as they are now computed by 
Cubick Inches, and practiſed in the Art of Gauging, &c. 

The common Vine Gallon ſealed at Guild- Hall in London; 
by which all Hines, Brandies, Spirits, Strong-waters, Mead, 
Perry, Cyder, Vinegar, Oil, and Honey, &c. are meaſured and 
fold ; is ſuppoſed to contain 231 Cubick Inches, and from thence 
the reſt are computed, as in this Table. 


Gallons. 
Cubick Inches, 18=1 Rundlet, and 
231==1 G: Gallons. N 314 makes a Vine or 
> — — 7 Terce ate, | B 
9702= 42==1 Tce. Vinegar Barrel, 
14553= 03=1z=1 ed. (Vide 1 K. III. 


19404= 8$4=2 ii Puncron, 
29106=126=3 —2 2121 Butt or Pipe. 
58212225 22 =4 =3 =2=1 Tun. 


But Dr I/bard in his Tectometry, Page 289, doth ſuppoſe | 
the Vine Gallon to contain but 224, or 225 Cubick Inches at 


12 — 5 . 
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the moſt, and purſuant to this Aecount an Experiment was made 


by Mr Kichard Waller and Mr Philip Shales, two General 


Officers in the Exciſe, They cauſed a Veſſel to be very exactly 
made of Braſs, in Form of a Parallelopipedon, each Side of its 
Baſe was 4 Inches, and its Depth 14 Inches; ſo that its juſt Con- 
tent was 224 Cubic Inches, This Veſſel was produced at Guild- 
Hall in Londen ( May 25, 1688) before the Lord- Mayor, the | 


Commiſimers of Exciſe, the Reverend Mr Flam/tead, Aſtr. os 
: r 


d 


7 


are * by p 
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Mr Halley, and ſeveral other ingenious Gentlemen, in whoſe 
Preſence Mr Shales did exactly fill the aforeſaid Brazen Veſſel 
with clear Water, and very carefully emptied it into the old 
Standard Vine Gallon kept in Guild- Hall, which did ſo exactly 
fill it, that all then preſent were fully ſatisfied the Vine Gallon 
doth contain but 224 Cubick Inches. (This notable Experiment I 
ſaw tried.) However, for ſeveral Reaſons, it was at that time 


4 thought convenient to continue the former ſuppoſed Content of 


231 Cubick Inches to be the Mine Gallon, and that all Computa- 
tions in Gauging ſhould be made from thence, as above, 
The Beer or Ale Gallon (which are both one) is much larger 

than the Vine Gallon; it being (as I preſume) made at firſt to 

correſpond with Averdupors eight, as the Mine Gallzn did with 
Frey Weight For (as I ſaid before, Page 33.) one Pound A- 
verdupois is equal to 14 Ounces 12 Penny Meigbis Trey, very 
near, | 

And, as one Pound Troy is in proportion to the Cubic Inches 
in a Vine Gallon, ſo is one Pound Averdupois to the Crubict 
Inches in an Ale Gallon. That is, 12: 231 : : 1435 : 2514, very 
near the Cubick Inches contained in an Ale Gall;n, as appears 
from an Experiment made by one Nicholas Guntin, General 
Gauger in the Exciſe, about 41 Years ago, who, by ſuch a Veſſel 
mentioned before in the laſt Page, did find the Standard Ale- Dart 
(kept in the Eæchequer, Vid. 12 Car. II) to contain juſt 20 Cubicꝶ 
Inches, conſequently the Ale Gallon muſt contain 282 Cubic 
Inches, and from thence the following Tables are computed. 


Ale- Meaſure. 


| Cubick Inches, 


2822 1 Caton. A Firkin of Soap and of 
2256= 8$=1 He. Note, J Herrings are the ſame 
| 4532=I6=2=1 Helis. with that of Ale. 


| | QO24=32=4=2=1 Barrel, 


[135 30==48$=6=3=1z= 1 Hog ſhead. 


Beer- Meaſure. 
Cub, Inches, 
| 282= 1 Calbn, 
2538= g=1 . 
5076=18=2=1 Nenn. 
10152=36=4=2=1 Barret. 
15228=54=6=3=1;=1 Hog ſhcad. 


1 N. B. 
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N. B. This Diſtinction or Difference betwixt Ale and Beer- 
Meaſure, is now only uſed in London. But in all other Places of 
England the following Table of Beer or Ale, whether it be ſtrong 


or ſmall, is to be obſerved, according to a Statute of Exci/e made 
in the Year 1689. 
Cub. Inches. 


2821 Caller. 

2397=8;=1 q 
4794=17=2=1 e. 
9588=34=4=2=1 Sorrel. 
14282=c1=þ=2=1i=1 Hog ſbend. 


— 


7. Of Dry Meaſure. 

Dry Meaſure is different both from Mine and Ale Meaſure, be- 
ing as it were a Mean betwixt both, tho? not exactly fo ; which 
upon Examination I find to be in proportion to the aforeſaid old 
Standard Wine Gallon, as Averdupois Meigbt is to Troy Weight; 
That is, As one Pound Troy is to one Pound Averdupois, ſo is the 
Cubick Inches contained in the old Vine Gallon : To the Cubick 
Inches contained in the Dry or Corn Gallon. 

Viz. 12: 143% :: 224 : 2724, which is very near to 2722, 
the common received Content of a Corn Gallon : Altho' now it is 
otherwiſe ſettled by an Act of Parliament made in April 1697, 
the Words of that Act are theſe : 

Every round Buſhel with a plain and even Bottom, being made 
eighteen Inches and à half wide throughout, and eight Inches deep, 
ſhould be efleemed a Legal Wincheſter Buſhel, according to the 
Standard im his Majeſty's Exchequer, 

Now a Veſſel being thus made will contain 2150, 42 Cubick 


Inches, conſequently the Corn Gallon doth contain but 268+ 
Cubick Inches. 


2 Tuches, 


pa 4 Buſhels=a Comb. 
268, 8= 1 Gallon. Now, | 10 Puarters=a Mey, and 
$37,0= » 1 fet. 12 „l eys a Laſt of Corn. 
2150, 4 8= 4=1 F. 
(17203,2=64=32=8=1 Quarter. 


— 


I obſerv'd amongſt the Lead- Mines in Derbyſhire, ( Anno 169 2) 
that the Miners bought and ſold their Lead Ore, by a Meaſure 


which they call'd an Ore Diſh ; whoſe Dimenſions I caretully 1 
took, and found it 5 | 


Length 21, 3. - 
Thus J Breadth 6. Inches. 
Conſe- 3 


* | 
FF" | * 
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- - Conſequently its Content is 107 3,52 Cubic Inches, which is 
f very near equal to 4 Corn Gallons, according to the abovemen- 
4 tioned Settlement. 

Nine of thoſe Diſhes they call a Load of Ore, which if it be 


pretty good, will produce about 3 hundred Weight of Lead, 
8. Of Time. 


It is not an eaſy Thing to give a true Definition of Time ; for 
(according to the Philoſophick Poet) 


Time of it a is nothing, but from Thought 
Receives its Riſe, by labouring Fancy wrought 
. From Things conſider' d, whilſt we think on ſome 
1 As preſent, ſome as paſt, or yet to come. 
d No Thought can think on Time, that's flill confaſt, 


; But thinks on Things in Motion or at Reſt. 
1 And ſo on, Vide Lucretius, Book I. 

That is, Time only ſhews the Duration or Mutation of Things, 
£ a Year being the Standard or Integer, by which ſuch Continuance 
0 or Change is computed. And a Year is that Space of Time in 
© which the Sun (apparently) compleats its Revolution from any 

one Point in the Ecliptick (an imaginary Circle in the Heavens ) 
le to the ſame Point again, which, according to modern Ob/erva- 


Dy tions, is perform'd in 365 Days, 5 Hours, 48 Minutes, 57 Se- 
be _ conds, 21 Thirds, &c. But a Second being the leaſt part of 

Time that can be truly meaſured by the Motion of any Mechani-» 
6 cal Engine, as a Clock, &c. (a Third being leſs than the Twink- 


ling of an Eye) I begin the following Table with Seconds, 
| | Seconds. ll 
d "8 1502 17 Minute. 
4 3600 60=1 » Hour. 
80400 1440= 24=1 . , It 
 131556937==525949=8765=365+5+48+57==1 Year, called 
4 R (a Solar Tear. 
re 5 


% But the common Year, uſually call'd the Fulian Year, doth 
oF : conſiſt of 365 Days and 6 Hours, and is divided into twelve 
> unequal Months, called Calendar Months, whoſe Names and 
Number of Days are the Subject of every Almanack, 


2 ; 7 
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To theſe Tables it may not be amiſs to give a brief Account of 
ſuch Coins, Weights, and Meaſures, as are frequently mentioned 
in the Scriptures, As I have deduced them flom thoſe which 
ſeem to be the maſt Correct, inſerted in the Index to the large 
Bible, Printed Anno 1702, and compared with thoſe uſed in 
England, by the Lord Biſhop of Peterborough, 


The Hebrew Weigbts, compared with Trey Weight. 


Oz. Pw. Grains. 

A Gerah= 9 8 4032 

10 Gerahs=a Bekah=| O. 4 13% 
2 Belau Se 0 9 . 3 
100 Shekels=a Mena b 14 


Note, A Shekel is ſaid to be their Original Height. 


Their Coin ; Engliſh Coin. 


. 
A Silver Menah=] 7. I , 54 Weight 60 Shekels. 
Talent of Silver=| 357 . 11. 10% Weight is 300 Shekels. 
Talent of Gold $5075 . 15. 7x The ſame Weight men- 
1 he Gold Dram „ 98 4 tioned £8. it. 19. 


The Roman Money mentioned in the New-Te/tament. 


A Denarius, or Silver Penny=7 d. 3 Farthings. 
Aſſes of Copper So. 3 Farthings. 
Aſarum=o . 12 Farthing. 

Quadrans . 3 of a Farthing. 

A Mite=0 . 5 of a Fartbing. 


Their Long Meaſure, compared with f ag wag wh 


= - 
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A Finger's Breadth= 0,912 | 


9. 0. 
4 Fingers ga Hand's Breadtb g O. . 3,648 
2 Hands=the leaſt Spang o. . 7,290 þ 
3 Hands Breadth=the longeſt Span o. © . 10,944 Þ 
2 Spans=the longeſt Cubit=| O. 1. 9,588 
4 Cubits=a Fathom=| 2. 1 3,552 
6 Cubits=E zekiel's Reed=| 3. 1 11,328 Þ 
400 Cubits=a Stadium=\| 243. 0. 7,2 
10 Stadiums ga Mile 212432 0. 0 
3 Miles=a Paraſang = 7290. 0 © 
Which is 4 Engliſb Miles and] 256. 


OW 
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Engliſh Il ine. 
Gal. Pints. Inch. 


A Gotyla= Oo. 0. 3037 


Their Meaſures of Capacity, compared with } 


A Log= © . 0: , 9,83 
4 Logs=a Cab O. 3 . 10,458 
10 Catyla's=an Omer 0 . 6 . 1,5 
3% — 1 2,6 
2 — m ˙ 1 
3 Seahs San Epha=| 7 . 4 . 15, 
10 Epha's=a Chomer=75 . 5 . $5,025 


_ OO 


Sect. 2. Addition of 7eights, &c. 


The foregoing Tables being ſo well underſtood, as that you can 


| readily tell (without pauſing) how many Units of any one Deno- 
| mination, do make one of the next Superior Denomination (eſpe- 
ciallyh in thoſe Tables which are moſt uſeful for your Buſineſs) it 
will then be as eaſy to add or ſubſtract them, as to add or ſub- 
tract whole Numbers, due Care being taken in placing all Num- 
| bers that are of one Denomination exactly underneath each other. 
That is to ſay, in Money, place Pounds under Pounds, Shillings 


under Shillings, Pence under Pence, &c. Underſtand the like 


heir 


in Weights and Meaſures, &c. according to their ſeveral Dens- 
' minations: Then in Addition obſerve this Rule. 


R. U LE. 
Always begin with thoſe Figures of the loweſt or leaſt Denomi- 
nation, and add them all together into one Sum, then conſider haw 


many of the next Superior Denomination are contained in that 


Sum, /- many Units you muſt carry to the ſaid next Superior De- 


nomination 7 be added together with thoſe Figures that ſtand 
there; and if any thing remain over or above thoſe Units ſo car- 


ried, that Overplus muſt be ſet down underneath its own Deno- 
' mination: And ſo proceed on from one Denomination to another 


| until all be finiſhed. 


Example in Coin. 
Let it be required to add 35 J. 145. obd. and 271. 02s. 


104. and 547. 13s. 044. and 10/7. 17s. 094. into one Sum. 


The particular Sums being placed, as before directed, will 


ſtand as in the Margin following. 


Then according to the Rule, I begin with the Pence (being 
here the loweſt or leaſt Denomination) and adding them all 
together, I find their Sum to be 29 d. that is 25, and 54, (for 


24 
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24=2 5. and 29—24=5) the 5 d. I ſet down J. s, 4. 
underneath its own Denomination, and carry the 35. 14 . 06 
2 5. to the Place of Shillings, adding them and 27. 02. 10 
all the Shillings together, I find the Sum to be 54. 13. 04 
48 5. viz. 21. 8s, I ſet down the 8 5. under- 10. 17 . 09 
neath its own place of Shillings, and carry the ——— 
2 1. to the Place of Pounds, adding them and all 128 , 08. 05 
the Pounds together, I find their Sum is 128 J. 

conſequently the Total Sum required is 128 J. 08s, o5 d. 

Now, for as much as it often happens in keeping Books of 
Accounts, (and in other Buſineſs) that it is required to add up 
large Sums of Money, conſiſting of 30, 40, or more ſeveral par- 
ticular Sms, nay, perhaps filling up the whole length of a Sheet 


of Paper, I humbly conceive in thoſe Caſes the beſt and eaſieſt 


way will be to part them into Parcels, not exceeding above 10 
or 12 particular Sums in each Parcel; that done, add together 
all the Sums of thoſe Parcels into one Sum, and that will be the 
Total Sum required. 

Alſo to avoid the making of Points, or other Marks amongſt 
your Figures, it will be convenient to get the following Tables 


by heart, 
The Pence Table. i} The Shillings Table. 
6+ & . 4 5 
1221 72= 6 20=1 120= 6 
24=2 84= 7 4022 140 2 7 
36=3 g6= 8 60=3 160= 8 
48=4 I08= 9 80=4. 180= 9 
60=5 I20=lo || 100=5 200=10 


The Uſe of theſe Tables is ſo obvious, that I preſume it is 
needleſs to explain them, 


Examples in Addition of Weights, 


Troy Weight. Averdupois N eight. 
lb. Oz. Pw. Gr. Tun. . ©; Ib. Os. 
3.09 . 00. 10 3 18 3:4 24 0-13 
$ .- 08 15 2 „ $1.25 
10. 10. 12 . 22 . 
9 . 11 19 423 „ 3:37» 15 
Sum 21. 04. 09 . 04 Sum 23, . 05 , 0. 05 . 05 


Examples 
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Examples in Addition of Long- Meaſure. 


Yards Drs. Nails Miles Fur. Poles Yards Feet Inch. 


YR: f 


17 . 3 . I O . 7 . 27 o 3 I 6 10 
P. . 
S162. 3 ð Aas 2 19 0 0 


I think it needleſs to ſet down more Examples of this kind, 


for if theſe 5 (eſpecially the laſt) be well underſtood, they will 


be ſufficient to ſhew how any other may be performed, 


l— 


Se. 3. Subſtraction of Weights, &c. 


| 88 is but the Converſe of the precedent Work, and 


may be performed by obſerving this Rule. 


RU. LEE. 

Begin with the Loweſt or Leaſt Denomination (as before in 
Addition) and Take or Subſtract the Figure (or Figures) in that 
place of the Subtrahend, from the Figure (or Figures) that fland 
over them of the ſame Denomination ; ſetting down the Remainder. 
(as in Page 12.) But if that cannot be done, then you muſt in- 
creaſe the upper Figure (or Figures) with one of the next Superior 


| Denomination, and from that Sum make Subſtraction; and ſo 


Proceed to the next Superior Denomination, where you muſt pay 
the one borrowed, by adding Unity to the Subtrahend in that place, 
Kc. as in whole Numbers. 


— PTA. 


Examples in Coin. 


J. g. d. J. 8 © 

From 386. og . 08 From 569 . 10. 06 
Take 173. 04. 06 Sub. 389 . 15 . 08 
Remains 213. 05 . 02 179 . = 10 


The Firſt of theſe Examples is ſelf-evident. In the Second 
Example, beginning at the place of Pence (being here the Leaſt 
Denominatian) I am to take 8d. from 64. but becaule that 
cannot be done, I muſt (according to the Rule) borrow one of 
the next Denomination, viz. 15s. and add it to the 64. which 


makes it 184, (for 1 5. 12 d. and 124. +64.=18 d. then I 
take 8 d. from that 18 d. and there remains 104. to be ſet 
3 down underneath the place of Pence; that done, I proceed to 
the place of Shillings, where I muſt now pay the 15. ſaying 
one borrowed and 15 makes 16 from 10 cannot be, but 


pes 


16 


q 


— — 
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16 from 30 and there remains 14. That is, I borrow one of the 
next Denomination, viz, 11. and add to it the 10s. which 
makes it 30's. for II. og. and 205.-10==30) having ſet down 
the Remaining 14 s. underneath its own place of SHillings, I pro- 
cced to the place of Poumds, where paying the 1 J. borrowed, it 
will be 1 borrowed and 9 is 10 from q cannot be, but 10 from 
19 and there Remains 9, and ſo on as in whole Numbers until all 
be finiſhed ; and the Remazader will be 1791. 14s. 10d. 

This Example being a little conſidered will render all others 
in this Rule eaſy. 


Examples in Weigbis. 


Troy Weight. Averdupois Weight. 
lb, oz. put. gr. CE. hf. . OK. 
From 9 . 10. 16 , 18 17 „10 
Take $09 1822 14. 3.18 12 
Reſts 4. 00 . 17. 20 2 2 24 14 
Examples in Long Meaſure. 
yds. grs, nails miles fur. pol. yds. feet inches 


From 78. 3. 2 


22-,. 47: 0. $- 0+ 0 
Take 29 - . 2-2 


10,0 $0 5&3... It 


— — 


Rafts 43 3 „ 
Example in Time. 
days yg i tl 


From $7. 28-20-38 
Subſtract 10. 21. 46 . 36 


Remains 10. 20 , 48 . 45 


The Proof of Addition and Subſtraction in theſe Numbers of dif- 
ferent Denominaticus, is the very ſame with that of whole Num- 


bers in Page 13. I hall therefore refer you to that place, and 
omit repeating it here, 


_—_— — 


— 
3 * 


Sect. 4. Of Reduction. 


4 


Y ReduZion, Numbers of different Denominations are brought 2 
into one Denomination. * 


T hat is, it alters or changes any Superior Denomination pro- 
poſed, into any Inferior or Leſſer Denomination Required; 
| ſtill 3 


WT. OW OO OOF. 


dif- 
461 
and 


e 


[2 = SS 


4 ſtill keeping them equivalent in value. And by that means they 
become fitly prepared for Multiplication and Divifion ; which 
otherwiſe could not ſo conveniently be performed. Therefore the 


Chap. 3. 


8 
va 


Of Reduction. 


_ 


Buſineſs of Reduction is very uſeful in the Rule of Proportion, 
(commonly called the Golden Rule, or Rule of Three) eſyecially 
to thoſe who do not underſtand either Yulgar or Decimai Frac- 
tions, And it is thus performed: 


R UL E. 
Conſider how many Units of the Denomination Required, make 
ene of that Denomination propoſed to be Reduced (which is eaftly 


known by its reſpective Table) and with that Number of Units, 


1 
Multiply with 


- 


% 
n 
* 
* 
2 
1 1 
* 
„ ;# 
1 
: 

- 


8 * 2 


Thus, 


Multiply he Denomination propoſed, and their Product will be 


the Number Required, 


Example in Coin. 
Let it be Required to Reduce or Change 357 J. into Shillings, 
and thoſe Shillings into Pence, which ſhall {till be equal in value 


with the 357 1. 


7 : 
20 the Shillings in one Pound. 


7140=the Shillings in 357 J. 


12 the Pence in one Shilling. 


Multiply with 


1428 
714 


| 85680=the Pence in 357 J. as was Required. 
Or 3571. may be reduced into Pence, at one Operation; 
3 
Multiply with 240 


— — -- 


the Peuce contained in one Pune. 


1428 
714 


85680 the Pence in 35 7 J. as before. 


But when the Numbers propoſed to be Reduced are of ſeveral 


b Denomiations, and it is required to bring them all to the Lowelt ; 
you muſt Reduce the higheſt or 


greateſt Denomination to the 


next leſs, Adding the Numbers that are of that leſs Dencmination 

together, then Reduce their Sum to the next lower Denonunation, 

3 Adding together all the Numbers that are of that Denomination, 

and ſo proceed gradually on all is done. | 
3 2 


EXAMPLE 
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- EXAMPLE E. 
Let it be required to Reduce 375 J. 17 s. 10 d. 34. into one 
Denomination, viz. into Farthings. 


375 J. 175. 10d. 3. 
20 


75 oO the Shillings in 375 l. 
＋ 17 


75 17 the Shillings in 375 l. 175. 
12 


15034 
7517 


90204=the Pence in 375 l. 175. 
| 104. | 


90214=the Pence in 3751, 175. 10d. | 3 
== 


360856=the Farthings in 3751. 175. 10d. 
* 39 


300859 Farth=37s5l. 17s. Iod. 24. as was required, 


The Work of this Example, and all other Operations of this 


kind, may be ſomewhat ſhortened by obſerving the following 
Method. 


* 4 $44. 2 * 2 
AAS RS Sos: > 


3751. 175. 10d. 39. 
20 Multiply and Add in the 175. 
7517 ; . 
12 Multiply and Add in the 10 d. 


15044 
7517 


8 
4 Multipiùj and Add in the 3 grs. 


— 


360859 the Farthings as before. 

Example in Troy Weight. 3 

Suppoſe it be Required to Reduce 29 lb. 8 oz, 18 prot. 21 g7. 
into the leaſt Denomination, viz. into Grains, 4 


— 
7 


38 
+ x4 
4 


Thus 
x 

1 _ 
<< - 
__ 


Pos. 
pes 4 
3 
2 
Ys 4 
1 
1 


=p, 
18 


Thus 29 Ib. 8 oz. 18 pot. 21 gr. 


Multiply with 12 the oz. in 116. and add in the 8 xz. 


66 
29 
356 = the oz. in 29 16. 8 oz. 


Multiply with 20 the pots in I oz. and add in the 18 put. 


7138 = the pꝛots in 29/þ. 8 oz. 18 prot. 
Multiph with 24 the grs in 1 pwt, and add in the 21 grs. 


20553 
14278 


171333 the grs=29 lb. 8 oz. 18 pits. 21 grs. 


Theſe two Examples at large being well underſtood, may ſuf- 


: fice to ſhew how all Operations of this kind are performed ; ei- 


be the Number required, 


ther in VWeigbis, Meaſures, or Time, I ſhall only inſert a few 
Examples of each ſort fer the Learner's Practice, 

1. In 23 C. 3qrs. 2116. 9 %. Averdupois Weight; How 
many Ounces? Anſw. 42905 Ounces. 

2. In 252 Eng. Miles, How many Yards, Feet, and Inches? 
Anſw. 443520 yds.=1330560 feet = 15960720 inches. 

In 1692 common Years, How many Days, Hours, and 
Minutes? Anſw. 618003 days, 14833072 hours, 889924320 
minutes, 

Note, a common Year=365 Days, 6 Hours, ſee Page 37. 

4. In 5786 Pounds, 17 Shillings, ꝙ Pence, Sterling ; How ma— 
ny Shillings, Pence, and Farthings * Anſw. 115737s. 138885 3d. 
or 5555412 farthings, That is, 57801. 17 5. 9 d. 21157375. 
9 d. = 1388853d. &. | 

The next thing will be to ſhew how to bring Numbers from 
a leſſer to a greater Denomination, which by molt Authors is 
called (tho* very improperly) 


Reduction /cending. 


This Work is the Converſe of the laſt, and is performed by 
Diviſion, Thus, | | 


RULE. 
Conſider how many of the Denomination propeſed make one of the 
Denomination required, and make that Number your Diviſor, by 
which divide the Denomination propoſed 3 and the Quotient will 


EXAMPLE 


— 


— IT 2 — 88 " 


Sw — 
5 — 1 - 


"WS 7M 
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EXAMPLE. 
Let it be required to find how many Shillings and Pounds are 
contained in 85680 Pence. 
The Pence in 1 s. are 12) 85680 (7140 f. 85680 d. 


Again the Shillings in 11. are 20) 7140 (3571, the Anſwer 
required, 


Another Example in Coin. 
How many Pence, Shillings, and Pounds, are contained in 
264859 Farthings. 
12) 20) 
4) 264859 (6621494. (5517s. (275 J. 


24 62 15 1 


08 21 117 
05 94 (17) 5. 
19 (10) d. 
Remains (3) 9. ; Nite, the Remainder is always of the ſame 


Denomination with the Dividend. 


The laſt Quotient 275 l. together with the ſeveral Remainders, 
give the Anſwer required. 


Viz. 2751. 17 5. -10d. 3. =264859 Fartbings. 


Example in Troy Weight. 
Suppoſe it were required to find how many Pwts. Ozs. and lbs. 
are contained in 171333 Grains. 


20) I2) 
24) 171333 gr. (7138 pw. (356 (29 1b, 
168... I13 24 
38 136 110 
2 —— 108 
— — (18) pros, —— 
93 (8) oz 
72 
213 
192 


Remains (21) grs. 


Anſw. 291. 8 oz. 18 pt. 21 gr. This and the laſt Ex- 
ample are the Reverſe or Proof of thoſe in Pages 43, 45. 


1. In 42905 Ounces, Averdupois Weight ; How many Pounds, 
c. | 
Thus 


6 
= 


FFF n 5 , 
+ + » IRS . i *7.3" 834 * "mM - _ ; 2 : * —_ # 
: 99 r r wort 3 . 4 1 


_ 
- . 
5 
wt 


— 
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= 28) 4) 
Thus 16) 42905 (2681 1b, (95 grs. (23C. 
109 252 15 
8 161 (3) 
25 140 


(9) (21) Anſw. 23 C. 3 rs. 21 lb. q ox. 
2. In 15966720 Inches; How many Engl; Miles, &c. 
Anſw. 252 Miles, &c. as Occaſion requires. 
There are many uſeful Queſtions may be anſwered by the help 
of Reduction only: As the changing of one ſort of Coin for ano- 


ther; and comparing one ſort of Meaſure with another, &c. 


* 


For Inſtance : Suppoſe one had 347 Rixdollars, at 45s. 6d. 


per Dollar; and deſired to know how many Pounds Sterling 
they make, 


347 
54=the Pence in one Dollar, viz. 45. 6d.=54 d. 
1388 
1735 20) 
12) 18738 4. (1561s, (781. 
67 161 
73 (1) 5. 
18 
(6) d. 


Anſw. 781. 15. 64d, Sterl. are=347 Rixdellars. 
Queſt 2. In 645 Flemiſh Ells; How many Ells Engliſh ? 
Note, 3 Quarters of a Yard Engliſh make one Ell Flemiſh, and 
11, or 5 Quarters of a Yard, is an Engliſh Ell. 
Therefore, 645 
3= the grs of a Yard in 1 Ell Flemyh. 


qrs in 1 Ell 5) 1935 (387 Engliſb Ells for the Anſwer, 
Queſt. 3. Suppoſe a Bill of Exchange were accepted at London, 


1 for the Payment of 400 J. Sterl. for the Value deliver'd at Am/ter- 


dam in Flemiſh Money at 11. x3s. 6d. for 1 Pound Sterl. How 


1 much Flemiſh Money was deliver'd at Amflerdam ? 


Firft, 11. 135. 6 d. = 4024. the Value of one Pound Sterl. 
at Amſterdam. 1 
Then, 402 d. x 400= 160800 d. = 670 /, Flemiſh, and To 


much was delivered at Amferdam. 


CHAP. 
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CHAP. IV. 


Of Uulgar Fractions, 
Sect. I. Of Notation. 


Fradtion, or Broken Number, is that which repreſents a Part 

or Parts of any thing propoſed, (vide Page 3.) and is ex- 

preſſed by two Numbers placed one above the other with a Line 
drawn betwixt them: 


r Numerator. 
1 4 Denominator. 

The Denominator, or Number placed underneath the Line, 
denotes how many equal Parts the thing is ſuppoſed to be divided 
into (being only the Diviſor in Diviſion.) And the Numerator, 

or Number placed above the Line, ſhews how many of thoſe 
Parts are contained in the Fraction (it being the Remainder after 
Diviſion). {See Page 29.) And theſe admit of three Diſtinctions: 
Proper or Simple 
Viz, Improper Fractions. 
Compound 


A proper, pure, or Simple Fraction, is that which is leſs than 
an Unit. That is, it repreſents the immediate Part or Parts of 
any thing leſs than the whole, and therefore it's Numerator is 
always leſs than the Denominator. 

As} z is one Fourth Part, ; 2 is one Half. 

is one Third Part. 2 is two Thirds, &c. 

An Improper Fradtion is that which is greater than an Unit. 
That is, it repreſents ſome Number of Parts greater than the 
whole thing ; and it's Numerator is always greater than the De- 
nominator, 


As 5 or 5 or 13 &c. 


A Compound Fraftion is a Part of a Part, conſiſting of ſeveral 


- 
. + Bas » 8 5 C75 & # * " 
r 4 2 % E 7 „ 
— = GN . 


Numerators and Denominators connected together with tbe 


Word [of ]. 


As 3 of 3 of 3, Cc. and are thus read, The one Third of the 


three Fourths of the two Fifths of an Unit. 


That is, when an Unit (or whole thing) is firſt divided into x 


any Number of equal Parts, and. each of thoſe Parts are 


ſubdivided f 


* 1 
* 
nn ̃ͤ ͤ˙. . 1 — p : - 
\s 7 * - T of - «% - * R 
. a 4 k . 1 3 * J 7 * 4 „* 2 ” K a” q th Kan tes et! Ps © 2 W 
bn 1 *, 2 b 4 - * 2 Fn le 65. A. 4 9 4 e "Kal « L 3 , 4 9 
— 1 . X * * irrer od * 2 hte jp. +! 1 9 2 2 4 1 Met 4 3 af my * , * n Fe * — 6.4 2 5 3 7 ö 
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ſubdivided into other Parts, and ſo on: Then thoſe laſt Parts 
are called Compound Fractions, or Fractions of Fractions. 

As for inſtance, ſuppoſe a Pound Sterling (or 20 5.) be the 
Unit or Whole; then is 8 s. the + of it, and 65. the 3 of thoſe 
two Fifths, and 25. is the + of thoſe three Fourths ; viz. 25.= 
Z of 3 of 4 of one Pound Steiling. 

All Compound Fractions are reduced into Single ones, Thus, 

RULE 

Multiply all the Numerators into one another for a Numerator, 

and all the Denominators into one another for the Denominator. 
Thus the 3 of } of ; will become 3. Or 1. 

For I x Zx 2=6 the Numerator, and 3x 4x5 = 60 the 

Denominator, but . or 16 of a /. Sterl. is 25s. As above. 


& 


Sect. 2. To Alter or Change rent Fractions into 
one Denomination retaining the ſame Value, 


I N order to gain a clear Underſtanding of this Section, it will 

be convenient to premiſe this Propofition, viz. If a Number 
multiplying two Numbers produce other Numbers, the Num- 
bers produced of them ſhall be in the ſame Proportion that the 
Numbers multiplied are, 17 Euclid 7. 

That is to ſay, If both the Numerator and Denominator of 
any Fraction be equally multiplied into any Number, their Pro- 
ducts will retain the ſame Value with that Fraction. 


Asin theſe,- uy N Or- . Or- X53 = 44 Ce. 
„ 353 9 zu 15 

That is, 5 and g. Or 3 and 5. Or 4 and 43 are of the 
ſame Value, in reſpect to the Whole or Unit. 

From hence it will be eaſy to conceive, how two or more 
FraQtions that are of different Denominations, may be altered or 
changed into others that ſhall have one common Denominator, 
and {till retain the ſame Value. 


Example. Let it be required to change 4 and q into two other 


Fractions that ſhall have one common Denominator, and yet te- 


tain the ſame Value. DN 
According to the foregoing Propoſition, if 4 be equally multipli- 
1 


ed with 7, it will become 2+, Cee” 7 Ty Again, if 3 be e- 
. * . - . bd 3 * 3 9 

. MA —— o 
qually multiplied with 3, it will become , Liz. 775 


H And 
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And by this means I have obtained two new Fractions, r and 2, 
that are of one Denomination, and of the ſame Value with the two 
firit propoſed, wiz. 37 =7 and 2, =. 

And from hence doth ariſe the general Rule for bringing all 
Fractions into one Denomination. 


RU L E. 

Atultiply all the Denominators into each other for a new (and 
common) Denominator. And each Numerator inte al! the Deno— 
minators but it's wn, for new Numeretors. 

Example. Let the propoſed Fractions be 5, &, 2, and 5. 

I hen, by the Rule, 


A new Denominator And the new Numerators will 
will be thus fonnd, be thus found. 

3 b; *' 93 6 

5 5 3 3 3 

15 5 6 9 18 

4 4 4 5 5 

60 30 ' 4 13 90 

7 7 7 7 4 

420 140. 168. 315. 360 


Hence 420 is the common Denominator ; and 140. 168. 315. 


360, are the new Numerators, which being placed Fraction- wiſe 


are 478 . 393 . 423. 258 the New Fractions required. 


| 8 
1 3 7 5 430" 4 420 7 


a 


Sect. 3. Ti 0 bring mixd Mumbers into Fractions, and 
_ the contrary. 


M IX' D Numbers are brought into improper Fradtions by 
the following Rule. 


| | S 
Multiply the Integers, or whole Numbers, with the Denomina- 


tor of the given Frattion, and to their Product add the Numera- 


tor, the Sum will be the Numerator of the Fraction required. 
Example. 9g + by the Rule will become 2. For g x 5 =. 
And, * + + = #2 the improper Fraction required. 
Again, 13 7+ will become . For 13 x I's = I. 
And , + 14 ==5*. And ſo for any other as Occaſion requires. 
To find the true Value of any improper Fraction given is only 


the Converſe of this Rule, For if 2 = 9 +, as before is nu 
hen 


9: no Yo 


I "4:4" c . 123 * — _— 4 * * „ 
a : + x . * 4 . 4 
nnen * 2 ay [3 8 * on a * 
8 1 xv RR . r 2 
* "No _ K * 33 — 8 5 = 3 2 F on? 
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Then it follows that if 49 be divided by 5, the Quotient will 
give ꝙ 5. And if 206 be divided by 15, it will give 13 1+, Ec. 
conſequently it follows, that 

If the Numerator of any improper Fraction be divided by it's 
Denominator, the Quotient will diſcover the true Value of that 


Fraction, 
EE X33 MF LES. 
31==s. And $i==443. And 3'2=6 4. Or 3 J, Ee. 
When whole Numbers are to be exprefied Fragtion-wiſe, it 
is but giving them an Unit for a Denominator. Thus 45 is , 
9 is 2, and 25 is , Oc. 


Chap. 4. 


— — 
* 


Sect. 4. To Abbrevfate or Reduce Fractions 7 
their Loweſt or Leaſt Denomination. 


H1S is done, not out of any neceſſity, but for the more 

convenient managing of ſuch Fra2ions as are ther pro- 
poſed in large Terms; or {well into ſuch either by A or 
otherwiſe : beſides it is moſt like an Artiit to expreſs or {ut don 
all Fractions in the loweſt Terms potlible ; and to perform that, 
it will be neceſſary to conſider theſe following Propoſitions. 


Numbers are either Prime or Compoſed. 


1. A Prime Number is that which can only be meaſured by 
an Unit. Euclid 7. Defin. 11. 

That is, 3, 5, 7, 11, 13, 17, Cc. are faid to be Prime 
Numbers, becauſe it is not poſſible to divide them into equal 


Pirts by any other Number but Unity or 1, 


2. Numbers Prime the one to the other, are ſuch as only an 
Unit doth Meaſure, being their common Meaſure. Euclid 7. 
Defin. 12. 

For inſtance, 7 and 13 are Prime Numbers: to each other, 
becauſe they cannot be divided by any Number but an Unit. 
And q and 14 are alſo Prime Numbers to each other, for altho' 
3 will meaſure or divide 9 without leaving a Remainder ; yet 
3 will not meaſure 14 without leaving a Remainder : Again, 
altho' 2 will meaſure 14 without any Remainder, yet 2 will not 


Meaſure ꝙ without leaving a Remainder, c. 


3. A compoſed Number is that which ſome certain Number 


meaſureth. . Euclid. 7. Defin. 13. ' 


For inſtance, 15 is a compoſed Number of 3 and 5, for 5 x 3 
= 15, conſequently 3 or 5 wy juſtly meaſure 15. Allo 29 
2 is 
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is compoſed of 5 and 4, viz. 5 x 4= 20, therefore 5 and 4 will 
each juſtly meaſure 20. 

4. Numbers compoſed the one to the other, are they which 
ſome Number being a common Meaſure to them both doth 
meaſure, Euclid 7. Defin. 14. 

That is, if two or more Numbers can be divided by one and 
the ſame Diviſor; then are thoſe Numbers ſaid to be compoſed 
one to another. 

For Inſtance, 14 and 21 are Numbers compoſed the one to 
the other, becauſe they can both be meaſured or divided by 7. 
For 7 x 2 14, and 7 x Z=21; therefore 7 is a common 


Meaſure to 14 and 21. So that if A were propoſed to be ab- 
breviated, it will become 3. 


2 
Thus 27721 


And how thoſe greateſt common Meaſures may be found 
comes from Euclid 7. Preb. 1, 2, 3. and is thus: | 


RULE. 
Divide the gaeater Number by the leſſer, and that Diviſor by the 


Remainder (if there be any) and ſo on continually until there be no 


Remainder left: Then will that laſt Diviſor be the greateſt common 


Meaſure (and if it happen to be 1, then are thoſe Numbers Prime 
Numbers, and are already in their loweſt Terms; but if otherwiſe ) 


Divide the Numbers by that laſt Diviſor, and their Quotients will 
be their leaſt Terms required, 


E KI MPL £, 


Let it be required to find the greateſt common Meaſure of 72 
and 108, viz. of veg. | 


72) 108 (1 
72 
30) 72 (2 5 Here becauſe there is no Remainder ; 
72 36 is the greateſt common Meaſure, 
(0) 


36) 72=2 (Hence ver is abbreviated 
SO 2 36) 168 2 3 Jt05 the loweſt Terms. 


Again, to find the greateſt common Meaſure of 744 and 899. 
Thus, 
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? 
4 


Thus, 744) 899 (1 


3 
155) 744 (4 
620 
124) 155 (1 
124 
31) 124 (4 
124 


| (0) 
Here 31 is found to be the greateſt common Meaſure by which 
and 899 may be abbreviated to 24 and 29 their loweſt Terms. 
he mo Thus, f) 357 (215. 22 85 
Note, If the propoſed Numbers be even, they may be brought 
lower by a continued halfing of them, ſo long as they can be 
halfed, viz, divided by 2. 
4 4 M PLE. 
It is required to Reduce 5 r to it's leaſt Terms, 
Firſt, 5) 38 =_TyY Again, 1) 21 (1 
This done, you eafil r that 7 will be the common Meaſure 


to 14 and 21, wiz. 3) 4+ (, &c. 


If the Numbers propoſed to be reduced have each a Cypher, 


or Cyphers annexed to them, they will be abbreviated by cut- 


2 ting off a like Number of Cyphers from both. 


Thus, 352 will be 38. And 288 will be 3, Ec. 
That is, 728184 And 388. And 188 = 1 ===. 


Sect. 5. Addition / Fractions, 
HAT hath been done by the Rules in this Chapter, is 


chiefly to prepare and fit Fractions of different Denomi- 
nations for Addition or Subſtraction, as Occaſion requires, viz. 
If they are Compound Fractions, they muſt be reduced to Simple 
or Pure Fractions, per Rule, Set. 1. 

If they are of different Denominations, they muſt be altered 
or changed, per Rule, Sect. 2. 

That is, all Fractions muſt be brought into one Denomina- 
tion before they can either be added or ſubſtracted; and "ine 
being done, Addition is thus performed, 

RULE.” 

Add together all the Numerators, and their Sum will be a New 

Numerator, under which ſubſcribe the Common Denominator. 
Examples 


th. 


—— 


Atrithmetick. Part 1. 


— — $ 


Examples in Simple Fractions. . 
Let it be propoſed to add 3, +, and + together. Firſt, 4 =42, 
ng, and 4 ==, per See. 2. 

Then FS TTS 88, the ſum required, which according to 
Sefing 3, is 1 88, wiz. 81 38. 


| Examples in Compound Fractions. | 
Let it be required to add ? and F of 4 into one Sum. Firſt + of 4 be 
comes £, or + per Set. 1. And (per Sect. 2.)3 and 1 is £ and A, 
vix. += , and 3 n; but fn I= IA the Sum required, viz. | | 
3 ++0f = 4. | 


Examples in Mixed Mumbers. 


It is required to add 5; 4 to 7 2, theſe per Sect 3. will be and A. 
But 4 and , will become S and 23 per Sect. 2. Then f + 14 
=, and i = 13 & the Sum required. 

Or you may bring only the Fractions to one Denomination. 

Thus, 5 + and 7 + will become 5 , and 7 E. 


Then 5 & +7 A =12+7. That is, 13 £. As before. b 


ol 
9 
* 
* 
* 


* 
"FS — 
88 — 1. 2 
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Sect. 6. Subſtraction of Fractions. 1 


RULE, 
CUB STRACT one Numerator from the other, (according as 
the Dueſtion requires) and their Difference will be a new Nu- 
merator, under which Subſcribe the Common Denominator, as in 


Addition, 


ESL MELS:-3, 
Let it be required to take 5 out of 5. Firit 5 and + per Sect. 2. 
will become 45 and 47 ; then 33 — 83, that is, +—g= 45. | 
As was required. A 


S 452 
It is required to Subſtra + of 5 from 14. Firſt, + of 2 1 per 
Se. 1. Again 35 and 13 will become 33 and 133. per Sect. 2. 
Then $44 — 777 31. 


| 
EXSMPLE $3 z 
From 6 5 Subſtract 3433. Firſt, 6 4 = , and 3 48 = , per $ 
Rule Se. 13 Again, = 2, and n = 5324, per Rule Sect. 2. 
Then, 2/38 — f= N24 2213. Or otherwiſe _ : 
Ii, z 


+—5 2, then bring? = and 42 into one Denomination, wiz, 
322 and 2422 784 | 
and 3 4 — 3; 84. 4 

432 — 333 = 2242 248. As before. 


LE. 


Let it be required to Subſtract + of 3 of 5 from 7. 
Firſt, of Z of = f&,. And 7 =6245; 
Then 645 — {2 =6 143= 6 33127 —+of Sof 3. As was re- 
uire 

; If theſe few Examples be well underſtood, the whole Buſineſs 
of adding and ſubſtracting Pulgar Fractions will be eaſy; which 
is really much more difficult to perform than either Multiplication 
or Diviſion 3 as will appear in the next Section. 
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; Sect. 7. Multiplication / Fractions. 


# 1 N order to perform either Multiplication or Diviſion, you muſt 
1 prepare the Terms to be multiplied (or divided) thus; reduce 
Compound Fractions to Simple ones, per Sect. 1. Bring mixed 
Numbers into improper Fradtions, and expreſs whole Numbers 
Fraction wiſe, per Se. 3. Alſo it will be convenient to abbre- 
viate them to their ſmalleſt Terms, when it can be done. Then 
2 Multiplication may be thus performed. 
= Multiply the Numerators one into another for a new Nu- 
Rule. e ; and the Denominators one into another for a new 


5 
- Denominator. As in theſe 
Nt 
ZT NLS. 
. The Produtt of F into +=. That is, © 25 == 
2 

2. And the ProduQt of & into 25 = f. Or ch. 
; |} 3. Again, the Product of n into 5 5 of 3= . Or & 
For of =. Then © x 22= 28 ="2. 

4᷑. Let it be required to a 6 with 34 Theſe prepared for 

4 the Work will ſtand thus. © x &. 

Vix. 6=* and 3 222 Then 4 x 22 = 17242, ar 203. 
Or, otherwiſe thus 6x 3 2 18. And 15 6 „. 
2— 7 Then 18 +2 +=20+., As before. 

3 Let it be required to multiply 7 5 with 5 5. 

4 Firſt 7 6 773 ge” 64 =}, Then „ „ M 254 = 4o F$. 

4 Now the Reaſon of this Rule for Multiplying of Fractions, 
er and conſequently of theſe Operations, and all others performed 
2- by it; will be evident from this following. 


Jiz. 


7 
ba 
* * 
2 
" 
” 
ſt, : 
# 
70 
wa 
Ye 
f 
* 


—_ 
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Vir. If? be multiplied with 2 according to the Rule, their Pro- 
duct will be 44. But 1 = 8. 


Now 2 S 2, and I per Sec. 3. bit 48186 Ergo, &c. 


Sect. 8. Diviſion / Fractions, 


HE Fractions being firſt prepared as before directed, Di- 
viſion may be thus performed: 


Multiply the Numerator of the Dividend into the Deno- 
Rule, minator of the dividing Fraction for a New Numerator : 
and multiply the other Numerator and Denominator together 
or a new Denominator. 


EXAMPLES. 


1. Let 3; be divided by J, wiz. 1) 35 (&; the Quotient. 

That is, according to the Rule 6 x 7 2 42 the new N umerator, 
and 35 x 3 105, the new Denominator, Sc. as Abore. 

2. Let it be required to divide 45 by , wiz. ) 2 (442 =1 

For 12 x 20 = 240 the new Namerator, and 27 x 5=135 the new 
Denominator. 

3. Suppoſe it were required to divide n by 3 of 5. 

Firſt, + of 4=}Þ. Then I) 1 1 (8 = t. 

4. Let 20 F be divided by 3 +; wiz. 4 by 1 
For 20 4 =, and 3 5=*7. Then ) £5= (=6 the Quotient. 


Firt, 40 22 and 5 + =32, Then 38) 43 N. 
* Suppoſe it were roge uired to divide 1 3 by £ L. 
Firſt, 13 =*?. Then 3) 4+ („ =18 the Quotient. 
7. Again, let it be required to divide + by 6. 
Vis. 400 (A for the Quotient required. 


N. B. From hence you may obſerve, that when any whole 


Number is divided by a Fraction leſs than Unity or 1, the Quo- 


tient will be greater than the Number propoſed to be divided: 


— 2 — r 8 - % 22 5 6.4 
% * 5 ye IH I Fo „ 
FETT 


But if any Fraction be divided by a whole Number, greater | 


than 1, then the Quotient will be leſs than the Dividend: As 


in the two laſt Examples. 
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As to the Reaſon (or Proof) of this Rule for dividing Frafims : 
It is only the Conver/e to that of Multiplication, and will be ve- 
ry evident from this following. | 


Let & be divided by r. Which according to the Rule is thus, 
&) 4 ($$ =4. The true Quotient. Now #$£ =8. And t= 2. 


per Sect. 3. Conſequently & died by & is but the ſame with 8 41 


wided by 2. wiz. 2.) 8 (4. The Quotient as before. 

I could have inſerted Geometrical Demonſtrations, for the Rules 
of Multtplication and Diviſion of Frafions ; but ſuppoſing the 
Learner purely unacquainted with thoſe kind of Demonſtrations, 
I thought theſe might be more intelligible to him, eſpecially in 
this place. 


. 


Gn, / r 98 
Of Decimal Fractions. 


WW 77 E N, or by whom, this excellent Invention of Necimal 
Arithmetick, was fir/t introduced is uncertain ; but doubtleſs 
it's Improvements, and the Perſettims it is now in, is owing ts 
latter Years. 


Se, 1. Of JNatattoin, 


N Decimal Fractiens, the Integer or whole Thing (whether it 

be Coin, Weight, Meaſure, or Time, &c.) is ſuppoſed to be 
divided into Ten equal Parts; and every one of thoſe Ten Parts 
are ſuppoſcd to be ſubdivided into other Ten equal Parts, &c. ad 
infinitum. | 

The Integer being thus divided (by Imagination) into 10, 100, 
ICO0, 10900, Ge. equal Parts, becomes the Denominator to 
the Decimal Hractions. | | 

'Thas, 19 TS 99 1988. TOES: 1d ov. Er. 5 

Now theſe Deuominators ate ſeldom or never ſet down, but 
only the Numerators; and thoſe are either diſtinguiſhed, or ſe- 
parated from whole Numbers by a Point or a Comma. 

Thus, 5,4 is 5 F;. and 0,7 is Z;. 35,05 is 35 557, Oe. 

But before we proceed further in Notation, it will be conve- 
nient for the Learner to conſider the following Table, (taken 
out of the learned Mr Oughtred's Clavis Mathematica) which 
ſhews the very Foundation of Decimal Fractions. 


I HH Hole 
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Pole Numbers, Decimal Parts. 
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By this Table it is evident, that as in whole Numbers or Inte- 
gers, every Degree from the Unit's Place increaſes towards the 
left-hand by a Ten- fold Proportion: So in Decimal Parts every 
Degree is decreaſed towards the right-hand by the ſame Propor- 
tion, viz. by Tens. 

Therefore theſe Decimal Parts or Fractions, are really more 


Homogeneal, or agreeing with whole Numbers, than Yulgar Frac- 


tions; for indeed all plain Numbers are in effect but Decimal 
Parts one to another, 

That is, ſuppoſe any Series of equal Numbers, as 444, &c. 
The firſt 4 towards the Left is Ten times the Value of the 4 in 
the middle, and that 4 in the middle is Ten times the Value of 
the laſt 4 to the Right of it, and but the Tenth Part of that 4 on 
the Left, &c. 

_ Therefore all or any of them may be taken either as Integers, 
or Parts of an Integer: If Integers, then they muſt be ſet down 
without any Comma or ſeparating Point betwixt them thus, 444 
But if Integers, and one Part or Fra#tion, put a Comma betwixt 
them thus, 44,4 which ſignifies 44 whole Numbers, and 4 Tenths 
of an Unit: Again, if two Places of Parts be required, ſeparate 
them with a Comma thus, 4,44 viz. 4 Units, and 44 hundred 

Parts of an Unit, &c. . 

From hence (duly compared with the Table) it will be eaſy to 
conceive that Decimal Parts take their Denomination from the 
Place of their laſt Figure. 
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Cyphers annexed to Decimal Parts, alter not their Value. As 
,50, and ,500, or ,5000, &c. are each but 5 Tenths of an Unit, 
For 05 — 18. And 5088 — 15 · Or 100 — 10. Per Seck. 4. 
of the laſt Chapter. 

But Cyphers prefixed to Dectmal Parts decreaſe their Value, by 
removing them further from the Comma, 

5 =5 Tenth Parts, 
1 „05 =5 Parts of a Hundred. 
4 ,005 5 Parts of a Thouſand. 
,0005 = 5 Parts of Ten Thouſand, &c. 

Conſequently the true Value of all Decimal Parts are known 
by their Diſtance from the Units Place; the which being once 
rightly underſtood, the reſt will be eaſy. 


— 


Sect. 2. Addition and Subſtraction 7 Decimals, 


I N ſetting down the propoſed Numbers to be added, or ſub- 
ſtrated, great care muſt be taken in placing every Figure di- 
rectly underneath thoſe of the ſame Value, whether they be mix'd 


Numbers, or pure Decimal Parts, and to perform that you muſt 


have a due regard to the Comma's, or ſeparating Points, which 

ought always to ſtand in a direct Line one under another ; and to 

the Right-hand of them carefully place the Decimal Parts, accord- 

ing to their reſpeCtive Values, or Diſtances from Unity. Then 
Add or ſubſtract them, as if they were all whole Numbers; 

Rule 775 from their Sum, or Difference, cut off ſo many Decimal 
Parts as are the meſt in any of the given Numbers. 


EXAMPLES in Addition, 


Let it be required to find the Sum of theſe following Numbers, 


iz. 34,5 + 65,3 — 128,7 + 95 + 87,8 + 1>9» which being 
truly placed, will ſtand 


Their Sum required, 419,2 
I 2 EXAMPLE 
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EXAMPLE: 2: 
Let it be required to find the Sum of 25,854 +34,5784-9,976 


+13,907- 


255854 
34,878 
9,076 
22227 
83,415 The Sum required. 


When the Decimal Parts propoſed to be added (or ſubſtracted) 
have not the ſame Number of Places, you may for convenience 
of Operation ſupply or fill up the void Places, by annexing Cy- 
phers. As in theſe Examples. 


EXAMPLE 3. EXAMPLE 4. EXAMPLE 5. 


45,0700 5744970953 0,9750042 
59,7580 954790430 745257 
123, 0057 78, 540 „000598 
74,7020 54,7 89000 »800700 

' 24,5000 8,9000O00 „0405 30 
318.3357 Sum 812, 218983 3.162727 


EXAMPLES in Silibfiraction. 
Let it be required to find the Difference between 45,375 and 
742254. 
EXAMPLE I. EXAMPLE 2. EXAMPLE 3. 


That is, From 74,284 From 437,5 From 75,0034 
Take 45.275. Take 80. 6067 Take 57.875 


Remains 2039909 3475043 1/,1404 
'EXAMPLE 4. 


Let it be required to find the Exceſs between 562 and 93, 5784. 


EXAMPLE 4. EXAMPLE 5. 
That is, From 562, From 345,7578 
Take 93,5784 Take 157, 

The Exceſs 468, 4210 | 188,7578 


Note, The two laft Examples are ſuppoſed to be ſupplied with 
Cyphers, which if actually done would ſtand thus, 


562,0000 345,7578 
23.5784 15720000 
Remains 468,4216 As before, 188,7578 
| EXAMPLE 
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EXAMPLE 6. EXAMPLE 7, 

From 0,547893 From 1,000000 

Take 0,439755 Take 0.997542 
, 108135 0,002457 


The Proof of Addition and Subſtraction in Decimals, is the 
ſame with that of whole Numbers, page 13, &c, 


ans As & — t£2924 4 I a3 

Sect. 3. Multiplication / Detimals. 

HET HER the Factors or Numbers to be multiplied are 

pure Decimals, or mixed, multiply them as if they were al] 

whole Numbers, and for the true Value of their Product obſerve 
this Xa 

Cut off (viz. ſeparate with a Comma) ſo many Places 

Rule. of Decimal Parts in the Product, as there are in both the 

Factors accounted together, As in theſe. 


EXAMPLE 1, EXAMPLE 2. 
3,024 22,12 
2.33 24,3 
90 72 9 636 
65048 128 48 
6 048 6424 
0,743 52 789,516 


The Reaſon why ſuch a Number of Decimal Parts muſt be cut 
off in tlle Product, may be eaſily deduced from theſe Examples. 
Thus, 

In Example 1. It is evident, that 3, the whole Number in 
the Multiplicand, being multiplied with 2, the whole Number 
in the Multiplier; can produce but 6 (viz. 3 X 2=6.) $0 
that of necefiity all the other Figures in the Product muſt be 
Decimal Parts; according as the Rule directs, | 

Or, the Rule is evident from the Multiplication of whole Num- 
bers only : Thus, ſuppoſe 3000 were to be multiplied with 200, 
their Product will be 600000 ; That is, there will be ſo many 
Cyphers in the Product, as are in both the Factors, (Jide p. 18.) 
Now if, inſtead cf thoſe Cyphers in the Factors, we ſuppoſe the 
like Number of Decimal Parts; then it follows, that there ought 
to be the ſame Number of Decimal Parts in the Product, as there 
were Cyphers in the Factors. „ 

Again, the Rule may be otherwiſe made evident from 


Vulgar Fractions, thus: Let 32, 12 be multiplied with 24, 3, 


and 


Go Arithmetick. Part 1. 


and their Product will be 780,516 as in Example 2, above. 
Now 32,12 = 32 1. and 24,3 =24 r. which being brought 
into Improper Fractions (per Se. 3. page 50.) will become 
32 16s = 55. and 24 7 =. 

Then d x r = s. per Sef?. 7. page 55. 

But *$38;* = 780 433. viz. 780,516, as before. 


Any of theſe three Ways do, I preſume, ſufficiently prove 
the Truth of the aboveſaid Rule, &c. 


EXAMPLE 3. EXAMPLE 4. 
78,546 5745 
436 ,0675 
471270 28725 
235638 40215 
314184 34470 
34240, 056 3877875 


N. B. It ſametimes falls out in multiplying Parts with Parts, 
that there will not be ſo many Figures in the Product, as there ought 
to be places of Decimal Parts by the Rule: In that Caſe you muſt 
ſupply their Defect by prefixing Cyphers ta the Product; as in theſe 
Examples. 


EXAMPLE 5, EXAMPLE 6. 
,2365 10347 
„2435 „0236 
11825 2082 
7095 | 1041 
9460 694 
4730 „ 
— ION „00081892 
505758775 


When any propoſed Number of Decimals is to be multiplied 
with 10. 100. 1000 , 10000, Cc. it is only removing the 
ſeparating Point in the Multiplicand, ſo many places towards 
the Right-hand, as there are Cyphers in the Multiplier. 


Thus, , 578 x 10 = 5,78. And, ,578 x 100 = 57,8. 
Again, , 578 x 1000 = 578. Or, ,578 x 1000025 =o. 
| ele 
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Chap. 5. Of Decimal Fractions. 63 


| Theſe things being conſidered, it will be eaſy to multiply 
Decimals, and determine their true products. As in theſe fol- 
lowing Examples, | 


57,056 multiplied into 0,578 will produce 32, 978368 
7,0543 into 5, 4246 will produce 41,52151578 
0,56879 x 0,05674 = 0,0322731446 
0,03246 x 0,02304 = 0,0007672544 
87649 x 0,03687 = 3231,61863 
94,35780 x 6,57869 20,75 11100034 
3,141592 x 52,7438 = 165,6995001296 


Now it oftentimes happens, that it will be needleſs to expreſs 
all the Figures of the Product at large, (eſpecially, when the 
Factors have each of them many places of Decimal Parts, as in 
the two laſt Examples) only ſo many of them as may ſuffice for 
the intended Deſign; and yet the Product may be as true to fo 
many Figures as are retained, as if the FaCtors had been multi- 
plied at large. And ſuch compendious Contractions are not 
only of Curioſity, but may alſo be found of great Eaſe and Uſe to 
the ingenious Practitioner; eſpecially in reſolving adfected Equa- 
tions, or in calculating of 'Trigonometrical Problems by the Na- 
tural Signs and Tangents, &c. All which may be thus performed. 

Viz. Set the Unit's Place of the Multiplier directly underneath 
that Figure of the Multiplicand, whoſe Place you intend to keep in 
the Product; and place all the other Figures of the Multiplier in a 
quite contrary order to the uſual way. Then in multiplying always 
begin at that Figure of the Multiplicand which ſtands over the Figure 
wherewith you are then a multiplying, ſetting down tha firſt Figure 
of each particular Product, direftly underneath one another; yet 
herein you mut have a due regard to the Increaſe which weuld ariſe 
out of the two next Figures to the Right-hand of that Figure in the 
Multiplicand which you then begin with. 


EXFA#4MPLE; 


Let it be required to multiply 3,141592 with 52,7438 and 
let there be only four Places of Decimal Parts retained in the 


Product. 
If the propoſed Numbers were to be multiplied at large they 


E muſt ſtand in a direct Order as uſual. 


| 3,141592 F And would produce ten Places of 
Thus 3 52,7438 Parts, as in the laſt Example. 


—} 


Bus 
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and their Product will be 780, 516 as in Example 2, above. 
Now 32,12 = 32 1. and 24,3 2 24 1. which being brought 
into Improper Fractions (per Sect. 3. page 50.) will become 
32 1766 = 1. and 24 $5 = 3&2, 

Then d x N = sss. per Sect. 7. page 55. 

But 21886 = 780 488. viz. 780,516, as before. 


Any of theſe three Ways do, I preſume, ſufficiently prove 
the Truth of the aboveſaid Rule, &c. 


EXAMPLE 3. EXAMPLE 2. 
78,546 5745 
436 0675 
471270 28725 
235638 40215 
314184 34470 
34240,050 3877875 


N. B. It ſametimes falls out in multiplying Parts with Parts, 
that there will not be ſo many Figures in the Product, as there ought 
to be places of Decimal Parts by the Rule: In that Caſe you muſt 
ſupply their Defect by prefixing Cyphers ta the Product; as in theſe 


Examples. 


EXAMPLE 5, EXAMPLE 6. 

,2365 0347 

— 52435 „0236 
11825 | 2082 74 
7095 1041 4 
4730 n 1 
eee ee „0008 1892 ;- > 
05758775 4 
When any propoſed Number of Decimals is to be multiplied 
with 10. 100. 1000 , 10000, Cc. it is only removing the £ 


ſeparating Point in the Multiplicand, ſo many places towards 
the Right-hand, as there are Cyphers in the Multiplier, 


Thus, ,578 x 10 = 5,78. And, ,578 x 100 = 57,8. 
Again, 5578 x 1000 578. Or, 5578 * 10000 = 2 . 
| ele 
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| Theſe things being conſidered, it will be eaſy to multiply 
Decimals, and determine their true products. As in theſe fol- 
* lowing Examples, | 


57,056 multiplied into 0,578 will produce 32, 978368 
7,6543 into 5, 4240 will produce 41,52151578 
0,56879 x 0,05674 = 0,0322731446 
0,03246 x 0,02304 = 0,0007672544 
87649 x 0,03087 = 3231,61863 
94,35780 x 6,57869 = 620,7511100034 
3,141592 x 52,7438 = 165,6995001296 


Now it oftentimes happens, that it will be needleſs to expreſs 
all the Figures of the Product at large, (eſpecially, when the 
Factors have each of them many places of Decimal Parts, as in 
the two laſt Examples) only ſo many of them as may ſuffice for 
the intended Deſign; and yet the Product may be as true to ſo 
many Figures as are retained, as if the Factors had been multi- 
plied at large. And ſuch compendious Contractions are not 
only of Curĩoſity, but may alſo be found of great Eaſe and Uſe to 
the ingenious Practitioner; eſpecially in reſolving adfected Equa- 
tions, or in calculating of Trigonometrical Problems by the Na- 
tural Signs and Tangents, &c. All which may be thus performed. 

Viz. Set the Unit's Place of the Multiplier directly underneath 
that Figure of the Multiplicand, whoſe Place you intend to keep in 
the Product; and place all the other Figures of the Multiplier in a 
quite contrary order to the uſual way. Then in multiplying always 
begin at that Figure of the Multiplicand which ſtands over the Figure 
wherewith you are then a multiplying, ſetting down tha firſt Figure 
of each particular Product, directiy underneath one another; yet 
herein you muft have a due regard to the Increaſe which would ariſe 
out of the two next Figures to the Right-hand of that Figure in the 
Multiplicand which you then begin with. 


LAZER. 


Let it be required to multiply 3, 141592 with 52,7438 and 
let there be only four Places of Decimal Parts retained in the 
Product. 

If the propoſed Numbers were to be multiplied at large they 
muſt ſtand in a direct Order as uſual. 

Thus 3.141592 And would produce ten Places of 

3 52,7438 Parts, as in the laſt Example. 


* 


But 


2 
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But ſeeing it is required to have only four Places of thoſe Parts 


in the product, ſet them down as before directed, and they will 


ſtand 


Thus ; 


3,141592 


1570790 
62832 
21991 

1257 


94 
25 


105,995 


The Reaſon of this ContraCtion is very obvious from the 
whole Operation wrought at large. 


3.141592 
Thus 52,7438 


The Multiplicand placed as before. 
8347,25 The Multiplier in a Reverſe Order. 


The Product withs, regard had to 5 times2, 
The Product with 2, increaſed with 9x2. 
Product with 7, increaſed with 5x7-+9x7. 
Product with 4, increaſcd with 1>4-þ5 x4. 
Product with 3, increaſed with 4x3. 
Product with 8, increaſed with 4x81 x8. 


The true Product as was required. 


25 
94 

1256 
2 1991 


6 2831 4 


165,699 5 001296 


132736 
24770 
6368 


| 


From hence it is evident, that all the Vi- 
gures in the Square to the Right-hand, are 
wholly omitted in the former Cantraction; 
and that the laſt fingle Product here, is the 
firſt there; conſequently the Reaſon of plac- 
ing the Multiplier in a Reverſe Order, mu/? 
needs appear very plain. 


EXAMPLE z. 


Suppoſe it were required to multiply 257,356 with 76,48 and 
to have only the entire Product of Integers. 


$76 Tie ment ins} 7 
18015 20 840 
1544 10219424. 
103 15440135 
bp. 1801492 
19682 1952 8688 


Tre chiefeſt Care and Difficulty that attends theſe Contrac- 
.tions, is the true ſetting down of the Units place in the Mujti- 
gure of the Multiplicand, accord- 


Viz. 


plier underneath the proper Fi 
ing to the deſigned Product, 
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Viz. In Example 1. It was required to have four Places of 
Decimal Parts in the Product; therefore the Unit's Place of the 
Multiplier was ſet under the fourth Place of Decimals in the 
Multiplicand : And in Example 2, becauſe it was required to 
have an entire Product of Integers only; therefore the Unit's 
Place of the Multiplier was ſet under the Unit's Place of the 
Multiplicand. This, I ſay, being once rightly underſtood, will 
render the Method eaſy in Practice. 


jp" EY 
—— 


Seat. 4. Divilion / Decimals. 


DAs TON is ac:ounted the moſt difficult Part of Decimal 
Arithmetick : In order therefore to make it plain and eaſy, 
it will be convenient to reſume what has been ſaid in page 25. 


The Quotient Figure is always of the ſame Value or De- 
Viz 


gree with that Figure of the Dividend, under which the 
Unit's Place of it's Product ſtands. 


As for Inſtance, Let 294 be divided by 4. 


This is not 7 but 70, becauſe the Units 
4) 294 (7 J Place of 4x7 ſtands under the Tens Place 
28 of the Dividend. 
14 (3 But this is only 3. 
12 


Remains (2) Hence 732 is the Quotient. 


Now if to the Remainder 2 there be annexed a Cypher (thus, 
2,0) and then divided on, it muſt needs follow that the Units Place 
of the Product ariſing from the Diviſor into the Quotient, will 
ſtand under the annexed Cypher; conſequently the Quotient Fi- 
gure will be of the ſame Value or Degree with the Place of that 
Cypher : But that is the next below the Units Place, therefore the 
Quotient Figure is of the next Degree or Place below Unity; 
That is, in the firſt Place of Decimal Parts. | 


| Thus 4) 2,0 (,5 
So that 4) 294,0 (73,5 the true Quotient required. 

This being well underſtood ; Diviſion of Decimals may (in all 
the various Caſes) be eaſily performed. However, that it may 
be rendered plain and eaſy even to the meaneſt Capacity, if poſ- 
ſible; Let Diviſion be again _ as in page 21, 5 
| E 


— 
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Viz. If that Number which Divides another, be multiplied with 
2 Number which is quoted, their Product will be the Number di- 
vided, 

This Definition alone (if compared with the Rule, page 61.) 
will afford a general Rule for diſcovering the true Value of the 
Quotient Figure in Diviſion of Decimals. 

The Place of Decimal Parts in the Diviſor and Quotient 
Rul being counted together, muſt always be equal in Number with 
ule J hoſe in the Dividend. And from this general Rule ariſeth 

Il four Caſes. 

Caſe 1. When the Places of Parts in the Diviſor and Dividend 
are equal, the Quotient will be whole Numbers. 

As in theſe Examples. 


3, 45) 295,75 (35 0,0078) „4368 (56 
2535 390 
42 25 | 468 
42 25 4.68 
(0) (0) 


- Caſe 2, When the Places of Parts in the Dividend exceed 


thoſe in the Diviſor; cut off the Exceſs for Decimal Parts in 
the Quotient. As in theſe Examples, 
24,3) 780,510 (32,12 436) 34246,056 (78,546 
729 3052 
515 3726 
486 = « 3488 
291 _2380 
243 2180 
480 4534) 430433 (57, 2005 
486 2670 744 
3 3738 2616 
3738 2616 
( (0) 


| Caſe 3. When there are not ſo many Places of Parts in the | 
Dividend, as are in the Diviſor; annex Cyphers to the Divi- 
dend to make them equal. Then will the Quotient be whole! 


Numbers, as in Caſe 1. | 
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= ns EXAMPLES. : 
. »* Let it be required to divide 192,1 by 7,684, and 441 by ,7875 
| a 7,084) 192, 100 (25 57875) 441, ooo (560 
4 153 68 393 75 


3 38 420 47 250 
38 420 47 250 


7 — —— — 


(0) (0) 
Caſe 4. If after Diviſion is finiſhed, there are not ſo many Fi- 
gures in the Quotient, as there ought to be Places of Parts by the 
general Rule; ſupply their defect by prefixing Cyphers to it. 


E LE MEFL £8 
Let it be required to divide 7, 25406 by 957, 
957) 7,25406 (,00758 the true quotient required. 


© 699 


5550 Again, 575) ,0007475 (,0013 
4785 575 


7656 1725 
7656 : 1725 


(0) (0) 
Vote, When Decimal Numbers are to be divided by 10. 100. 
* 1000. 10000. Sc. that is, when the Diviſor is an Unit with 
Cyphers; Diviſion is performed by removing or placing the 
: ſeparating Point in the Dividend, ſo many Places towards the 
Left-hand, as there are Cyphers in the Diviſor. 


E $4 MPL-E. 


10) 5784 (578,4 100 (578,4 (57,54 
1000) 5784 (5,784 10000 (578,4 (,05784 
Note, Theſe Operations are the direct! Converſe to thoje in page 62, 


- o 2 a 1 ol * 
£ . * ® a Tx x 3 * 2 4 #+.. 4 
TCC 
0 


T preſume it needleſs to give more Examples at large; only I 
ſhall inſert a few Dividends, and Diviſors, with their Quotients, 
wherein are contained all the Varieties that can happen in Di- 
viſion of Decimals. | 


he þ' 574) 493,066 ( 859 $474) 49,3966 (8,59 
i- 574) 493,066 (,859 5374) 403006, o (55900 
le 574) 49,3066 (,0859 40574) 493, 00 (5590 


5,74) 4930,66 ( 8 10574) „493066 (8 
13 ) 4939,66 (859 _ 19574) » 0 a 


— SL 
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There is alſo a compendious Way of contracting Diviſion, 
like that of Multiplication, page Ca, by which much Labour 
may be ſaved ; eſpecially when the Diviſor hath many Places of 
Decimal Parts in it: And it is thus performed. 

Having determined how many Places of whole Numbers there 
will be in the Quotient, if any at all ; or if none, of what Va- 
lue or Place the firſt Figure in the Quotient will be : Then 
omit, or prick oft one Figure of the Diviſcr at each Operation ; 
viz. for every Figure you place in the Quotient, prick off one 
in the Diviſor; having a due Regard to the Increaſe which 
would ariſe from the Figure ſo omitted. 


EXAMPLE. 
Let it be required to divide 70,23 by 7,9863. 


The Work contracted. | The ſame at Length, 
7,9863) 70, 2300 (8,7938|| 7,9863) 70,2300 (8,7938 
2 © © 2 63 8904 63 8904/ | 
6 3390 6 33900 
5 5904 5 5004) 1 
7492 7491190 4 
7187 718767 - 
305 304 230 i 
239 239.589 | 
06 604 6410 4 
64 63 8904 E: 
(2) | 017506 | 


The Work contracted I preſume is ſo obvious (if compared 


] with the ſame at large) that it is needleſs to give any farther 
» Explanation of it, 


—— — 


— 
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Sect. 5. To Reduce CJulgar Fractions into Deci⸗ 
mals, and he contrary. 


NY Vulgar Fraction being given, it may be reduced, or ta- 
ther changed into Decimal Parts equivalent to it, Thus, 


* 


Annex Cypbers to the Numerator, and then divide it by 
Rule ] e Denominator, the Quotient will be the Decimal Parts 
equivalent to the given Fraction; or at leaſt ſo near it as 
Lay be thought neceſſary to approach. 
9 5 EXAMPLE: 


to 3/. 135. 4d. 


Chap. 3. Of Decimal Fractions. 69 
3 E E. 


It is required to change or reduce 3 into Decimals. 
4) 3,00 (.75 The Decimal Parts required. 
nat ie, 3 = Yoo 22475 
Again 4 =1,5 ; thus 2) 1,0 (, 5. And 4 , 25 4) 1,60 (,25 
Suppoſe it were required to change into Decimals. 
7) 4,0000000000 , 57 14285714 Sc. = +, 

Note, When the laſt Figure of the Diviſor (that is, the De- 
nominator of the propoſed Fraction) happens to be one of theſe 
Figures; v/z. 1. 3. 7 . org . (as in the Example) then 
the Decimal Parts can never be preciſely equal, to the given 
Fraction; yet by continuing the Diviſion on, you may bring 
them to be very near the Truth. As in this Example; Suppoſe 
it was required to Change into Decimal Parts. 


13) 1,0000 (, 769230769 2307 Cc. ad wfinitum, 


91. 
yo That is, o, 769 2307692307 = #7; fert. 
7 
120 And from hence it may be farther 
117 obſerved; that in theſe imperfect 
Quotients, the Figures do return again 
30 and circulate in the ſame Order as be- 
26 fore: as you may eaſily perceive they 
begin to do in the ſeventh Place of 
40 both theſe laſt Examples, 
39 


.- BW | 
&c, As at ficſt. 

Theſe being underſtood, it will be eaſy to find the Decimal 
Parts equivalent to any known Part or Parts of Coin, Weights, 
Meaſures, Time, Sc. If you firſt reduce the given Parts of 
Coin, &c. into a Vulgar Fraction, whoſe Denominator is the 
Number of thoſe known Parts contained in the Integer, and 
the given Parts it's Numerator. 


Examples in Coin, &c. 
1. Let it be required to find the Decimals of 16s. 6 d. Firſt 
I6s. = 25 of one Pound, and 64. = #; of 1 /. 
But 4% ＋ 2; =33. Then 40) 33,000 (,825 the Decimal 
Parts required : That is ,825 = 165. 64, 
Again, Suppoſe it were required to find the Decimals equal 


Here 


70 Atithmetick. "Bet. 


Here 31. is 3 Integers, and 13s. =;iof 11 and 4d. = ts 
But 23 +5t; = 43s. Then 240) 160,000 (o, 666666 Se. 
Hence 31. 135. 4d. = 3,6666656 Sc. As was required. 

2. What are the Decimals equal to 7 3 Inches, one Foot 
being made the Integer. 

Firſt, 7 Inches are 1 of 1 Foot, and 3 of 1 Inch are 5+. 
But 7; -+ # = 43+ Then 48) 31,000 (,64583 Sc. = 7 I Inch. 

Let it be required to change 8 Oz, 19 Puwt. 8 Gre into 
Decimals ; z one Pound I coy being the Integer. 

Theſe being reduced into the leaſt Terms, and added toge- 
ther, will become 353g of 1 Pound. 

Then 5760) 4304, ooo (,74722 &c. The Decimals required, 

And thus may any propoſed Parts of Coin, Weights, Meaſures, 
Sc. be reduced or changed into Decimal Parts; which perhaps 
may at farſt ſeem ſomewhat tedious in Practice, but being a little 
acquainted with tham it will be found very eaſy ; and the ingenious 
Practitioner will (with a little Conſideration) ſoon find how to 
reduce them almoſt mentaily ; or with the help of a very few Fi- 
gutes, without the Uſe of ſuch large Tables as are uſually inſerted 
in Books of Decimal Arithmetick ; or at moſt they may be con- 
tracted into ſuch as theſe following, which if duly Fn to 
thoſe Tables in Chap. 3. will be found very uſeful. 


Decimal Tables. 
In Englith Coin. [ Averdupois Weight. | 
GOT. + +5 = 4, 0,0025 . +» = I Ounce. 
[0,0046667 = 1 4. o, 0390625 = 1 Dram. 
0,00104167 = 1 Farthing, || 1 Ib being the Integer. 
1 J. being the Integer. 
| Troy Weight. Averdupais Great Weight. 
—— & _ * + | I ==$-C: 
0,00208333 = =1 Grain. 0,00892857 = 1 lb. 
1 Oz. being the Integer. 0,00055803 = I Ounce. 
1 C. being the Integer. 
Apothecaries Weight. Time. 
0516669 „ = 1 Dram. 0,04166667 = 1 Hour. 
0,04166667 = I Scruple. 0,00069444 = 1 Minute. 
0,00208333 =1 Graz, 0,0000II57 ==1 Second. 
II Oz. being the Integer. || Day, or 24 Hours, being 
made the Integer. 


The Uſe of theſe Tables will be evident by the following 
EXAMPLE, 


, - 4... if 
2 i . A De Re It Hes * 
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EXAMPLE. 

Let it be required to find the Decimal Parts equivalent to 
17s. 9d. 2 Farthings. 

Firſt 0,05 =1 5. Therefore 17 x ,05 =,85....=175. 
And ,004166=1d. Therefore ,004166 x 9=,037494=9 4. 
Alſo 2),004166(=,002083= 8&4 g. 

Conſequently their Sum, viz. o, 889577 =17 s. 

2 d. 

Now to find the Value of Decimals in known Parts of Coin 

or Weights, Sc. is only the Converſe of the former Work, and 

is thus performed. 

Multiply the given Decimals with the Denominator of the 
Vulgar Fraction required: That is multiply the Decimals with 
ſuch a Number of Units as are contained in the next lower De- 
nomination of that Kind or Species which your Decimal is of; 
and the Product will be the Number required. 


SIMPLE. 

1. What is the Value of o, 825 Decimals of 1 Pound Sterling. 
That is, how many Shillings, Pence, &c. , 825. Firſt, the 
next lower Denomination is 20, becauſe 20s. make one Pound, 

Therefore 0,825 


20 
Shillings 16,500 and Parts of 1 Shilling. 
I2 2 
Pence ©,000 Anſwer 0,825 = 16s. 64. 


Again, What are the known Parts of Engliſh Coin equal to | 
3,066666 Decimals. 
Here the 3 Integers are 3 Pounds. Then ,666666 


20 
Shillings 13,333320 
12 
Anſwer 3, 666666 = 31. 13s. 4 4. 5000 
33332 


Pence 3, 999840 == 4 near. 
What is the Value of o, 74722 Parts of 1 Ib Trey. 


Firſt, 74722 Then, „96664 Again, 33280 
12 20 24 
149444 Pwts, 19, 33280 13312 
74722 6 656 
Ox. 8,96664 Oz. Put. Gr. 7,98720 


Theſe collected are 8, 19. 8. very near. 


And 


— 
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And thus any propoſed Number of Decimals may be turned or 
changed into the known Parts of what they repreſent, viz. Whe- 
ther they be Parts of Coin, Weights, Meaſures, or Time, &c. 

I have omitted inſerting more Examples of this kind, becauſe 
T take the Excellency, and indeed the chief Uſe of Decimal 
Fractions to conſiſt more in Geometrical Computations than in 
the common or practical Parts of Arithmetick, as will appear 
further on; although even in thoſe they are very uſeful upon 
ſeveral Accounts; eſpecially in the Computations of Intereſt 
and Annuities, &c. But of that more in it's proper Place, I 
ſhall therefore conclude this Chapter with a Remark or two up- 
on the Nature and Properties of Fractions in general. 

If any given Number (whether it be whole or mixed) be mul- 
tiplied with a Fraction either Vulgar or Decimal, the Product 
will be leſs than the Multiplicand, in ſuch a Proportion as the 
multiplying Fraction is leſs than an Unit or 1. 

That is; as the Denominator of the Fraction is to it's Numerator, 
fo will the given Number be to the Product. | 

Therefore, whenever any Number is to be multiplied with a 
Fraction, whoſe Numerator is an Unit: Divide that Number by 
the Denominator of the Fraction, and the Quotient will be the 
Product required. Thus 12 x += 3. And 12 4 = 3. Again, 
12x<=6. And 12 2226 Tc. 

From hence it follows, that if any Number be divided by a 
Fraction, the Quotient will be greater than the Dividend, by 
ſuch a Proportion as Unity is greater than the dividing Fractjon. 
Thus 12 - 1 2 48, viz. 1: 1:: 12: 48, Sc. But the 
Truth of theſe will be beſt underſtood after the next Chapter. 


. 


Of Continued Proportions, and how to change or vary 
| | the Order of Things. © 


Sect. 1. Concerning Arithmetical Progreſſion, uſually called 


Arithmetical Proportion Continued. 


| \ \ / HEN any Rank or Series of Numbers do either increaſe 


or decreaſe by an equal interval or common Difference; 
thoſe Numbers are ſaid to be in Arithmetical Progreſſion. 


As 
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$4 oh > Sc. 7 ; Here the Interval or 
30 4 t common Difference is 1. 
14. Ce. a f Here the common 
Fs . 11. 13. Cc. Difference is 2. 
other pe whoſe common Difference is 


3.4.5. . 
Lemma 1, 

If any three Numbers be in Arithmetical Progreſſion, the Sum 
of the two Extreams (viz. the firſt and laſt) will be equal to the 
Double of the Mean or middle Number. 

J. 06, Or 34.606 9 Or 2.7"... 

liz. 2+b=4+4. Or 34-9=6-+6, And 3+11=7-+7.&c. 


Lemma 2. 
If any four Numbers are in Arithmetical Progreſſion, the Sum of 
the two Extreams will be equal to the Sum of the 92 Means. 
inn „„ 2 9 


Viz. 2 +8 = 4+ 6. And 3+12=6—+9. O5. 


C orollary 1. 

From theſe two Lemma's it is eaſy to conceive, that if never ſo 

many Numbers be in Arithmetical Progreſſion, the Sum of the two 

Extreams will be equal to the Sum of any two Means, that are 
equally diſtant from thoſe Extreams. 


As in he d 4. 6 $20 11 14 16. 

Then 2 + 16 = 4 + SPP You 12=8 + 10. 
Or if the Number of Terms be odd, as theſe, 

„„ 0» 12. 16.30.38; Oe, 


Then 2+ 18 =4+16=6+14=8+12=10-þ10, 
Lemma 3. 

Every Series of Numbers in Atithmetical Progreſſion i is compo- 
ſed of the Interval or common Difference, ſo often repeated as 
there are "Terms in the Progreſſion, except the firſt. 

As in theſe, 1. 3. 5. 7. 9. 11. 13. 15. 17. Cc. 

Here the Interval or common Difference being two, it will 
be 14-2=3. 3+2=5. $2=7. 74+2=9, 9g+2=11, 
11-+2=13, 13 ＋2 = 15. 15+2==17. Oc, | 


Corollary 2. 


Hence it is evident, that the Difference betwixt the two Extreams 
(viz. 1 and 17) is compoſed of the common Difference, multiplied 
into the Number of all the Terms, excepting the JR 

As in the aforeſaid Progreſſion, 1. 3. 5. 7. 9; II. 15. 17. 

L The 


— 
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The Number of Torma without the firſt i: 8 ; 
The common Difference is 2 3 Multiply 


— — 


The Difference betwixt the two Extreams 16 


Propoſition 1. 

In any Series of Numbers in Arithmetical Progreſſion, the 
two Extreams, and the Number of Terms being given, thence 
to find the Sum of all the Series. 

Multiply the Sum of the two Extreams into the Num- 


Tee ber of all the Terms; and divide the Product by 2. 


Corol. 1; 


EXAMPLE rv. 
It is required to find the Number of all the Strokes a Clock 
ſtrikes in one whole Revolution of the Index, viz. 12 Hours. 
Here I-+12=13 the Sum of the two Extreams. 
12 the Number of all the Terms. 
26 
25 
1 hen 2) 156 (78. The Number of Strokes required, 
| EXAMPLE, 2. 

Suppoſe one Hundred Eggs were placed in a Right Line a 
Yard diſtant from one another, and the firſt Egg were a Yard 
from a Baſket 3; whether or no may a Man gather up theſe 100 
Eggs ſingly one after another, ftill returning with every Egg to 
the Baſket and putting it in, before another Man can run four 
Miles, That is, which will run the greater Number of Vards. 

In this Queſtion 200-+-2==202 Is the Sum of the two Extr. 


And 100 Is the Number of all the Terms. 
— The Number of 

Then 2) 20200 (10100 ] Yard he runs that 

CT takes up the Eggs. 


Now 4Miles=7040Yards « The Yards he runs that takes up 
But101007040z=3060 ? the Eggs more than the other. 


x Propoſition 2. 

In any Series of Numbers in Arithmetical Progreſſion, the two 

Extreams and Number of Terms being given ; thence to find 
the common Difference of all the Terms in that Series. 

The Difference betwixt the two Extreams, being 

Theorem 2. Lvided Hg the Number of Terms leſs than an Unit 

* } or 1. The Quotient will be the common Difference 

of the Series, Per Carol, 2. 


EXAMPLE 


The Quotient will be the Sum of all that Series. Per 
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t. 


One had Twelve Children that differed alike in all their Ages; 
the youngeſt was Nine Years old, the eldeſt was 'T hirty-fix and 
a half ; what was the Difference of their Ages, and the Ape of 
each ? 

Here 36,5-—9=27.5 The Difference of the two Extreams. 
And 12—1i=11. The Number of Terms leſs than an Unit. 
Then 11) 27,5 (2,5 The common Difference required. 
Conſequently 9-+2,5=12,5 The Age of the youngeſt but one. 


And 11,5-+2,5=14 The Age of the youngeſt but two. And 
ſo on for the reſt, Per Corel. 2. 


FA MP LEE 2 


A Debt is to be diſcharged at eleven ſeveral Payments to be 
made in Arithmetical Progreſſion. The firſt Payment to be 
Twelve Pounds Ten Shillings, and the Jaſt to be Sixty-three 
Pounds. What is the whole Debt, and what muſt each Pay- 
ment be? 

Per Theorem 1. Find the whole Debt thus : 

I12,5-+63=75,5% The Sum of the Extreams. 

1 1 The Number of Terms. 


753 
155 
2) 830,5 (415, 25 8415 l. 5s, The whole Debt. 
Then, per Theorem 2. find the common Difference of each 
Payment. | 
Thus 62—12,5==50,5 The Difference of the Extreams. 
And 11—1=10 The Number of Terms leſs 1. | 
Then 10) 50,5 (5,05=5/. 15. The common Difference. 
ü 
Conſequently 12. 11 5 . I 17. 1 
[ . 


. 2 1 
And 17. 11 +5 . 1g 22. 12 The third Payment, Oe. 
EXAMPLE 3. 


A Man is to travel from London to a certain Place in ten 
Days, and to go but two Miles the firſt Day, increaling every 
Day's Journey by an equal Exceſs; fo that the laſt Day's Journey 
may be Twenty-nine Miles ; what will each Day's Journey be, 
and how many Miles is the * he goes to diſtant from 3 4 

| 2 I 


1 The ſecond Payment. 


2 


3 
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Firſt 29—2==27 The Difference of the Extreams. 
And 10—1=9 The Number of Terms leſs 1. 
Then 9) 27 (3 The common Difference. 
Conſequently 24+-3=5 The ſecond Day's Journey. 
And 5+3=8 The third Day's Journey, &c. 
Again 29 +2=31 I he Sum of the Extreams. 
10 The Number of Terms. 


2) 310 (155 The Diſtance required. 


There are eighteen "Theorems more relating to Queſtions in 
Arithmetical Progr-flion ; but becauſe they would require a great 
many W ords to thew the Reaſon of them ; I therefore refer the 


Reader to the Second Part, wiz. That of Algebra, where he may 
find their Analytical Inveſtigation. 


Sect. 2. Concerning Geametrical Pꝛopoꝛtion conti 
nued ; ſometimes called Geometrical Progreſſion. 


HEN a Rank or ſeries of Numbers do either increaſe 
by one common Multiplicator, or decreaſe by one com- 


mon Diviſor ; "Thoſe Numbers are ſaid to be in Geometrica 
Proportion continued. 


Ass 2 · 4 8. 16. 32. &c, here 2 is the common Multiplier, 
64. 32. 16. 8. 4. Cc. here 2 is the common Diviſor. 

Or 3 2. 6. 18. 54. 162. Cc. here 3 is the common Multiplier 
162. 54. 18. 6. 2. here 3 is the common Diviſor. 


Note, The common Multiplier (or Diviſor) is called the Ra- 
tio; and it ſhews the Habitude or Relation the Numbers have 
to one another, viz, whether they are Double, Triple, Qua- 
druple, &c. which Euclid thus defines. 

Ratio (or Rate) is the mutual Habitude or Reſpect of two Mag- 
nitudes ( conſequently two Numbers) of the ſame kind each to other, 
according to Quantity, Euc. 5. Det, 3. 


Proportion (rather Proportionality) is a Similitude of Ratio's, 
Euc. 5. Def. 4. 

So that there cannot be leſs than three Terms to form a Pro- 
portionality or Similitude of Ratio's; and if but three Terms, 
the ſecond muſt ſupply the Place of two, As in theſe 2. 4.8. 
That is, 2:4 :: 4 : 8 .-(of :; ſee page 5.) 

Here 4 the middle Term ſupplies the Place of two Terms, 
to wit, of the ſecond and third; 8 bearing the ſame Reaſon, 


Likeneſs, 
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Likeneſs, or Proportion to 4, as 4 doth to 2. viz, As 2: is to 
4: So is 4: to 8. 


Lemma 1, 


If three Numbers are proportional, the Rectangle or Product 
of the two Extreams ; viz. of the firſt and laſt Terms will be 
equal to the Square of the Mean or middle Term. (20 Eucl, 7.) 

As in theſe 2:4::4:8. Here8 x 2 = 16 the Product of 
the Extreams. | 

And4 x 4=16 the Square of the Mean, Bros 8$x2=4x4.. 


Corel. 1. 


Hence it follows, that if the Product of any two Numbers be 
equal to the Square of a third Number; thoſe three Numbers 
will be in Proportion. 


Lemma 2. 


If four Numbers are proportional, the Product of the two 
Extreams will be equal to the Product of the two Means 
(19 Euclid 7.) 

As in theſe, 2:4::8: 16, Here 16 x 2 = 32. 
And 8 x 4 = 32. Conſequently IOx2=B8 x 4. 


Corol. 2. 


From hence it follows, that if the Product of any two Numbers, 
be equal to the Product of any other two Numbers, thoſe four Num- 
bers are Proportimals. . 

And from theſe two Lemme's it will be eaſy to conceive, that 
if never ſo many Numbers are in continued Proportion; the Pro- 
duct of the two Extreams, will be equal to the Product of apy 
two Means, that are equally diſtant from the mm 

As in theſe-2 . 4.8 . 16. 32 . &c. 

Here 64 x 25=32 x 4=16x 8. Cc. And! if the Number 

of Terms be odd, 


As in theſe 2 . 4.8 . 16. 32, 64. 128 , Oe. 
Then 328 x 2 = 64x 4 32 x 8216 x 16. : 


Note, The Character made 2 of to Jeni) continued Proper- 
tonals 3 15 . 7 
i 


Ale. 
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In every Series of += (vis. of continued Proportionals) that 
Number which is compared to another, is called the Antecedent 
of the Ratio; and that Number to which it is compared, is 
called it's Confequent. 

As in theſe, 2: 4:: 4: 8. Here 2 is the Antecedent, and 4 
is the Conſequent; and 4 the middle Term is an Antecedent to 8 
it's Confequent : whence it follows, that in every Series of == 
all the middle Ferms between the ſirſt and laſt are both Ante- 
cedents and Conſequents, 

As in thefe, 2.4.8. 16. 32. 64 H. Here 4.8. 16. 32. 
are both Confequents and Antecedents, | 

For 2:4::;4:$;:8:16:: 16: 31 :: 31:64 Ce. 

So that all the Terms except the laſt are Antecedents. And 
all the Terms except the firſt are Conſequents. 


Lemma 3. 


If never ſo many Numbers are proportional, it will be: As 
any one of the Antecedents is to it's Conſequent, So will the 
Sum of all the Antecedents be; to the Sum of all the Conſe— 
quents. (12 Euclid 5.) 


That is, in the foregoing Series, 
2: 4: : 2+4+8-+16-+32 : 4+8+16+32-+64. 
For it is evident, that 4-+8-4-16-+32-+64 the Sum of all 
the Conſequents, is double to 24-4-+8-+16-+32 the Sum of 
all the Antecedents; as 4 is to 2, according to the Ratio, and 
would have been Triple, or Qyadruple, &c. had the Ratio been 
3 or 4, Ec. 

Note, In every Series of , the Ratio is found by dividing any of 
the Conſequents by it's Antecedents, _.. 

As in theſe 2:6::6:18:: 18: 54 :: 54: 162. 

Here 2) 6 (3 the Ratio. Or 6) 18 (3 &c. 

From the ſecond and third Lemma's may be raiſed two gene- 
ral Theorems or Rules, for finding the Sum of any Series in 2 
without a continued Addition of all the Terms. 

Let the Series 2 . 4. 8. 16 . 32 . 64 . 128 be given, 
to find it's Sum. | 29 858 


Suppoſe z = the Sum of all the Terms. 
Then will z — 128 = the Sum of all the Antecedents. 
And z — 2 = the Sum of all the Conſequents. 
But 2: 4: 2 — 128: 2 — 2. per Lemma 3. 
 Erga 42 — 5I2 2 22 —- 4, per Lemma 2. 
Conſequently 


* 
* 
l 
Bu 
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Conſequent'y 4z — 222 512 — 4, | x 
Theorem. ; n= — — In Words at Length thus, 
. From the Product of the ſecond and laſt Terms 
} ſub/trad the Square of the firſt Term; and that Re- 
mainder being divided by the ſecond Term leſs the 
firſt will give the Sum of all the Series. 

Or if the firſt Term, the common Ratio, and the laſt Term 
be only given. Then, 

Multiply the laft Term into the Ratio, and from 
their Product ſubſtract the firſt Term; divide that 
Remainder by the Ratio leſs Unity or 1, and it wall 
give the Sum of all the Series. 

or 42 — 2 z 2 512 — 4. As above. 
Conſequently 2z— 2 256 — 2 viz. the laſt divided by 2. 


Then 2 = — Theorem 2. 


Theorem 1. 


Theorem 2. 


2E. 


Let 2. 6. 18. 54 . 162. 486, be the given Series. Here 
2 is the firſt Term, 3 is the Ratio, and 480 the laſt Term. 


But 486 x 3 = 1458. And 1458 — 2 = 1456. 
Then 3 — 12 2) 1456 (728 the Sum 1equired. 
That is, 728 = 2-+ 6 + 18 + 54 + 102 -+ 486. 


Since in either of theſe Theorems it is required to have the 
laſt Term known (the which in 2 long Series of = will be ver 
tedious to come at by a continued 2!!iplication ; it will there- 
fore be convenient to ſhew how to obtain either the laſt Term or 
any other Term, whoſe Place is aſſigned, without producing all 


the Terms. 


In order to that, it will be neceſſary to premiſe the Coherence 
or Similitude that is betwixt Numbers in Arithmetical Feen, 


and thoſe in Geometrical Proportion. 


[f to any Series of Numbers in == when the firſt Term is not 


an Unit or 1, there be aſſigned a Parity of Numbets in Arithme- 


tical Progreſſion, beginning with an Unit or 1, and whole com- 
mon Difference is 1. calied Indices or Exponents. 


„„ * 7 Indices 
Dun, . 4 J 4 32 6% 128 Ve, 25 


Then 


* 
I" 
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Then will the Addition or Subſtraction of any two of thoſe 
Indices (or Numbers in Arithmetical Progreſſion) directly cor- 
reſpond with the Product, or Quotient of their reſpective Terms 
in the Series of ==, — 


5 As 3＋ 4 =7 . 
That 557 90 95 16 = 128 the ſeventh Term in = 
1 As b+4=10 

ks 80 64 * 16 = 1024. the tenth Term in = 


Or, K. ian $ Or, ee 


But if the Series of = begin with an Unit, the Indices muſt 
begin with a Cypher. 


- 


3 3 
As in theſe, , 12 


Now by the help of the Indices, and a few of the firſt Terms 
in any Series of == It is-plain that any Term whoſe Place or 
Diſtance from the firſt Term is aſſigned, may be ſpeedily ob- 
tained without producing the whole Series. 


t. 


A Man bought a Horſe, and was to give a Farthing for the 
firſt Nail, two for the ſecond, four for the third, Sc. in ==, 
the Number of Nails was to be 7 in every Shoe, viz. 28 Nails 
in all. What muſt he have paid for the Horſe ? 


_ o. 1. 2. 3. 4. 5. Indices 
Firſt 7 3 16 32. Farthings in = 
5 ＋5 =10 10 ＋ 10 = 20 
N 32 x 32 2 1024 And I 1024 x 1024 = 1048576 
: 44+3=7 20+7=27 _ 
Again, 10x8=128 ad 3 1048025 > x 128=134217728 


Which is here to be accounted the 28 and laſt Term. Be- 
cauſe the firſt Term in the Series | is 1, which doth neither mul- 
tiply nor divide. 

Now this 134217728 being the Number of Farthings to be 
paid for the laſt Nail, by it the common Ratio which is 2, and 


the firſt Term which is 1, may be found the Sum of all the 
Series, per Theorem 2. 
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134217728 
2 N 
268435456 From this Product ſubſtract 1. 
Viz. 268435450 — 12268435455. Then 2—1=1 the Diviſor. 
Conſequently 268435455 is the Sum of all the Series, or Price 
of the Horſe in Farthings, which being brought into Pounds, 
(fee Page 46.) will be 2796201. 5s. 3d. 3 gs. 


EXAMPLE 2. 


A cunning Servant agreed with a Maſter (unſkilled in Num- 
bers) to ſerve him Eleven Years without any other Reward for 
his Service but the Produce of one Wheat Corn for the firſt 
Year ; and that Product to be ſowed the ſecond Year, and fo 
on from Year to Year until the end of the Time, allowing the 
Increaſe to be but in a ten-fold Proportion, 

It is required to find the Sum of the whole Produce, 


Firt$ . we 5 Indices or Years, 
10. 100. 1000. 10000. loooco WheatCorns in 


| So 10000 x 100 = 1000000 the 6th Year's Produce 


4 5 6＋5 11 


Chap. 6. 


1000000 x 100900 = 100000000000. The eleventh or 


laſt Year's Produce. 


Then (either by Theorem 1, or 2) the Sum of all the Series 
will be 111111111110 Corns. Now it may be computed from 
Page 31 and 34, that 7680 Wheat Corns, ound and dry out 
of the middle of the Ear, will fill a Statute Pint. If fo, 

Then 7680) 111111111110 (14457592 Pints, but 64 Pints 
are contained in a Buſhel. 


Therefore 64) 14407592 (226056 x Buſhels. Suppoſe it to 


be ſold for 3 Sbillings the Buſhel; 
Then 1 2260355 i 


- 
* 


Shillings II += 339-81. 85. 4 14 A very good 


Recompence for Eleven Years Service, 


There are ſeveral pretty Queſtions reſolved by Numbers in 
Arithmetical Progtreſſion; and by thoſe in which the ingenious 
Learner will eaſily perceive. hereafter 3 viz. When we come to 
the Solution of Queſtions relating to Intereſt and Annuities, T&c. 
| M I "There 


— > ey we er —Ʒÿ— Es + 


—— 


| There is alſo a third Kind of Proportion, called Muſical, 


which being but of little or no common Uſe, I ſhall therefore 


give but a ſhort Account of it. 

Muſical Proportion or Habitude is, when of three Numbers; 
the firſt hath the ſame Proportion to the third, as the Difference 
between the firſt and ſecond hath to the Difference between the 
ſecond and third. 

As in theſe, 6. 8 . 12. viz. 6: 12 :: 8— 6: 12—8 

If there are four Numbers in Muſical Proportion; The firſt 
will have the ſame Proportion to the fourth, as the Difference 


between the firſt and ſecond hath to the Difference between the 
third and fourth. | 


As in theſe, 8. 14 . 21 . 84. 
Here 8: 84 :: 14 —8=6: 84—21==63. 
| JJC 57; ©.1 07: 


Part. 


Sect. 3. How to Change Y Uary the Order of Things,8c. 


& þ HIS being a Thing not treated of in any common Books 
of Arithmetick (that I have had the opportunity of peruſ- 
ing) made me think it would be acceptable to the young Learner 
to know how often it is poſſible to vary or change the Order or 
Poſition of any propoſed Number of Things. 

As how many ſeveral Changes may be rung upon any pro- 
poſed Number of Bells; or how many ſeveral Variations may 
be made of any determined Number of Letters, or any other 
"Things propoſed to be varied. 

The Method of finding out the Number of Changes is by a continual 
Multiplication of all the Terms in a Series of Arithmetical Progreſ- 
ſions, whoſe firſt Term and common Difference is Unity or 1. And 
the laſt Term the Number of Things propoſed to be varied, viz. 
Ix2x3x4x5x0x7, Cc. As will appear from what follows. 


x. If the Things propoſed to be varied are only two, they ad- 
mit of a double Poſition (as to Order of Place) and no more. 


84 
Thus, 3 15 1 =2=182 


2. And if three Things are propoſed to be varied, they my 
c 


"2 | Arithmetick. Part I. | 


The Method of finding out Numbers in Muſical Proportion, 
is beſt expreſſed by Letters; as ſhall be ſhewed in the Algebraick 


=O Tn 


—B * LA 9 * 


> GS ve 


a aA & © 


* , = a a N 
a. 
l N 
— Ax. Aa; EN; TE 4 2 
23. AE 4” lh 6 : > o -< o 
: * nl LBS "2 * * 3 4 1 4 — - — 
8 2 2 ls a - 24 . * * = # 8 4 r * 4 "I 1 7 - 4 - 8 - . * 
* — 8 3 : * 2 1 SES LI , et, =" > _ . 4 he” "4 N 74 . — . ans 0-4 2 , 4 ? * Sas ; 2 ; © a 155 5 » 7 * 
* * 1 * 1 E 


Chap. 6. Of Pꝛopoztion, &c. 83 
be changed {x ſeveral Ways (as to their Order of Place) and no 


more. 


a 


For, beginning with 1, there will be 3 4 


Next, beginning with 2, there will be bu 
Again, beginning with 3, it will be | 3 3 © 


Suppoſe four Things are propoſed to be varied ; 
Then they will admit of 24 ſeveral Changes, as to their 
of different Places, 


I 

Fi 

I 

2 

Which in all make 6 or 3 Times 2, viz. 1 x Is x2 = 
O 


rder 


„ 3 4 

5 „ 

For beginning the Order with 1 it will be a ; ; ; Z a 8 
I * 4 * 2 . 3 

Here are fix different Changes. 1 


And for the ſame Reaſon there will be 6 different Changes, 
when 2 begins the Order, and as many when 3 and 4 begins the 
Order; which in all is 24 21x 2x 3x4. And by this Method 
of proceeding, it may be made evident, that 5 Things admit of 
120 ſeveral Variations or Changes; and 6 Things of 720, &c, 
As in this following Table. 


i The Number | The manner hnu | The different Changes or 
, Things their ſeveral Variations every one of 
propoſed to Variationsare the propoſed Numbers can 
e varied. | produced. admit of. 
by EE YE cel 1 | Y 
2 1 2 2 2 | 
* 2x3 | =© | 
4 6x4 2 24 | 
5 | 24 x5 — 120 | 
6 120 x © = 720 | 
7 | „eng 4 ;. = $040 
8 | 5040 x 8 = 40320 | 
9 40320x9g |. .= 362880 | 
10 62880 x 10 = 3628800 
II 3028800 x 11 = 39916800 | 
12 39916890 x 12 | = 479001600 4 
| Sc. 3 c. 


M2 5 Theſe 


8 
— — — — 
1 2 ꝙ— — = 


- — ym _— ® = = 
— yy —— —— — — —— 


—_— 
— * hh 


—— 


| Theſe may be thus continued on to any aſſigned Number. 
Suppoſe to 24 the Number of Letters in the Alphabet, which 
will admit of 62044840 1733239439 30000 ſeveral Variations, 


From theſe Computations may be ſtarted ſeveral pretty, and 
indeed, very ſtrange Queſtions, 


EXAMPLES. 


Six Gentlemen, that were travelling, met together by Chance 
at a certain Inn upon the Road, where they were ſo pleaſed with 
their Hoſt, and each other's Company, that in a Frolick they 
made a Contract to ftay at that Place, ſo long as they, together 
with their Hoſt, could fit every Day in a different Order or Po- 
ſition at Dinner ; which by the foregoing Computations will be 
found near 14 Years. For they being made 7 with their Hoſt, 
will admit of 5040 different Poſitions ; but 5040 being divided 
by 365 1 (the Number of the Days in one Year) will give 13 
Years and 291 Days. A very pretty Frolick indeed. 

I have been told, that before the Fire of London (which hep- 
pened Anno 1666) there were 12 Bells in St Mary Le Bow's 
Church in Cheapſide, London. Suppoſe it were required to tell 
how many ſeveral Changes might have been rung upon thoſe 12 
Bells; and at a moderate Computation how long all thoſe 
Changes would have been ringing but once over. 


Firſt, 1x2x 3x4x5x0x7 x 8x 9x 10x 11 x 12 = 479001600, 
the Number of Changes. 


Then ſuppoſing there might be rung 10 Changes in 1 Minute: 
wiz. I2x 10 = 120 Strokes in a Minute, which is 2 Strokes in 
a Second of Time: Now according to that Rate there muſt be 
allowed 47900160 Minutes to ring them once over in all their 
different Changes ; viz. 10) 479001600 (47900160, 


In one Year there are 365 Days, 5 Hours, and 49 Minutes ; 
which, being reduced into Minutes, is 525949. 


Then 525949) 47900160 (g1 Years and 26 Days. 


So long would thoſe 12 Bells have been continually ringing 
without any Intermiſſion, before all their different Changes could 
have been truly rung but once over. It is ſtrange, and ſeems al- 
moſt incredible, that a few Things ſhould produce ſuch Varieties. 

But that which ſeems yet more ſtrange and ſurprifing (yea, even 
impoſſible to thoſe who are not verſed in the Power of Numbers) 
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is, that if two Bells more had been added to the aforeſaid 12 they 
would have advanced the Number of Changes (and conſequently 
the Time) beyond common Belief, For 14 Bells would require 
(at the ſame rate of ringing as before) about 16575 Years to ring 
all their different Changes but once over, 

And if it were poſſible to ring 24 Bells in Changes (and at the 
ſame rate of 10 Changes in a Minute, which is 2 Strokes in one 
Second) they would require more than 117000000c00000000 
Years to ring them but once over in all their different Changes 3 
as may eaſily be computed from the precedent Table. 


_ 


F Vn. 


_ Of Pꝛopoꝛtion Disjunct ; commonly called the Golden 


Rule, 


Pg Diqunct or the Golden Rule, is either Direct or 
Reciprocal, called Inverſe, And thoſe are both Simple and 
Compound, 


SECT: 2, 


D Proportion is, when of four Numbers, the firſt bearing 
the ſame Ratio or Proportion to the ſecond; as the third 
doth to the fourth. 


As in theſe 2: 8 :: 6: 24. 


Conſequently, the greater the ſecond Term is, in reſpect to the 
firſt ; the greater will the fourth Term be, in reſpect to the third. 

That is, as 8 the ſecond Term is 4 Times greater than 2 the 
firſt Term: So is 24 the fourth Term, 4 Times on than 6 
the third Term, 

Whence it follows, that if four Numbers are in Direct Pro- 
portion, the Product of the two Extreams will always be equal 
to the Product of the two Means, as well in Disjunct as in con- 
tinued Proportion; ; according to * 2, page 7 7. 


For As 2 2x4: 265 6 * 4. Or As 3 3x5: :6:6x5. 
But 2x6 x 4= 2x4 x6, Orgxbx5=3x5x6 44 


That is, the Product of the Extreams is equal to that of the 
Means 


Again, 


— 
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Again, the leſs the ſecond Term is, in reſpect to the firſt ; the 
leſs will the fourth Term be in reſpect to the third. 
As in theſe 18:6::12: 4. 
That is, 18: 18 —3:: 12: 123. 
But 18 x 12 3 2 18 - 3 x12. Viz. 18 x 4=6 x 12. 
Conſequently 2. 8. 6. 24. And 18. 6. 12. 4. are true 
Proportionals, per Corol. 2. page 77. 

From theſe Conſiderations, comes the Invention of finding a 
fourth Number in Proportion to any three given Numbers. 
Fhence it is called the Rule of Three, 

For if the ſecond Number multiplied into the third, be equal 
to the firſt multiplied into the fourth, it is eaſy to conceive, that 
if the Product of the ſecond and third be divided by the firſt, the 
Quotient muſt needs be the fourth Number. For if that Number, 
which divides another, be multiplied into the Quotient produced 
by that Diviſion; their Product will be equal to the Number 
divided. See page 21. | 

As in theſe 2: 8:: 6: 24. Here 8x6 =48=24 x2. 

But if 24x2=48, then will 48-2=24. Or 48=24=2, 


Nete, Any four Numbers in direct Proportion may be varied 
ſeveral ways. As in theſe. 


Viz. If 2: 8 :: 6: 24. Then2:6::8: 24. 
And 6: 24 :: 2: 8. Or 24: 6:: 8: 2. Cc. 


Theſe Variations being well underfload, will be of no fmall Lie 
in the ſtating of any Queſtion in this Rule of Three. 

When three Numbers are given, and it is required to find a 
fourth Proportional ; the greateſt Difficulty (if there be any) will 
be in the right ſtating the Queſtion, or abſtrafting the Numbers 
out of the Words in the Queſtion, and placing them down in their 
proper Order, 

Now this will be very eaſy, if it be truly conſidered, that al- 
ways two of the three given Terms, are only ſuppoſed, and 
aſſign or limit the Ratio or Proportion. The third moves the 
Queſtion ; and the fourth gives the Anſwer. 


As for inſtance ; if 3 Yards of Cloth coſt 9 Shillings : What 


will 6 Yards coſt at the ſame Rate or Proportion? 
Here 3 Yards, and 9 Shillings, are two ſuppoſed Numbers 
that imply the Rate; as appears by the Word [if] viz. If 3 


Yards coſt 9 Shillings (then comes the Queſtion) What will 6 
Yards coſt | 
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N. B. The Term, which moves the Queſtion, hath generally 


| ; ſome of thoſe Words before it; viz. What will? Pow many ? 


Bow long ? Pow far? or How much? &c. 
Then (carefully obſerve this; viz.) The firſt Term in the 


1 Suppoſition muſt always be of the ſame kind and Denomination 


with that Term which moves the Queſtion. And the Term 


ſought will always be of the ſame kind and Denomination with 


the ſecond Term in the Suppoſition. 


yas. ſhil. yds, ſbil. 
Thus, 3:9 :: 6; ——— Then 
All Queſtions in direct Proportion may be anſwered by three 
ſevetal Theorems. | 


Multiply the ſecond and third Terms together, and 
Theorem 9 divide their Product by the firſt Term; the Quo- 
tient will be the Anſwer required. 


yds ſbil. yds fhil. 
Thus 3: 9: : 6: 18, The Anſwer, 
6 


e becauſe the ſecond Term 
3) 54 (18 Shillings, was Shillings. 
( Divide the ſecond Term by the firſt, then multiply the 
Theorem 2.% Quotient into the third Term; and their Product 
will be the Anſwer required. | 


yds ſbil. yds. ſbil. 
2.790 .:7 0 3 th. 
Thus 3) 9 (=3. Then 3x6 =18, as before. 


Divide the third Term by the firſt, then multiply the 
Theorem +3 Quotient into the ſecond Term, and their Product 
| will be the Anſwer, | 


yds ſoil. yds ſoil. 
3 9 2 36; | | | 
Thus) 6 (=2. And x 2 18, as before. 


Here you ſee that all the three Theorems are equally true; but 


* the firſt is moſt general, and uſually practiſed. Yet the two laſt 
may be readily performed, when either the ſecond or third Term 
can be divided by the firſt; and will be found of ſingular Uſe in 


| the Rules of Fellowſhip, Kc. as will appear further on. 


Dueft, 
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Oueſt. 2. If 8 Pounds of Tobacco coſt 14 Shillings ; what will 
half a hundred Weight (viz. 56 Pounds) coſt at the ſame Rate? 


Thus 8 lb: 14s. :: 56 lb: 47. 18s, The Anſwer. 


8) 784 (2985. = 41. 18s. 
Or thus 8) 56 (=7 Then 14 x 7 =98 5. as before. 


Oueft. 3. If 14 Shillings will buy 8 Pounds of Tobacco; how 
much will 41. 18 s. buy after the ſame Rate? 

Stated thus, 14:81b:: 41. 18s. 2 985. —— 

Then 98 x 8 = 784. And 14) 784 (561b. The Anſwer, 


Veſt 4. If half a hundred Weight of Tobacco be worth 4 /. 
18s, How much may I buy for 14 Shillings at that Rate? 

Stated thus, 4/. 18 5. =985s.:561b:: 14s. : —— 

Then 56 x 14 = 784. And 98) 784 (8 Ib. The Anſwer. 


Dueft. 5. Suppoſe 41. 18 . will buy 56 Pounds of Tobacce; 
what will 8 Pounds of the ſame Tobacco coſt? 

This Queſtion is thus ſtated, 56 Ib: 41. 18 5.298 .:: 8lb:.— 

Then 98 x 8= 784. And 56) 784 (= 145. The Anſwer, 


Note, The three laſt Queſtions are only the ſecond varied, 
ere purely to give an Inſtance how any Queſtion in 
this Rule of Three may be varied, according to page 86. 


Queſt. 6. What will three quarters of a Yard of Velvet coſt, 
when the Price of 21 Yards and a half is worth 22 J. 10s. 64. 
This Queſtion truly ſtated will ſtand 


Thus, 21 4 yds : 221. 105. 6d. :: 3 to the Anſwer. 


Which may be found three ſeveral Ways 3 viz. by Reduction; 
by Vulgar Fradtions; and by Decimals. 


1. By Reduction. Bring the firſt and third Terms into one 


Denomination ; v:z. into Quarters, and reduce the ſecond Term 
into it's leaſt Denomination, per Sect. 4. page 42. 


Thus 21 1 =86 Quarters. And 221]. 10s. 6 d. = 5406 Pence. 
Then 86: 5406 :: 3: 155. 8 374. For 5406 x Z = 16216. 
OE, | An 


- 
44 
is 
| 
17 
9 
4 
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And 86) 162 18 (=188 229. Then 188 £2 Pence 18 5. 8 d. 
2 41 Farthings ; the Anſwer required. | 


— rm mmm 


2. The ſame Queftion ſtated in Yulgar Fractions will ſtand 
Thus 21 {= : 2246 = :: 4 : See Sec. 3. (page 50.) 
Then 222 x 4+ = 2283, And ZZ) % (== 3388 page 55, 56. 
Theſe $489 Parts of a Pound are brought into Shillings by 
Multiplying the Numerator with 20, and dividing the Product 
by it's Denominator, &c. 
Thus 5406 x 20= 108120. And 6880) 108120 (155. 
And there remains 4920. Again 4920 x 12 = 59040. 
Then 6880) 59040 (8 d. and 33, as before. 


3. The ſame wrought by Decimal Fractions will be thus; 
21 z= 21,5 22 J. 10s, 6d. = 22,525, and 3 = 0,75 
Therefore 21,5 : 22,525 :: 0,75 : to the Anſwer, 
Then 22,525 x 0,75 = 16,89375 
And 21,5) 16,89375 (o, 7857 l. 155. 8 d. 2 far. ig 


Dueft, 7. If 2C. 3 grs. 21 lb. of Sugar coſt 61, 15, 84d. 
What will 12 C. 29rs. coſt at the ſame Rate? 
That is, 2C. 3qrs. 211b : 61, 1s. 8d. :: 12C. 2qgrs. To what? 


1 20 4 

1 278. 1215. SO %. 
28 1 * 

1 250 1400 lb. 
22 121 


Viz. 308+21==3291b: 1460 J.:: 1400 lb: — 
Then 1460x1400=2044000. And 329) 2044000 (62123 ͥ. 


D 25 J. 175. 8 44. the Anſwer required. 


The ſame Queſtion ſtated in Decimals will ſtand 
Thus 2,9375 : 6,0833 :: 12,5 : To the Anſwer, 

Then 6,0833 x 12,5 = 76,04125 which being divided by 
2,9375 will give 25,8863, &c. the Anſwer in Decimals, which 
brought into Coin, will ve 25 J. 17 5. 8 & d. as before, 

Note, Ii hen the firſt Term is an Unit or 1, the Queſtion is 
anſwered by Multiplication only. 


Example. Suppoſe I give 5 Shillings 4 Pence for one Ounce of 
Silver, What muſt I pay for 32 1 Ounces at the ſame Rate? 
+ +, That is 1 Ounce : 55.:44.:; 32 1 Ounces ; To, Ec. 
Which is beſt tated thus 1: 644. :: 32,5 8 
A = Then 


— 
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Then 32,5 x 64 2080 d. =B1, 13s. 4d. the Anſwer re- 
uired, For 1 neither multiplies nor divides. 
When the ſecond or third Term is an Unit or 1, then the 
Queſtion is anſwered by Diviſion only. As in this Example. 


[f a Silver Tankard weighing 21 Ounces, colt 5 /. 19 5, 
W hat is that an Ounce ? 


Thus 21 .: 51. 19s. = 1195.::1: 55s. 8 d. the Anſwer, 
That is 21) 119 (=$3.23ft= $5.86. 


The Proof of all Queſtions in the Rule of Three Direct, may 
be eaſily conceived from what hath been already ſaid ; viz. 
That the Product of the firſt and fourth Terms, muſt always be 
equal to the Product of the ſecond and third Terms. 


Or otherwiſe, by varying the Queſtion, as in the ſecond, 
third, fourth, and fifth Queſtions, 


I {hall conclude this Section with inſerting a few Queſtions 
and their Anſwers; leaving their Work for the Learner's Practice. 


Jueſt. 1. What will the Carriage of 17 C. 3qrs. II lb. come 
to, at the Rate of 7 s. the Hundred? 


Anſwer 6]. 4s, II 4 d. 


Queſt. 2. If 61. 45. 11 44. be paid for the Carriage of 17 C. 
3 rs. 111b; What was paid for the Carriage of 1 Ib. 


Anſwer 3 Farthings. 


Quęſt. 3. A Grecer bought 3 C. 1 gr. 14 lb Weight of Cloves, 
at the Rate of 2 5. 44. per Pound, and ſold them for 52 J. 14 5. 
Whether did ke gain or loſe by the Bargain, and how much ? 


Anſwer, he gained 8 J. 125. 


- Queſt. 4. A Draper bought of a Merchant eight Packs of 

Cloth; every Pack had four Parcels in it; and each Parcel con- 

tained ten Pieces; every Piece was Twenty-ſix Yards ; he gavg 

after the Rate of four Pounds ſixteen Shillings for 6 Yards. 

brag came the eight Packs to, and what were they worth per 
ard! 


Anſw. They came to 66561, And were worth 16 s. per Yard. 


Queſt. 5. A Merchant bought 436 Yards of Broad Cloth for 


8 5. 6d. per Yard; and fold it again for 105. 4 d. per Yard. 
VV hat did he gain by the 436 Yards ? 


Anſwer, he gained 39 J. 195. 4d. 
Bad 39 6 39 Duef 
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Dueft. G. A Goldſmith bought a Wedge of Gold, which weighed 
14 lb. 3%. 8 pw. for 514 J. 4s. What did he pay per Ounce - 
Anſw. 31 per Ounce. 
Dueft. 7. What will 48 oz. 17 pw. 20 Grains of Silver Plate 
come to, at the Rate of 5 5. 6 d. per Ounce? 
Anſw. 13/7. 15. 10 39. 
Dueft. 8. If in four Weeks one ſpend 13s. 4 d. How long 
will 5 31. 6s, laſt at that Rate? 
Anſw. 6 Years, 47 Days, 2 Hours, 24”. 
Queſt. 9. What will the one eighth Part of a Ship be worth, 
when the half is valued at 1015 J. 10s. 
Anſw. 2537. 17s. 6d. 
veſt. 10. The Sun is ſaid to perform one entire Revolution 
(or 360 Degrees) in the Space of 365 Days, 5 Hours, 48 Minutes, 
and 57 Seconds of Time, called a Tropical or Solar Year ; How 
much doth it move in one Day ? 
Anſw. 53!, 8, 19%, e. 
Queſt. 11, If 5 of a Yard of Velvet colt 5 of a Pound Sterling, 
What will Z of a Yard coſt of the ſame Velvet at that Rate? 
Anſw. = 15. 44. 
Queſt. 12. Suppoſe 2/7. and 3 of + of a Pound Sterling will 
buy 3 Yards and 3 of + of a Yard of Clzth, How much will : 
of a Yard coſt at that Rate? | 
Anſw. {535 of a Pound =9s. 4 5d. 


[EEE 


Sect. 2. Of Recimocal Pꝛopoꝛtion; ally called 
The Rule of Three Inverſe. 


Nene Proportion is, when of four Numbers the third (viz. 
that which moves the Queſtion) beareth the ſame Ratio to 
the firſt: As the ſecond does to the fourth. 

1 herefore, the leſs the third Term is, in reſpect to the firſt; 
the greater will the fourth Term be, in reſpect to the ſecond. 


EXAMPLE 1. 


If ſixteen Men can do a Piece of Work in ſix Days; How 
many Days muſt eight Men require to do the ſame Work, at 
the ſame Rate of Working ? 

Here it is plain that eight Men muſt needs have more Time 
than 16 Men to do the ſame Work. Conſequent]y the greater 
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the third 'Term is, in reſpect to the firſt, the leſſer will the fourth 
Term be in reſpect to the ſecond. | 

Example 2. If 8 Men can do a Piece of Work in 12 Days, 
How many Days will 16 Men require to do the ſame Work ? 
Here it is plain the fourth Term muſt be leſs than the ſecond, 
becauſe 16 Men undoubtedly can do the ſame Work in leſs Time 
than 8 Men can. 

From theſe Conſiderations, compared with thoſe in page 85. it 
will be eaſy to perceive, whether the Terms of any propoſed Queſtion 
are in Direct or Reciprocal Proportion. | 

For when, according to the true Meaning and Deſign of any 
Queſtion in Proportion, More requires More, or Leſs requires Leſs, 
the Terms are in Direct Proportion, as in the laſt Section. 

But if More requires 7%, or Leſs requires More (as above), 
then the Terms will be in Reciprocal Proportion. 

The Manner of placing down the propoſed Terms is the ſame 
in both Rules, v:z. The firſt Term in the Suppoſition muſt be of 
the ſame Kind and Denomination with the third Term which 
moves the Queſtion ; and the Term ſought muſt be of the ſame 
Kind and Denomination with the ſecond Term in the Suppoſi— 
tion. As in the two laſt Examples. | 


* Men Days Men Days 
5 xample 1. 10: 6: 8 ; —— 
Thus, n I Example 2. 8: 12 :: 16:—— 


The Queſtion being truly ſtated, obſerve this Theorem. 
Multiply the firſt and ſecond Terms together, and 
Theorem. 5 divide the Product by the third Term, the Quotient 
ä will be the Anſwer required. 
Thus in the ſecond Example 12 x 8 = 96. 
Then 16) 90 (=6 Days the Anſwer required. | 
That is, 16 Men may do the ſame Work in 6 Days as 8 
Men can do in 12 Days. | 
Now the Reaſon of this Operation (and conſequently of the 
Theorem) is grounded upon this Conſideration ; viz. If 8 Men 
require 12 Days to do the Work, it is plain that one Man would 
require 8 Times 12 Days = 96 Days to do the ſame Work; but 
if 1 Man can do it in gb Days, moſt certainly 16 Men can do it 
in one 16th Part of that Time. Therefore gb divided by 16 will 
give the Anſwer required, viz. 16) 96 (6 as before, &c. 
Queſt. 3. Suppoſe 800 Soldiers were beſieged in a Town, and 
their Victuals were computed to ſerve them two Months (or 56 
Days) How many of thoſe Soldiers muſt depart the Garriſon, that 
the ſame Victuals may ſerve the remaining Soldiers 5 * 
| 0 
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The Queſtion truly ſtated will ſtand 
Months Soldiers Months Soldiers 

: 5-2 

2 

5) 1600 (320 : So many Soldiers may ſtay in the 
Garriſon, 

Conſequently, 800 — 320 = 480 Soldiers that muſt go out 

of the Garriſon, which is the Anſwer required, 


Queſtion 4. A borrowed of his Friend B 2501. for ſix Months, 
promiſing to do him the like Kindneſs upon Demand : Some 
Time after B defires A to lend him 400 J. the Queſtion is, how 
long B muſt keep the 400 J. to be fully ſatisfied for his former 
Kindneſs to A. 


Thus, 225 : 6 Months :: 400 J. —— 


400) 1500 (3 Months. 
12 


— 


3 
28 Days in one Month. 
4) 04 (21 Days. Anſw. 3 Months, 21 Days. 


Dueſtion 5. If a Penny White Loaf ought to weigh eight 
Ounces Troy Weight, when Wheat is ſold for Six Shillings Six- 
Pence the Buſhel, what muſt it weigh when Wheat is ſold for 
four Shillings the Buſhel ? 

Thus 6s. 64. = 784. : Boz. :: 45. = 484. : to the Anſwer 


8 


48) 024 (13 ez. the Anſwer required. 
48 
144 
144 
(0) 


The Proof of this Inverſe Rule is eaſily deduced from it's 
Operations; viz. The Product of the firſt and ſecond Terms, 
muſt be equal to the Product of the third and fourth Terms. 

Nete, Any Queſtion that falls under this Inverſe Rule or Re- 
ciprocal Proportion, may be ſo ſtated as to have it's Terms in 
Direct Proportion; by only changing the Places of the firſt and 


Quęſtion 


third Terms in the Queſtion. Thus, | 
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Quęſtion 6. If a Field will feed eighteen Horſes for ſeven 
Weeks: How long will it feed Forty-two Horſes at the ſame 
Rate of feeding ? 

Firſt, 18 Horſes : 7 Weeks : : 42 Horſes : 3 Weeks. 

Here the Terms are ſtated inverſely, as before, 

Otherwiſe thus, 42 Horſes : 7 Weeks : : 18 Horſes : 3 Weeks. 
Then 18 x 7 = 126. And126 42 = 3 Weeks, The An- 


ſwer required. =) 


Sect. 3. Of Compound J2opoztion ; commonly called 
The Double Rule of Three. | 


6 Proportion (as it is here meant) is, when there are 
five Numbers given to find out a ſixth Proportional; and this 
is generally performed by a Double Poſition; that is, by ſtating 
and working the Queſtion at two Operations, either in Direct 
or Reciprocal Proportion, according as the Queſtion requires. 

And therefore it is called, The Double Golden Rule, or Double 
Rule of Three. 

The Double Rule Direct is, when the ſixth Term or Num- 
ber ſought, is found by two Operations, both of them in Ditect 
Proportion. 

Example 1. If a Hundred Pounds gain fix Pounds Intereſt in 
twelve Months; how much will three Hundred Pounds gain in 
nine Months, at the ſame Rate ? 


Firſt 100 J.: 6 J.:: 3001. 181 


100) 1800 (18 J. The Intereſt of 300 J. for 12 


Months. 
Months. Months. 
Then, 12: 187. :: 9: 131. 108, 


| 9 
12) 162 (13/7. 10 5. The Anſwer required. 


I ſuppoſe the Learner will eaſily conceive the Reaſon of theſe 
two Operations. For, firſt it is plain by Dire& Proportion, that 
if 1007, gain 61. in twelve Months, 3001, will gain 18 J. in 
the ſame Time, and at the ſame Rate. , 
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And by the ſame Rule it is plain, that if 12 Months will pro- 
duce or give 18 J. Intereſt for 300 J. then 9 Months muſt needs 
give 13 2 for the ſame Sum, viz. 300 J. 


The Double Rule of Three Inverſe is, when the ſixth Term 


or Number ſought is found at two Operations (as before). But 
one of them requires an Anſwer in Reciprocal Proportion. 


Dueſtion 2. If 6 Buſhels of Oats will ſerve 4 Horſes 8 Days, 


How many Days will 21 Buſhels ſerve 16 Horſes, at the ſame 


Rate of feeding? 


This Quęſtion being parted into two Poſitions, the firſt will 
be thus: 
If 6 Buſhels of Oats will ſerve 4 Horſes 8 Days, How many 
Days will 21 Buſhels ſerve them ? 
Here it is plain, that 21 Buſhels will ſerve them longer than 6 
Buſhels ; therefore the firſt Poſition falls in Direct Proportion. 
Buſh. Days. Buſh, Days. 
z Fo IR 
8 
0) 108 (28 Days 
That ts, if 6 Buſhels will ſerve 4 Horſes 8 Days, 21 Buſhel: 
will ſerve them 28 Days. 


The next Poſition muſt be to find how long the ſaid 21 Buſhels 
will ſerve 16 Horſes at the ſame Rate of feeding: it is plain, 
that 21 Buſhels cannot ſerve 16 Horſes ſo many Days as they will 


| ferve 4 Horſes; therefore this ſecond Poſition falls in Reciprocal 


Proportion. 
Horſes. Days. Horſes. Days. | 
Thi,” 43 28: 5:40-5:72: the Anſwer required. 


After the like manner any Queſtion in the Double Rule of 
Three may be anſwered by two lingle Poſitions, if Care be taken 
in ſtating them right, viz. Whether their Operation muſt be 
performed by the ſingle Rule Direct, or Inverſe. 

But all Queſtions in this Double Rule, where five Numbers are 


propoſed to find a ſixth, may more eaſily and readily be anſwered 
by one general Theorem; which compriſeth both the Direct and 


| Inverſe Rules; without conſidering either of then being deduced 


| from the ſingle Operations beforegoing. 


But firſt you muſt carefully note, that in all Queſtions of this 
Nature, three of the five propoſed Terms are always conditional 
and 
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and ſuppoſed; and that the other two move the Queſtion. As 
for Inſtance in Example 1. 

Viz. If 100 J. will gain 61. in twelve Months: theſe 3 Terms 
are only ſuppoſed or conditional. Then comes the Queſtion; 
What will 300 J. gain in 9 Months? Now, in order to raiſe the 
general Theorem, let us ſuppoſe, inſtead of Numbers, theſe 
Letters. | 

P=100. The Principal. 15 the Suppoſition 


Viz. Let4T = 12. The Time, ofany propoſed 
G= 6. The Gain. ueſtion. 


p = 300. The Principal. The three Terms 
— t 


f = 9. The Tame... wherein the Que- 
g=13,5 The Gain, ſtion lies. 


Thea p: : Gp __ The Product of the two Means 


ME Hows divided by the firſt Extream. 
300 x 6 Which is the 
That is, 100:6:: 300: —— 2818 5 firſt Part of the 
100 Queſtion. 
Gp Which is the 
Then 7: 2218 Nes Part of 
Viz. 12: 18 :: 9: 13,5 b e 


G pt 0 That is, the Product of the Extreams 
P is equal to that of the Means, 


Conſequently, Tg P=Gpt is the Theorem. 


Erga Tg = 


This Theorem affords two Rules, by which all Queſtions in 
this Double Rule of Three, or rather of five Numbers, may be 
reſolved ; due Regard being had to the true placing down of the 
propoſed Terms, which muſt be thus: 

Always place the three conditional Terms in this Order; let 
that Number which is the principal Cauſe of Gain, Loſs, or 
Action, &c. (viz. P.) be put in the firſt Place; that Number 
which denotes the Space of Time, or Diſtance of Place, Oc. 
(viz. T.) be put in the ſecond Place. And that Number which 
is the Gain, Loſs, or Action, &c, (viz. G.) be put in the third 

Place. Now according to theſe Directions, the conditional 
Terms of the laſt Queſtion will ſtand thus; P. T. G. 


That done, place the other two Terms which move the Que- 
ſtion, underneath thoſe of the ſame Name, 


Thus, J P. 7. C. 


5:8: 
F Then 


en 


— — 
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Then if th: Blank or Term ſought, fall under the third Place, 
as in this Queſtion, 


. 3 1 
It will be zy. Which gives this Rule. 
ö Multiply the three laſt Terms together for a Dividend, 
Rule 1. 


and the two firſt together for a Diviſor; the Quotient 
ariſing from them will be the fixth Term, 


That is, in our propoſed Example r. 
T bus 6 * 300 x N = 16200 the Dividend, 
And 109 x 12 = 1200 the Diviſor. 
Then 1200) 16200 (13 the Anſwer, as before, 


But if the Blank or Term ſought fall under the firſt Place, 


then | _ 
It will be | Wa = 


Or if the Blank fall under the ſecond Place, 


» 


It will be ; 2 4 =. Either of theſe gives this Rule. 


a Dividend, and the other two together for a Diviſor; 


Multiply the firſt, ſecond, and laſt Terms together for 
Rule 2. 
" Quotient ariſing from them will be the ſixth Term, 


And becauſe our Example 2. falls under the Conſideration both 


of Direct and Reciprocal Proportion, let it be here propoſed again. 


Viz. If 6 Buſhels of Oats will ſerve 4 Horſes 8 Days; how 


| many Days will 21 Buſhels ſerve 16 Horſes, c. 


If the Terms of this Queſtion be placed down as beſore di- 
rected they will ſtand | 


C Horſes. Days. Buſbels. 
Thus 4. 8 606. Terms in the Suppoſition. 


10 21 | 
Here the Blank falls under the ſecond Place, therefore it muſt 


be found by the ſecond Rule. 3 1 


Thus 4 x 8 x 21 = 672 the Dividend. 
And 16x 6 = 96 the Diviſor. 
Then 96) 672 (7 the Anſwer, as before, 


O Quell. 


I — 
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Duet, 3. What Principal or Stock will gain 201, in 8 Months 
at © per Cent. per Annum, 
Prin, Time, Gain. 
5 10 oP . 6 Terms in the Suppoſition. 
X 20 
In this Queſtion the Blank falls under the firſt Place, there- 
fore it muſt be found by the ſecond Rule, 


Thus 100 x 12 x 20 = 24000 the Dividend. 
And 8x 6 48 the Diviſor, 
Then 48) 240c0 (500 J. the Anſw. required. 


The Proof of all Queſtions in this Double Rule of five Num- 
bers, is beſt performed by varying the Queſtion ; v:z. by ſtating 
it in another Order, as in the laſt Zxample : Thus, 

If 100 J. gain 6/7. in 12 Months, what will 500 J. gain in 8 
Months ? 


The Anſwer to this Queſtion muſt be 20 J. if the Work of 
the laſt Zxample be true. 


Prin. Time. Gain. 
: 0 
Stated thus 0 „ + then, per Rule 1, 
500 x 8 x 6 = 24000, And 100 x 12 = 1200, 
| Then 1200) 24000 (201. the Anſwer, &c. 


Duet. 4. If two Men can do 12 Rods of Ditching in 6 Days, 
How many Rods may be done by 8 Men in 24 Days, at the 
ſame Rate of working ? 

| Anſw. 192 Rods. 

Duel. 5. If the Carriage of 5 C. 3 grs. Weight, 150 Miles, 
coſt 31. 75. 4d. What muſt be paid for the Carriage of 7 C. 

 24rs. 25 1b Weight, 64 Miles, at the ſame Rate? 
Anſw. 11. 18s. 7 id. 

Lueſt. b. If 8 Men deſerve 2]. Wages for 5 Days Work, How 
much will 32 Men deſerve for 24 Days, at the ſame Rate? 

Anſw. 38 J. 8s. 

Queſt. 7. Suppoſe a Hundred Pounds would Defray the Ex- 
pences of five Men for Twenty-two Weeks and fix Days, How 
long would twelve Men be in ſpending of one Hundred and Fitiy 
Pounds, at the ſame Rate ? 


Anſw. 14 Weeks and 2 Days. 
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CHAT. VII. 


Trading in Company, uſually called the Alile of Fellow- 


thip; % Bartering, and Exchanging of Coins, &c. 
E Rule of Fellowſhip is that by which the Accompts of ſe- 


veral Partners trading in a Company, are fo adjuſted or 
made up, that every Partner may have his juſt Part of the Gain, 
or ſuſtain his juſt Part of the Loſs; according to the Proportion 


or Share of Money he hath in the Joint- Stock: Now this falls 


under two Conſiderations, called the Single and Double Rules of 


Fellowſhip. 


Set. 1. The Single Rule of Fellowſhip; viz. That 


without Time. 


Y the Single Rule of Fellowſhip is adjuſted the Accomonts of 
thoſe Partners that put all their ſeveral and perhaps different 
Sums of Money, into a common Stock at one and the ſame lime; 
and therefore it is uſually called the Rule of Fellowſhip without 
Time: Now all Queſtions of this Nature are an{wered by fo 
many ſeveral Operations in the Rule of Three Dire, as there 


| are Partners in the Stock. 


For, as the Total Sum of Money in the Stack is in Proportion to 


| the whole Gain, or Leſs: ſo is every Man's particular Part of that 


Stoch; to his particular Share of that Gain, or Lofs. 
Duet, 1. Three Partners, ſuppoſe A, B, and C, make a Joint- 


| Stock of 96 J. in this manner. 


A puts in 24 J. B puts in 321. and C puts in 40 J. wich this 


| 961. they trade and gain 12 J. It is requited to find each Man's 


true Part of that Gain. 
The Operation will ſtand thus 
24 |. 2 31 2 4. | 
995 1 IS6 2; TEL &4 8 NT of the Gain. 
$073 $4. >:0:8 
Proof 31. +41. +51. = 121. the whole Gain. 

That is, if the Sum of each Man's particular Gain, amounts to 
the whole Gain, the Work is true ; if not, fome Error is committed 
which muſt be found out. 

Note, Theie Operations will be very much abbreviated, if you 
work them by Theorem 2. page 87. For here 96 is a common 
Antecedent, and 12 js the common Conſequent in all the three 


Proportions, 
() 2 T. e-. 


4 


— — 
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Therefore 96 : 12: : 1: 0,125 a common Multiplicator. 
'Then 24 31. FA 

36 x 0,125 15 + (ord BF before, 

40 5 J. C, 


Now this Method is more readily performed than the other, 


eſpecially when the Partners are many; becauſe one ſingle Di- 
viſion ſerves for all the Work, 


Dueft. 2. Three Merchants, A, B, and C, freight a Ship with 
248 Tun of Wine: Thus, 4 loaded 98 Tun, B 86 Tun, and 
C 64 Tun. By Extremity of Weather the Seamen were forced 


to caſt or throw 93 Tun of it over-board. How much of this 
Loſs muſt each Merchant ſuſtain ? 


Firſt 248 :93 :: 1: 0,375 the common Multiplier, 


Then 98 36,75 for A's 
86 5 x 0,375 ö 32, 25 for B's { Loſs. 
64 24,00 for C's 


Proof 93,00 = the whole Loſs. 


Now if the Queſtion were to find how much of the remain- 
ing Wine that was ſaved, belongs to A, to B, and to C. 


80 — 32,25=53,75 B. 
64 — 24,00 = 40,00 Gs 
That is, A ought to have 61 Tun and 63 Gallons, B oveht 


to have 53 Tun and 189 Gallons. And C ought to have 40 
Tun of what was left. 1 


Then 98 — 36, 75 = 61,25 A. 
bang, 0 


Queſt. 3. Suppoſe fix Men, wiz. 4, B, C, D, E, and F, 
make a Joint- Stock of 2558 J. | 


J. s Decimals. 


Thus A 654. 10 = 654,50 
5 543 » 15 = 54375 

. J480. oo = 450,00 
F 254.10 = 254,50 

E 365.05 = 395,25 

F 260 . 00 = 260,00 


The whole Stock 2558 . 00=255 8,00 according to the Que 
ut 
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With this Stock of 2558 J. they trade eighteen Months, and 
gain 8317. 7s, It is required to find every Man's Part or 
Shaie of that Gain, 

Note, Although the Time of Trading, viz. eighteen Months, be 
mentioned in the Queſtion, yet it is no Way concerned in anſibering 
Fit; as you may obſerve in the following Work. 

Firſt, 2558 J.: 831, 35 J.:: 17. : 0,325 Decimal Parts. 

Conſequently, 1 I.: 0,325 :: 654,5: 212,125. That is, 


654,50 212,71250 A. 
543575 17047 1975 8 

' 480,00 — ) 156,00000 | ; k 

25 4,50 ent ie ap 838 for D. 
365,25 118,70025 :i& 
260,00 $4,50000 F. 

J. parts. J. 5. d. 

That is, 4 212/20 212. 14. 03 


7 14 04 
% } 156,00000 = 156 , ©0 . oo 
Df Sains 82,7 1250 = 2 14 8 
E 118,06 = 118 . 14 81 
# 84. 50000 = 84. 10. oo 


Proof. Sum 831,35 = 831 07 . 00 


I have omitted reſolving this Queſtion according to the ufual 
Method (as before directed) of finding every Man's particular 
Part of the Gain by the Golden Rule, as in the firſt Work of 
Example 1. leaving that for the Learner's Practice. 


— — — 


Sect. 2. The Double Rule of Fellowſhip ; or that 


with Time. 


HIS is uſually called the Double Rule of Fellowſhip, be- 
cauſe every particular Man's Money is to be conſidered with 
Relation to the Time of it's Continuance in the Joint-Stock. 


Dueſtion 1, A and h join in Partnerſhip upon theſe Terms, 
viz. A agrees to lay down 100 J. and to employ it in Trade 3 
Months: Then B is to lay down his 100 J. and with the whole 
Stock of 2001. they are to trade 3 Months more. Now at the 
End of that Time, they find their whole Gain to be 211. It is 
required to know what each Man's Part of the Gain ought to be, 
according to his ftock, and the Time of employ ing it. £ 

cre 
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Here it is but reaſonable to conclude, that 4 ought to gain 
more than B, notwithſtanding their Stocks of Money are equal ; 
becauſe 4 employed his Money a longer Time than B. 

Now for ſolving of this Queſtion, let us ſuppoſe 4's 109 1. 
employed the firſt 3 Months to gain Z a Sum as yet unknown; 


then it muſt gain 2 Z in 6 Months; and to find what B muſt 
gain, it will be, 


J. Months. 
100 6 , 2 Z 248 Gain 


100 3 to B's Gain deer Rule r. Page 97. 
Ergo —— A en | 
100 x © 


But A's Gain added to B's Gain muſt=21 l. the whole Gain 
by the Queſtion. 
100 * 3* 2Z 


Therefore 2 Z + — N = 217 


That is, 100 „ 6 2 Z ＋ 100 * 3* 2Z fx 100 x 6. 
Which contracted is, 900 x 2 Z = 21 x 600. 


21 x 600 


Conſequently, 2 Z= 


„which gives the following 
Analogy. | 


Viz. goo : 21:: 600:2Z = 141. for A's Gain. 
And 900: 21 :: 100 x 3 r 300 : 71. for B's Gain. 


Now this way of arguing hath not only reſolved the preſent 
Queſtion, but it alſo affords (and demonſtrates) a general Rule 


for reſolving all Queſtions of this Nature, be the Partners never 
ſo many. 


Multiply every particular Man's Stock, with the Time it 
is employed, then it will be, as the Sum of all thoſe 
Rule. 4 Products; is to the whole Gain (or Loſs). So is every 


one of thoſe Products: to it's proportional Part of that 
whole Gain (or Loſs). | 


Queſtion 2. Three Merchants, A, B, and C, enter into 
Partnerſhip, thus; A puts into the Stock 65 J. for 8 Months; 
B puts in 781. for 12 Months; and C puts in 841, for 6 Months. 
With theſe they traffick, and gain 166 J. 125, It is required 
to find each Man's Share of the Gain, nee to the 
Stock and Time of employing it. 


1. 4's 
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"20: A's | 65 K a 20 
2. B's _ 78 J. x 12 2 3 41. 18 
3. C's 84 J. «„ © * 504 


The Sum of thoſe Products is, 1960 


Then, according to the Rule, the ſeveral Proportions will 
ſtand thus, 


3520: 44, 20 = 44. 4. od. A. 
1960: 166, 6 :: by 279556 23791 11 5. 1 14 FlorY 
504 : 42,84 =421. 165. 9 2d. C. 
The whole Gain = 166 J. 12 5. 04. 
Or you may work as in ſome of the former Examples, viz. by 
finding the GAP FEY Part of the Gain due to one Pound, c. 


Thus 1960: 166,6 :: 1 : 0,085 the common Multiplier, 
Then 520 44,2 „ 
9366 x 0,085 5 235 for 3B. ö c. As before. 
504 42,84 C. 
Queſtion 3. Six Merchants, viz. A, B, C, D, E, and F, enter 


into Partnerſhip, and compoſe a Joint- Stock i in this manner; 
5. 


4 64 - IO 42 
B 78 15 6 
T 
Viz. 15 puts in = ; * for oh Months, 
E 74 . 12 92 


F 125 . 15 7 
They traffick, and gain 258 J. 18s. 45d. It is required to 
find every Man's Share of the Gain, according to the Stock and 
Time it was employed. 
The ſeveral Saks of Money, and their reſpective Times be- 
ing firſt brought into Decimals, and then multiplied together, 
will produce theſe following Products. 


J. Months, 

484 64, 50 x 4,50 290, 25 
B's 78,75 x 6, 00 472,50 
C's Stock J 199509 x 8,25 | the Time it was] 825,00 
D's toe 80, 50 x 12,00 employed 966,00 
E's 74, 60 x 9,50 | 1 508,70 
Hs 125,15 x 7,00 880,25 


The Sum of thoſe Products = 4142,70 
Then 


— 
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Then if you work by the common Way; it will be 
4142, : 258,91875 :: 290, 25: 18, 140625 = 181. 25.9 3d. 
for A's part of the Gain; and fo on for the reſt. 

But if you work by the eaſieſt Way, viz. by finding the pro- 
portional Part of the Gain due to one Pound. 

Thus 4142, 7: 258, 91875: : 1: 0, 0625. 


Then E of; 

290, 25 18, 140625 2 2 18. 02. 0g} A 

2. 5 8 e. 10. 072 f 
00 J 51,562500=51 . 11. 0 

* 60 x 0,0025= 4720 37 — . O7 . od (org 1 

508,70 44,2937 50=44 . 05. 104 E 

880,25 »55,015025=55 . 00 . 034 - F 


The whole Gain = 258. 18. 047 
Theſe few Examples being well underſtood, are ſufficient to 
ſhew the whole Butineſs of Fellowſhip, c. 


Se. 3. Of Bartering. 


W HEN Merchants or Tradeſmen exchange one Commo- 
dity for another, it is called Bartering; and the only Dif— 
ficulty in this way of dealing, lies in duly proportioning the Com- 
modities to be exchanged fo, as that neither Party may ſuſtain Loſs. 

Dueſtion 1. Two Merchants, A and B, Barter; A would 
exchange 5 C. 3 rs. 14 Ib of Pepper, which is worth 3 J. 10 5. 
per C. with B for Cotton, worth 104. per pound weight; how 
much Cotton muſt B give to A for his Pepper? 

Note, In order to the reſolving of this Dueſtion (and all other 
Dueftions of this Nature) you muſt firſt find, by the Rule of Three 
(or otherwiſe) the true Value of that Commodity whoſe Quantity is 
given (which in this Dueſtion is Pepper). And then find how much 
Pry other Commodity will amount to that Sum, at the Rate pro- 
poſed. + a 
Firſt 5 C. 3 gr.. Kr bi ; 

And 3. NE ee. in Degimals, 

'Fhen 1: 3,5: : 5,875: 20,5625 20 l 115. 3 d. the true 
Value-of the Pepper. | | | 

Next, It is eaſy to conceive, that 4 ought to have as much 
Cotton at 10 d. per Pound, as will amount to 20/7. 11 s. 34, 
which may be thus found; | 

10 d.: I lb.: : 20 l. 115, 3 d. = 4235 d.: 492,5 lb. 
| T hat 


it 


„ 
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, 


That is, 4 C. 1 gr. 17 f pound of Cotton. And ſo much B 
muſt give to A in exchange for his 5 C. 3 grs. 14 pound of Pepper. 

Queſtion 2. Twa Merchants A and B barter thus; A hath 
86 Yards of Broad Cloth worth 9 s. 2 d. per Yard ready Money: 
but in Barter he will have 115. per Yard. B hath Shalloon 
worth 25. 1 d. per Yard ready Money; it is required to find how 
many Yards of the Shalloon B muſt give to A for his Cloth, to 
make his Gain in the Barter equal to that of As. 

The Method of reſolving this, and the like Queſtions, differs 
a little from the laſt Caſe ; for in this you muſt firſt find what 
Advance B ought to make per Yard upon his Shalloon, in pro- 
portion to what 4 hath done upon a Yard of his Cloth. 

Thus $7 4. d. 6. „ e. 

9. 1 11a: 11 132: : 2. 1825: 2. 62= 30 
the advanced Price for a Vard of B's Shalloon. Then proceed 
as before in the laſt Example. 

Thus 1 Vard: 11s. :: 86 Yards : 9465. = 471. 6s. the ad- 
vanced Value of all the Cloth. 

Next, If 25. 64. will buy one Yard of Shalloon, at it's ad- 
vanced Price, how many Yards will 47 J. 65. buy. 

Thus 2, 5: 1:: 946: 378,4 Yards. 

That is, B muſt give 378 3 Yards of his Shalloon to A, for 
his 86 Vards of Broad Cloth. ; 

Theſe two Examples are ſufficient to ſhew the Learner, that 
the Method of bartering, or exchanging Commodities for Com- 
modities, wholly depends upon a clear underſtanding of the 
Golden Rule; which indeed is fo called, becauſe of it's Uni- 


| verſal Uſe, 


Sect. 4. Of Exchanging Coins, 


| E Xchanging the Coins of one Country for thoſe of another, 


is like the Buſineſs of bartering Commodities. That is, it 


conſiſts in finding what Sum of one Country Coin will be equal 
in Value to any propoſed Sum of another Country Coin. And, 
in order to perform that, it will be very neceſſary to have a true 


Account at all Times of the juſt Value of thoſe Foreign Coins 
which are to be exchanged, as they are compared in Value with 
our Engliſb Coin, I ſay at all Times, becauſe the Par of Ex- 


change (as the Merchants call it) differs almoſt every Day from 


London to other Countries. That is, it riſes and falls, accord- 

ing as Money is plenty or ſcarce; or according to the Time al- 

lowed for Payment of the Money in Exchange, Cc. 
| P 


T hoſe 


2 
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1 hoſe that deſire to be fully ſatisfied in the common Values of 
Foreign Coins, Weights, Meaſures, &c. may find them in a Book 
called the Merchants Map of Commerce, which for Brevity ſake ! 
have omitted tranſcribing, and only collected theſe few of Coin. 


| E ngliſh Coin. 4 
3 


Foreign Coins. 


Freuch Coin. A Leuier = 


12 Deniers = 1 Soulz = 

12 Soulz = 1 Livre = 

3 Livres i Crown = 
Low-Country Coin. A Stiver = 
6 Stivers = 1 Flemiſh Shilling = 
20 Stivers = 1 Gilder = 

10 Gilders = 33 3 Shillings @ __ 
or a Flemiſh Pound C= 
Embden Dollar =(o 

Campen Dollar —'o0 

A Zealand Dollar = 

Lyons Dollar = 


08 


0 
9 04% 
1 
4 


0 8 8 88388 


7 


— 
. 


O 
. © 
3 


O 

O 

Specie Dollar o 
Duccatoon = © p 

O 

O 


A Rixdolar of the Empire = 
A Gilder of Nuremberg = 
The Livre at Leghorn =O 
Florence Crown Current o 
Venice Ducat de Banco = 
The Current Ducat o 

| The Naples Ducat O 
The Cadiz Ducato 
The Barcelona Ducat =|0 
The Valencia Ducat o 
O 

O 


Germany 
p 


The Bergonia Ducat = x 
: The Portugal Teſtoon = 


O 
O 
2 
0 
2 
2 
3 
4 
5 
6 
4 
EF 
O 
5 
4 
3 
5 
5 
6 
5 
4 
} I 
The Piece of Eight = 


5 
Nete, The Engliſh generally reckon their Exchange with other 
Countries by Pence, wiz. other Countries value their Crowns, 


Dollars, or Ducats, &c. by Engliſh Pence, Except with ſome 


Parts of the Low-Countries, with whom the Exchange is in 
Pounds Sterling. 


Queſt. 1. How many Dollars at 45, 64. per Dollar, may one 
have for 162/. 185. Anſwer 724 Dollars. 
| Thus 


8-0... * 1 DT oat 


- <__ASCr 
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Thus 162 J. 18 1; = 2208 s. and 4s. 6 d. = 5494. 
Then 54: 1 :: 3258 : 724 the Anſwer, 


n 

5 
25 

4 

- 

& 

' 
£08 
4 

4 


Que. 2. How many Saragoſſa Ducats, of 5 s. 6 d. the Ducat, 
may be had for 275 Bergonia Ducats, at 45. 4 d. the Piece? 
6 Antwer 216 and 35. 8 d. over. 
Thus 5 3. 6 d. = 664. and 45. 4d. = 524. 


Then 275 x 52 14300 d. = 275 Ducats. 
Conſequently 66) 14300 (216 3 the Anſwer required. 


Juęſt. 3. A Traveller would change 233 J. 165. 8 d. Sterling 
Money; for Venice Ducats at 45. 9 4 d. per Ducat; How many 
Ducats muſt he have? Anſwer 976 Ducats. 
Thus 45. 9 2 d. = 57,5 d. and 2331. 16s. 8 d. = 561204. 
Then 57,54.) 50120 d. (976 the Anſwer required. 


Queſt. 4. A Caſhier hath received 759 Ducats, at 7s. 6d. 
per Ducat ; And 579 Dollars at 45. 8 d. per Dollar: Which 
he would exchange for Flemiſb Marks at 145. 3 d. per Piece: 
How many ought he to have? | 

Anſwer 589 Marks, and 15 f. over. 

For 7 s. 64. =g0 d. and 4s. 8 d. = 56 d. 

Then $759 x 99= 683104. the Value of the Ducats, 

579 x 56 = 32424 d. the Value of the Dollars. 


their Sum = 100724 d. 
And 145. 34. = 171 d. the Flemiſh Mark in Pence. 
Conſequently 171) 100734 (589 Oc. the Anſwer required. 


Queſt. 5. A Bill of Exchange was accepted at London for the 
Payment of 400 J. Sterling, for the like Value delivered in Am- 
| flerdam, at 1 l. 135. 6 d. for 11. Sterling; How much Money 
was delivered at Amfterdrm ? Anſwer 670 l. Flemiſh. 
For 1 J. 240 d. and 11. 13s. 6 d. = 402d. 
Then 240: 402 :: 400: 670 the Anſwer required. 


er Duet. 6. When the Exchange from Antwerp to London is at 
15, Tl. 45. 7 d. Flemiſh, for 1 J. Sterling; How many Pounds Ster- 
ne ling muſt be paid at London; to ballance 236 J. Flemiſh at Ant- 
in werp ? Anſwer 192 /. Sterling. 
Thus 1 J. 4s. 7 d. 295 d. and 11. = 2407. 

Then 295: 240; : 236: 192 the Anſwer. 
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Oueſt, 7. A Merchant delivered at London 1201, Sterling to 
receive 147 J. Flemiſh in Amſterdam; How much was 1 I. Sterl- 
ing valued at, in Flemiſp Money! Anſwer 11. 4s. 64, 


Thus 120: 147 :: 240 d.: 294 d. = II. 45. 64. &c. 


Quęſt. 8. A Factor hath ſold Goods at Cadiz for 1468 Pieces 
of Eight, valued at 45. 6 f d. Sterling per Piece; How much 
Sterling Money do thoſe Pieces of Eight amount to ? 


Anſwer 333 J. 75. 2 d. 
Thus, if 1 = 54,5 d. then 1468 x 54,5 = 83006 d. Sc. 


Duh. 9. A Traveller would have an equal Number of Crowns 
at 5 5. 6 d. per Crown; and Dollars at 45. 54. per Piece; How 
many of each ſort may he have for 309 J. 85.9 | 


Anſwer 624 of each. 
Thus 309 J. 8 5. = 74256 4. 


And 55. 64. +45. 5d, = 119 4. 
Then 119) 7425 (624 the Anſwer required, 


Duet, 10. Suppoſe I would exchange 527 J. 17. 64. for 
Dollars at 4 5. 6d. a Piece, Ducats at 5s. 8 d. a Piece, and 
Crowns at 6s. 14. a Piece; and would have 2 Dollars for 
1 Ducat, and 3 Dollars for 2 Crowns. How many of each ſort 
mult I have? 

Anſwer 927 Dollars, 463 4 Ducats, and 618 Crowns, 
54 d. I Dollar TOP 
Ford 68 d. = 1 Ducat per Queſtion. 
73d. = 1 Crown 
And 126690 d. = 527 J. 175. 6d. 


Now if the Crowns, Dollars, and Ducats, were to be equal in 
Number; then 73 + 54 + 68 muſt have been the Diviſor, by 
which 126690 mult have been divided, and the Quotient would 
have been the Anſwer to the Queſtion, As in the laſt Example. 

But here inſtead of their Sum, ſuch Parts of them muſt be 


taken as are aſſigned or limited by the Queſtion ; that fo the 
- Number of ſome one of them may be found, 


2 Dollars for 1 Ducat, and 
And becguls there muſt be 3 Dollars for 2 Crowns, 


Th bkerefore it will be of a Ducat for one Dollar, and 5 of 3 
Crown for one Dollar, 


Conſequently 


r 
1 


What is the Value of a Crown, and of a Dollar? 


Chap. 8. Rule of Fellowſhip. =. 


Conſequently, 54 + ; +5 of 73 = 1363, or 432 will be 
the Diviſor-to find the Number of Doliars. 

Thus 22) 126690 (927 the Number of Dollars. 

Then + of 927 = 463 x is the Number of Ducats. 

And 3 of 927 = 618 is the Number of Crowns. 


Or if you pleaſe you may form Diviſors to find either the 
Ducats or Crowns firſt: For if it be 2 Dollars for 1 Ducat, and 

Dollars for 2 Crowns, as before ; 

Then will 6 Dollars be for 3 Ducats, and 6 Dollars for 4 
Crowns. 


Therefore, l ws ere © will be for 1 Crown, 


Conſequently, 3 of 54: +4 of 68 : + 73 = 205 will be 
the Diviſor to find the Crowns fiſt, Sc. 


Queſt. 11. A Caſhier is to receive 500 1. He is offered 
Crowns at 65. 1 4d. per Crown, which are worth but 65. Or 
he may have Dollars at 4s. 5 d. the Piece, which are worth but 
45. 4d. Which of theſe ſhall he receive to have the leaſt Loſs ? 
And how much will he loſe in the Payment? 

I 5 828 be 7 according to the true Values. 


1 Crown == 73,5 d. 

2 3 1 Dollar = 53, 0 d. the advanced Values. 

Now to find which will be the leaſt Loſs; find what the ad- 
vanced Value of a Dollar ought to be in Proportion to that of 
I Crown. | 

Thus 72: 73,5 :: 52: 53,083 &c. But he may have Dol- 
lars at 53 d. per Piece, theretore the Payment in Dollars will be 
the leaſt Loſs; wiz. 53 is leſs than 53,083 &c, 

Next, to find what the whole Loſs will be by receiving Dol- 
lars. Becauſe the 500 J. = 1200004. is advanced as much a- 
bove the true Value, as 53 d. is above 52 d.: therefore ſay, It 
534. advance 14. = 53d. — 52 d.; what will 120000 d. ad- 
vance? 1. e. 58 | | | 

53d. : 1 J.:: 120000d. : 2264 d. 9 l. 8. 4 35d. = 
the Loſs. 


Duef. 12, Suppoſe I exchange 4 J. 10s. 10 d. for 11 Crowns 
and 7 Dollars; and at another Time I have 4 Crowns and 3 


Dollars for 1 J. 15 8. each being of the ſame Value with the firſt, 
Firſt 


- 
— 


tt. 
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7 Firſt 11 Crowns + 7 Doilars = 1090 4. 
Second 2 Crowns ＋ 3 Dollars = 4207. J by the Queſtion. 


Then in order to find the Value of 1 Crown, you muſt caſt 
off the Dollars by making them of the ſame Number; Thus, 

33 Crowns + 21 Dollars = 3270 d. the firſt multipl. with 3. 

28 Crowns ＋ 21 Dollars = 2940 d. the 2d multipl. with 7. 


Then 5 Crowns = 330 d. being the Difference. 


Conſequently 5) 330 (66=5 s. 64. is the Value of 1 Crown. 
And 4 Crowns = 264. 4. 


Then will 3 Dollars = 4204. — 264 d. = 156 4. 
Conſequently 3) 156 (52 d. = 45. 4 d. the Value of 1 Dollar. 


G2iAE 2 
Of Alligation. 


W HEN it is required to mix ſeveral Sorts of Ingredients 
together; as different ſorts of Corn, Wines, Wool, 
Spices, or Metals; or to compoſe Medicines, &c. the Method 
of proportioning ſuch Mixtures is called the Rule of Alligation ; 


and is divided into two Parts or Branches, called Medial and 
Alternate. 


Sect. 1. Of Alligation Medial. 


| "gation Medial, is that by which the Mean Rate or Price 
of any Mixture is found, when the particular Quantities of 
the Mixtures and Rates are given ; and is thus performed. 
Firſt find the Sum of all the Quantities propoſed to be mixed? 
And alſo the Sum of all their particular Rates. 


Then the Proportion will be, 


As the Sum of all the Quantities: Is to the Sum of all their 
Rule Rates : : So is any Part of the Mixture : To the Mean 
Rate or Price of that Part. | 


Quęſt. 1. Suppoſe 15 Buſhels of Wheat at 5 5. the Buſhel, 
and 12 Buſh. of Rye at 3s. 64. the Buſh. were mixed * 
| at 


I 
I 


; 
7 
* 


— 


— 
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What is the Mean Rate or Price, it may be ſold for a Buſhel, 
without Loſs or Gain? 


This Queſtion prepared as directed above will ſtand 
Tn ; 15 Buſhels of Wheat at 5 5. per Buſhel come to good. 
us 7 12 Buſhels of Rye at 3s. 64, each come to 504d. 


27 = their Sum. And their total Value = 1404d. 
Then 27 Buſhels : 1404 d. :: 1 Buſhel : 524. =4s. 4d. the 
Anſwer required. 


Dueft. 2. A Grocer mixeth 36 Pounds of Tobacco, worth 
1s. 6d. a Pound, with 12 Pounds of another fort at 2 s. a Pound, 
and 12 Pounds of a third ſort at 1s. 10d, the Pound. How 
may he ſell the Mixture per Pound ? 


Ib. 1 a 


„ 648 
Firſt 5 „ of per Pound amount to 5 
2 N „0 264 


50 = the Number of Pounds. Their Value = 1200 
Then 60 lb: 1200 d.: : 1lb : 20 d. 15. 84. the Anſwer 
required. 


Queſt. 3. A Vintner mixeth 31 Gallons and a half of Malaga 
Sack worth 7 s. 6 d. the Gallon; with 18 Gallons of Canary at 
65. 94. the Gallon; 13 Gallons and a half of Sherry at 5; s. the 
Gallon; and 27 Gallons of White Wine at 4 s. 34. the Gallon. 
It is required to find what one Gallon of this Mixture is worth. 


G Pence. 

785 at 7 6 1238 | 

18 at 6 I 
Firft 1 . 5 1 per Gallon come to $0 


90 = the Number of Ga!. Their Value = 6480 


Then 90: 6480 :: 1: 72d. 6. the Rate or Price of one 


Gallon, as was required. 


'The Proof of all Operations in theſe ſort of Mixtures, is done 
by comparing the Value of all the Mixture (being ſold at the 
Mean Rate) with the total Value of all the particular Quantities, 
;eppoſing they had been ſold at their reſpective Rates unmixed'; 


if thoſe Sums are equal, the Work is true. 4 
Sect. 


9 
— —.L· . 
R Po 


1 5 FA 
— 4 4 


_— 
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Sect. 2. Of Alligation Alternate. 
of Fate Alternate, is that by which the particular Quanti- 


ties of every Ingredient concerned in any Mixture are found; 
when the particular Rates of every one of thoſe Ingredients, and 
the mean Rate are given; being (as it were) the Converſe to 
Alligation Medial ; as will appear by the following Operations, 
which admit of three Caſes. 

Caſe I. The Particular Rates of any Ingredients propoſed to 
be mixed, and the Mean Rate of the whole Mixture being giv- 
en. To find how much of each Ingredient is requiſite to com- 
poſe the Mixture; when the whole Quantity, or any Part there- 
of, is not limitted. 

Duet. 1. How much Wheat at 55. the Buſhel, and Rye at 
3s. 64. the Buſhel, will compoſe a Mixture that may be ſold 
for 45. 4 d. the Buſhel ? | | 

Note, In all Queſtions of this Nature, it will be convenient 10 
place the Mean Rate ſo, as that it may be eaſily compared with the 
Particular Rates, in order to find every one of their Differences 
from the Mean Rate, by Inſpection only. 

Thus, the Mean Rate = 52 d. ; wm! we 

Then take the ſeveral Differences between the Mean Rate and 
the Particular Rates; ſetting down thaſe Differences Alternately, 
and they will be the Quantities required. 

60 10 = 52 — 42 
Thus 32 42 3 8 = 60 — 52 

That is 52 — 42 = 10 for the Quantity of Wheat. 

And 60 — 52 d for the Quantity of Rye that will com- 
poſe the Mixture required. | 

The Proof by Alligation Madial. 
Add 5 10 Buſhels of Wheat at 60 d. per Buſhel = 600 d. 
8 Buſhels of Rye at 42 d. per Buſhel 336 d. 


18 = the Number of Buſhels. 2 9356 ͥ. 


Then 18: 936: : 1: 52 d. = 45. 44. the Mean Rate. 

Note, Although 10 and 8 do anſwer the Queſtion, as plainly 
appears by the Proof; yet they are not the only two Numbers; 
for this Queſtion, and all others of this kind, will admit of va- 
rious An{wets, and all whole Numbers; for any two Numbers 
that are in the ſame Proportion to one another, as 10 is to 8, 
will as truly anſwer the Queſtion. = 
22 12. 


1 


=—Y 


Of Alligation, &c. . 
823 
1 Sc. ad infinitum. 
25 : 20 


Duet. 2. A Grocer would mix 3 ſorts of Tobacco together, 
viz. One Sort of 18 4. per Ib, another Sort of 22 d. per Ib, and 
a third Sort of 23. the Ib. How much of each Sort muſt he take, 
that the whole Mixture may be fold for 20 d. the Pound? 

Having ſct down the given Rates, as before, then find each 
of their Differences from the propoſed Mean Rate, and place 
thoſe Differences alternately. Thus, | 

18 4 +2 =24 — 20 and 22 — 20 

Mean Rate J ) 2=20 — 18 

24) C2=20— 18 

Theſe Differences, viz. 6. 2. 2 are the Quantities required, 

lb of Tobacco at 184. | 
E Pro 


108 
21b at 22 d. bb Pound come wh my 
21b at 24d. 48 


lo the Number of Pounds. Their Value g 200 d. 
Then 10) 200 (20 the Mean Rate. 
Or indeed any three Numbers that have the ſame Ratio to one 


7 ; another as 6 and 2 have, will anſwer the Queſtion. 
, ; . 9 3 | 
That is, 6: 422: 4-12 14. 
1355 


But if only one of the three given Rates had been greater than 
the Mean Rate; as ſuppoſe 14 4. per Pound, 18 d. per Pound, 
and 24 J. per Pound, and the Mean Rate 20 d. as before. Then 
their Differences muſt have been placed 


14 4 
Thus, 0 18 4 Sc. as before, 
24 6 + 2 


s 
} 
Queſt. 3. A Vintner would make a Mixture of Malaga, 1 
worth 75. 64. per Gallon, with Canary at 65. 9d. per Gallon, 4 
Sherry at 5 5. per Gallon, and White Wine at 45. 3d. per 


Gallon ; What Quantity of each Sort muſt he take, that the f . ky 
Mixture may be fold for 65. per Gallon ? 8 

In all Queſtions of this Kind, wherein it is required to mix . 
four Things together, two of them having their Prices greater, 19 
and two lefier than the mean Rate: vou mult always alligate or i 


v2 Compare 


\ 
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compare a greater and leſſer Price with the mean Price, ſettin 
down their Differences alternately, as in the firſt Example of this 


1 


ep 


N 
+ 
ö 5 
il 
4 


Section. 
. Malaga 90 d. Nia 
Thus, Mean Rate } White 51 4. 18 = 90 — 72 
= 52 < Sherry 60 &. 9 = 81 — 72 
Canary 81 4. 12 2 72 — 60 


Hence 21 Gallons of Malaga, 12 of Canary, 9g of Sherry, and 
x8 of White, will compoſe the Mixture required. 


Malaga go d. c } 12 Malaga 
Sherry 604. 18 Sherry ; 
Or thus, Biel 81 4. 5 45 g on, Fe. 
White 51 4. 9 White 
Either of theſe Mixtures equally anſwer the Queſtion, which 
may be eaſily tried as before in the laſt, &c. 


Caſe IT. The particular Rates of all the Ingredients propofed 
to be mixed, the Mean Rate of the whole Mixture, and an 
one of the Quantities to be mixed being given: Thence to find 
how much of every one of the other Ingredients is requiſite 0 
compoſe the Mixture, 


Note, This is uſually called 4ll;gation Partial. 


Dueft. 4. How much Wheat at 5 s. the Buſhel, muſt be 
mixed with 12 Buſhels of Rye at 3s. 64. a Buſhel ; that the 
whole Mixture may be ſold for 45. 4 d. the Buſhel ? 

In this Caſe you muſt ſet down all the particular Rates, with 
the Mean Rate, and find their Differences juſt as before; with- 
out any regard had to the Quantity given. 

| © Wheat 607. 10 
Thus, Mean Rate 52 d. 3 Rye 42 783 8 
As the Quantity found by the Differences of the ſame 
Then Name with the Quantity given: Is to the Quanitiy 
given :: So is any of the other Quantitiss found by tht 
Differences: To the Quantity of it's Name. 


Thus 8: 82 :: 10: 15, the Quantity or Number of Buſhels 
of Wheat required. | 


Queſt. 5. How much Malaga at 75. 6 d. the Gallon, Sherry 
at 55. the Gallon, and White Wine at 45s. 34. the Gallon, 
muſt be mixed with 18 Gallons of Canary at 6 5. 9 d. the Gal- 
loa ; that the whole Mixture may be ſold for 6 s, the Gallon 


The 


SY be »< = was 
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ff The Terms being ſet down, Sc. as before, will ſtand 


Malaga 90 d. 21 
White 111. ; 18 
Sherry 60 d. 
1 81 4 8 5 * 
21: 3I x Gallons of Malaga. 
Then, as 12: 18 9 18:27 Gallons of White. 
| 9: 13 Z Gallons of Sherry. 
That is, 31 & Gallons of Malaga, 27 of White Wine, and 


Thus, Mean Rate 72 d. 


13 + of Sherry, being mixed with 18 Gallons of Canary, will 
make the Mixture required, 


Malaga go 0 f 12 


Sherry 60 18 
Or thus, he Canary 81 g 21 


White 51 9 
12: lor the Malaga. 
Then, as 21: 8 1 18: 15,7; the Sherry, - 
| 9: 7434 the White, 


Gallons. Pence. 
102; at 90 d. 92521 
15. at 90 d. 9252 
Proof. 7:5 at 51 . each 393.2, 
18 at 81 4. C1458 
Sum 512%; Value = 370227 


Then 51 r) 3702 21 (724d. =6s. the Mean Rate, 


Therefore the Quantities are as truly aſſigned here, as in the 
laſt Work. 


Caſe III. The particular Rates of all the Ingredients propoſed 
to be mixed; and the Sum of all their Quantities with the Mean 
Rate of that Sum being given; to find the particular Quantities 
of the Mixture. 

This is called Alligation Total, and is thus performed. 

Set down all the particular Rates, with the Mean Rate, and 
find their Differences as before: add together all the Differences 
into one Sum; 


52 (7 the Sum of all the Differences : Is to the Sum of ali 
hen 


the Quautities given :: So is every particular Dif 


ference : Ta it's particular Quantity. 

Queſt. 6. Let it be required to mix Wheat at 5 s. the Buſhel, 
with Rye at 35. 64. the Buſhel ; ſo that the whole Quantity may 
be 27 Buſhels, to be ſold for 45. 4 d. a Buſhel ; what Quantity 
of each muſt be taken to make up the Mixture ? 

. Q_2 Mean 


f 
1 


1 


Mean Rate 52 3 * 22 : c 8 


18 S their Sum. 


Then 18: 27 :: * N 4 the Quantities required, 


Queſtion 7. Suppoſe it were required to mix Malaga at 7 s. 64 
the Gallon, with Canary at © 5, 9 d. the Gallon; Sherry at 5 5. 


the Gallon, and White Wine at 4s. 34. the Gallon ; ſo that 


the whole Mixture may be go Gallons; to be fold for 6s. the 
Gallon : How much of each ſort will compoſe that Mixture ? 


Malaga 278 5 — 
I 


2 White 51 
Mean Rate = 72 d. Canary br 2 5 g 
Sherry 608 2 12 
60 = their Sum. 
21 : Iz Malaga, 
Then 60: 90 :: . 18 the Gallons of „ 
12:18 Canary. 
| Malaga go : ; 12 
Sherry O 18 
Or thus, 72 Canary 81 > 1 
White 51857 9g 
60 their Sum. 
© GS 18 Malaga. 
Then 60 : 90: : - : HP Gallons of oath 
9:13; White Wine. 


Either of theſe Ways do equally anſwer the Queſtion, as may 
be ealily tried by Alligation Medial. As before, &c. 


Note, The Work of theſe Proportions may be much ſhortencd 
( eſpecially when there arg many Ingredients to be mixed) if you ob- 
ſerve the ſame Method as was propoſed in the Rule of Fellowſhip, 
page 99, Sc. | | 


I have made Ule of the very ſame Examples both in Alligation 
Medial, and Alternate, throughout the three Caſes ; being, as! 
preſume, much better than if they had been different ones; be- 
cauſe the Learner may (if he conſider them a little) eafily perceive, 
not only the Difference between the two Rules, but alſo whereln 

the 
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the chief Differeuce of each Caſe in the Alternate Rule depends, 
Sc. Not but that I could have inſerted many various Examples, 
as alſo the Manner of compoſing Medicines, &c. which, for 
Brevity ſake, I have omitted, and refer thoſe that deſire to fee 
into that Buſineſs to Sir Jonas More's Arithmetick, wherein he 
will find it largely handled. And fo I ſhall conclude with Alli- 
ation Alternate, which altho' it gives true Anſwers to Queſtions 
of that Kind, wirh ſome little Variety, according as the Ingre- 
dients are more or leſs in Number; as appears by the foregoing 
Examples; yet it will not give all the Anſwers ſuch Queſtions 
are capable of, nor perhaps thoſe which ſuit beſt with the pre- 
ſent Occaſion : Nor can this [mperfeCtion be remedied by com- 
mon Arithmetick ; but by an Algebraick way of arguing it may; 
whereby all the poſſible Anſwers to any Queſtion may be clear- 


ly and eafily diſcovered ; as ſhall be ſnewed further on in the 
Second Part. | 


„ 
Of Metals and their Specifick Gravities, &c. 


Sect. 1. Of Gold and Silver. 


URE Gold, free from Mixture with other Metals, 
uſually called Fine Gold, is of ſuch a Nature and Purity 
that it will endure the Fire without waſting, although it be kept 
continually melted : And therefore ſome of the ancient Philo- 
8 have ſuppoſed the Sun to be a Globe of liquid or melted 
old. 

Silver having not the Purity of Gold, will not endure the Fire 
like it: Yet Fine Silver will waſte but a very little by being in 
the Fire any reaſonable time; whereas Copper, Tin, Lead, &c. 
will not only waſte, but may be calcined or burnt to a Powder, 
Both Gold and Silver in their Purity, are ſo very flexible or 
ſoft (like new Lead, &c.) that they are not ſo uſeful either in 
Coin, or otherwiſe (except to beat in Leaf-Gold or Silver) as 
when they are allay'd, or mixed and hardened with Copper or 
Braſs. And altho' moſt Places differ more or leſs in the Quan- 
tity of ſuch Allay, yet in England it is generally agreed on, that, 

Standard 
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9 


Standard for Gold. 


22 Carracts of Fine Gold, and 2 Carracts of Copper, being 
melted together ſhall be eſteemed the true Standard for Gold 
Coin, &c. (The French and Spaniſh Gold being very near of the 
ſame Standard). That is, if any Quantity or Weight of Fine 
Gold, be divided into Twenty-four equal Parts, and 22 of thoſe 
Parts be mixed with 2 of the like Parts of Copper; that Mix- 
ture is called Standard Gold. 

Whence you may obſerve, that a Carract is not any certain 
Quantity or Weight, but zr part of any Quantity or Weight; 
and the Minters and Goldſmiths divide it into 4 equal Parts, which 
they call Grains of a Carract ; alſo they ſubdivide one of thoſe 
Grains, into Halves, Quarters, Ec, 


Standard for Silber. 


Eleven Ounces and Two Penny- weight of Fine Silver, and 18 
Penny- weight of Copper being melted together, is eſteemed the 
true Standard for Silver Coin, called Sterling Silver. And ſo in 
Proportion for a greater or leſſer Quantity; which is a leſs Pro- 
portion of Allay for Silver, than the other is for Gold. 

Note, When either Silver or Gold is finer than Standard, it 
is called Better; if coarſer, it is called Worſe ; and that Bet- 
terneſs or Worſeneſs, is reckoned by Carracts and Grains of a 
Carract in Gold, and by Penny-weights in Silver; and is thus 
diſcovered : The Goldſmiths or Refiners, &c. take a ſmall Quan- 
tity of ſuch Gold as they intend to try (which they call making 
an Aſſay) and weigh it very exactly, then they put it into a Cru- 
cible, and melt it in a ſtrong Fire, fo long, that if there be any 
Copper, or other Allay mixt with it, that Allay may be con- 
ſumed or burnt away: When it is cold they weigh it very ex- 
actly again, and if it has loſt nothing of it's firſt Weight, they 
conclude it is Fine Gold, but if the Loſs be £ Part, they call 
it 23 Carracts Fine, or one Carract better than Standard: If it 
has loſt r, Parts it is 22 Carracts Fine, or Standard: If 3; Parts 
it is ſaid to be 21 CarraQts Fine, or rather one Carract worſe 
than Standard, and ſo in Proportion as it happens to be better 
or worſe, | 

In the ſame Manner they make their Aſſay on Silver, only 
they compute it's Loſs by Penny-weights, Qe. 

The Author of the Preſent State of England, mentioned be- 
fore (page 32.) ſays, 

That 
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That the Engliſb Coin may want neither the Purity nor 
Weight required, it is moſt wiſely and carefully provided, that 
© once every Year the chief Officers of the Mint appear before 
the Lords of the Council in the Star. Chamber at Mſiminſler, 
with ſome Pieces of all forts of Monies coined the foregoing 
« Year, taken at adventure out of the Mint, and kept under 
« ſeveral Locks, by feveral Perſons, till that Appearance, and 
© then by a Jury of 24 able Goldſiniths, in the Preſence of the 
* ſaid Lords, every Piece is moſt exactly weighed and Aſſay'd.“ 

This if it were conſtantly practiſed would keep our Coin to 
it's true Standard, c. 

Many pretty Queſtions may be ſtarted concerning the Fine- 
neſs of Gold and vilver, &c. 


EXAMPLE 1. 


If an Ingot of Silver weighing 787 Oz. 14 Put. 6 Grains, be 
11 Oz. 6 Prot. fine; How much fine Silver is there in it, and 
what amounts it to, at 5s. I f d. the Ounce ? | 

This Ingot is better than Standard by 4 Pwt. For 11 Oz. 
2 Pwt. = 222 Pwt. the fine Silver in 12 Oz. of Standard. But 
11 Oz, 6 Pwt. = 226 Put. the fine Silver in 12 Oz. according 
to the Queſtion. 


Firſt 787 Oz. 14 Pwt. 6 Grains = 378102 Grains. 

And 12 Oz. = 240 Put. 

Then, As 240 : 226 :: 378102: 356046 5; = 741 Oz. 
15 Pwt. 6 2 Grains the fine Silver in that Ingot. 

Which at 5s. 1 4 d. the Ounce, amounts to 190 J. 15. 6d. 


and near a Half penny. 


8 T4 . 


If an Ingot of Gold weighing 115 Oz. 13 Put. 18 Grains; 
be + of a Grain worſe than Standard: How much Standard 


| Gold is there in it, and what comes it to at 37. 113. an Qunce? 


Firſt 115 Oz. 13 Pwt. 18 Grains = 55530 Grains Troy. 
Then 24) 555 30 (2313,75 = a Carract of that Quantity. 
And 4) 2313,75 (578,4375 =a Grain of that Carract. 
Conſequently 4) 578,4375 (144,609375 = + of a Grain, 


Again, 231 3575 x 22 = 50902,5 ought to be the fine Gold 
Bu 


in that Ingot, if it had been Standard: 
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But 50902, 5 — 144,009375 = 507 $7,890625 i is the Quen- 
tity of fine Gold according to the Queſtion. Therefore 5009025: 
50757,890625 :: 55530 : 55372,244 Cc. Grains = 115 Oz, 
7 Put. 4, 244 2 Grains Troy, being the Quantity of Standard 
Gold in that Ingot, as was required. 


Next for the Value of it at 3/. 11 s. per Ounce; 1 Ox. ==489 
Grains; and 31. 11s.=71s. . Conſequently 480 : 71 :: 
55372,244 Cc. : 8190, 4777 Sc. = 409 J. 105. 5 à d. very 
near; being the Value of that Ingot, as was required. 

Or the laſt Queſtion may be otherwiſe wrought thus; 1150z, 

23 uf. 18 Grains = 115,0875, And 4 of a Grain of a Carract 
is 1% (viz. the 4 of 2) Then 22 — 1 = 21 35 = 21,9375. 
Conſequently 22: 21,9375 :: 115,6875 : 115,358842 Cc. 
= 115 Oz. 7 Pwt. 4,244 Grains, &c. as before. 

Next for the Value; as 1: 3,55: : 115, 358842: 409, 523689 
= 409 J. 10s. 5 4 d. very near: as before. 


| Sec. 2. The Specifick Gravity of Metals, &c. 


Take an Enquiry made about the different Gravities, or 

Weights of Metals, and other Bodies, to be (not only a Work 
of Curioſity, but alſo) of very good Uſe upon many Occaſions. 
Therefore ſeveral Authors have given us ſuch Proportions, or 
Difference of their Weights, as they are {aid to have one to an- 
other ; ſuppoſing every one of them to.be of the ſame Magni- 
tude or pres. Some of which I ſhall here inſert. 


* 7 Weary 2 Etten, in his Mathematical Recreations, printed 
Anno 1633, ſets down the Proportion of their Weights thus; 


Gold 1875 . Lead 1165. Silver 1040 . wee aaa dn Iron 810. 
Tin 750. Water 100 


2. One Alſted, in his Encyclopædia, printed 1649, hath them 
thus: Gold 1875. Quickſilver 1500, Lead 1165. Silver 1040. 
Copper 910 . Iron 806. Tin 750. Honey 150. Water 1co. 


Oil 90. Theſe ſcem to be taken from thole of Van Etten's, 
with, ſome Additions only. 


"2, "The i ingenious Mr. obe, in his Gireles: of Proportions 
printed. Anno. 1660, hath their Proportions (according to the Ex- 
periments of one Marinus Ghetaldi, in his Trad called Archi- 
medes Promotus) thus: Gold 3990 . Quickſilver 2850 . Lead 
2415 Silver 2170. Braſs 18985 Iron 1680. Tin 1554. 
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4. In the Philoſophical TranſaQtions, (Number 169 and 199) 
there is an Acccunt of a great many Experiments of this Kind ; 
from whence I collected theſe following, viz. Gold 18888 . 
Mercury 14019 . Lead 11343. Silver 11087 , Copper 8843. 
Hammered Braſs 8349 . Caſt Braſs 8100 . Steel 7852. Iron 
7033 . Tin 7321 . Pump-water 1000. 

heſe laſt Proportions being approved of and publiſhed by 
Order of the Royal Society ſeem to be unqueſtionably true: Ne- 
vertheleſs, becauſe they differ ſo much from the beforemention- 
ed (and thoſe from one another) J have for my own Satisfaction 
made ſeveral Experiments of that Kind: And have (I preſume) 
obtained the Propartions of Weight that one Body bears to ano- 
ther of the ſame Bulk or Magnitude, as nicely as the Nature of 
ſuch Matter, which may be contracted or brought into a leſſer 


Body (viz. either by Drying, or Hammering, or otherwiſe) 
will admit of; which are as folioweth : 


Oz. Troy || Oz. Avoir. 
2 Gold, is 10,359273 = 11,305602 
Standard Gold, 9,9602625 10, 930422 
Quickſilver, 7,384411= 8, 101753 
Lead, 550840 10 = 6, 553885 
Fine Silver, 55850035 = 6,418324 
Standard Silver, 5,5 56769 = 6,0965tg 
Roſe Copper, 4,7471212 5, 208369 
Plate Brafs, 4,404273= 4,832116 
Caſt Brafs, 4.272400 = 4,630300 
| Steel, 4,142127 = 44544505 
Common Tron, 4.031361 4, 422979 
| ACubick } Blick Tin, 23,801519 = 4,236638 
| Inchof \ Fine Marble, 1,429411= 1,568859 
ö Common Glaſs, 1,3008412 1493037 
Alabaſter, 0,988456= 1,0854477 
Dry Ivory, 0,9602083= 1,055542 
Dry Box- tucod, 0,5432822 o, 596057 
Sea Water, 0, 542742 0, 594894 
Common Clear Water, [o, 527458 = , 578697 
Red Mine, o, 5 23766 2 , 574046 
Preof Spirits of Brauch, 0, 489268 2 0, 536795 
Sound Dry Oat, O, 489008 = o, 536509 
Lin ſced Oil, | 0,491591 , 539345 
\ Oil Olive; | 0,48156g= 0,528350 
| 3 In 
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In this Table you have the Specifick Gravity or Weight of a 
Cubick Inch of various ſorts of Bodies, both in Troy Ounces 
and Ausirdupois Ounces, and Decimal Parts of an Ounce, which 
I can aſſure you required more Charge, Care, and Trouble, to 
find out nicely, than I was at firſt aware of. 

Now from hence it will be eaſy to determine the Weight of 
any propoſed Quantity, of the ſame Matter and Kind with thoſe 
in the Table; it's Solid Content being given in Cubick Inches, 
For it is plain, that if the Number of Cubick Inches contained 
in any given Quantity, be multiplied with the tabular Weight 
of one Inch, (of the ſame kind of Matter) the Product will be 
the Weight of that Quantity in Ounces, &c. 


EXAMPLE. 


Suppoſe it were required to find the Weight of a Piece of 
Marble, containing three Solid Feet, and 40 Cubick Inches. 

Firſt 1728 x 3z= 5184 the Cubick Inches in 3 Solid Feet. 

And 5184 ＋ 40 = 5224 the Number of Cubick Inches in 
the Piece of Marble. | | 

Then 5224 x 1,429411 = 7410,066624 Ounces Trey. 

Or $5224 x 1,568859 = 8195,719416Ounces Avoirdupois. 

The Weight of that Piece of Marble in Ounces, &c. which 
is eaſily brought into Pounds, &c, The like for any of the reſt. 

The Converſe of this Work is as eaſy ; viz, If the Weight 
of any propoſed Quantity be given, thence to find the Solid 
Content of that Quantity in Cubick Inches, &c. 

Thus, divide the given Weight of the propoſed Quantity (it 
being firſt reduced into Ounces, &c.) by the tabular Weight of one 
Inch (of the ſame kind of Matter) and the Quotient will be the 
Number of Cubick Inches contained in that Quantity. 

Note, If you would find what Weight any Quantity of thoſe 
Bodies mentioned in the Table will have, when it is immerſed 
or put into Water, you muſt ſubſtract the Weight of an equal 
Quantity of Water (with that of the Body) from the Weight of 
the propofed Body (if it be heavier than Water) and there will 
* the Mags. required. As for Inſtance, 

ubick Inch of Lead = 5,984010 
A Cubick Inch of Water = 8 Oe Ounces Troy, &c. 


tdttheir Difference is=5,441268 the Weight of a Cu- 
bick Inch of Lead in the Water, Sc. =. 


CHAP. 
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1 | 8 
. CHAP. XI. 
Evolution, or Extracting the Roots out of all Single | 
0 

Powers; Y one Geometrical Nes had. 
$ r 
S. 1 is the Unravelling, or as it were the Unfolding and 
d i Reſolving any propoſed Power or Number, into the fame 
t Parts of which it was compoſed, or ſuppoſed to be made up. 
e Now in order to perform that, it will be convenient to conſider 


how thoſe Powers are compoſed, Ec. 
A Square Number is that which is equally equal ; or which is 
contained under two equal Numbers. Euclid. 7. Def. 18. Thus 
the Square Number 4 is compoſed of the two equal Numbers 2 
f WF and2. viz. 2x2= 4. Or the Square Number q is compoſed 
of the two equal Numbers 3 and 3. viz. 4x 329: according 
to Euclid, That is, if any Number be multiplied into itſelf, 
n that Product is called a Square Number. 
A Cube is that Number which is equally equally equal, or 
+ which is contained under three equal Numbers, Exc. 7. Def. 19. 
. Thus the Cube Number 8 is compoſed of the three equal Num- 
bers 2 and 2 and 2. viz., 2 * 2 * 2 22 8, &c. That is, if any 
Number be multiplied into itſelf, and that Product be multiplied 


t with the ſame Number; the ſecond Product is called a Cube 
d Number. | 
Theſe two, wiz. the Square and Cube Numbers, borrow their 

it: WW Names from Geometrical Extenſions or Figures ; as from the 
e | three Signal Dantities mentioned in page 2. That is, a Reet | 18 
e WW repreſented by a Line or Side, having out one Dimenſion, z. | 

that of Length only. The Square is a Plane or Figure of two 7 
ſe Dimentions, having equal Length and Breath. The Cube is a | 
d Solid Body of three Dimentions, having equal Length. 1Brcadth, | 
al and Thickneſs : + But beyond theſe three, Nature, proceeds not, | 
ff as to Local Extenfion. That is, the Natwe of Place or Space : 
I admits no Room for other Ways of Extenſion, than Length, 8 


Breadth, and Thickneſs. Neither is it poſlible to form or com- ö 
poſe any Figure or Body beyond that of a Solid. f 

And therefore all the ſuperior Powers above the C be or third 

Power; as the Biguadrat or fourth Power, the Sur/:lid or fifth 

. Power, c. are beſt explained and underſtood by a Rank or Serie; 

of Numbers in Geometrical Proportion. For inſtance : Suppoſ: 

any Rank of Geometrical Proportionals, whoſe firſt Term and 

,. Ratio are the ſame; and to them let there be aſſigned a Series 
R 2 of 
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of Numbers in Arithmetical Progreſſion, | beginning with an Unit 
or 1, whoſe common Difference is allo 1, as in page 79. 
Thus 1 2. 3 4. 5. 6% 7 Indices. 
72. 4. 8. 16. 32. 64 . 128 Cc. in = 
Then are thoſe Numbers in = produced by a contiued Mul- 
tiplication of the firſt Term or Root into. it ſelf; and thoſe in 
rithmetical Progre/Jjon or Jadices, do ſhew what Degree or 
Power each Term in, the Geometrical Proportion is of. For Ex- 
ample ; In this Series. of - = 2 is both the ſitſt Term or Root, 
and common Ratio of the Series. Then 2 x 2 = 4 the ſecond 
Term or Square; and 2x2 x2 =8, or 4x2 26, the Cube 
or third Term; 2x2x 2x 2 2 16, or 8 x 2 = 16 the fourth 
Term or Biquadrat. And ſo on for the reſt. 

Note, This is called Jubolution, viz. II hen any Number is 
dratun into it ſelf, and afterwards into that Product, &c. it is ſaid 
zo be fo often involved into itſelf ; and the Indices are the Exponent. 
of their reſpectiue Powers ſo involved. 215 | 

And according to theſe Involutions, is formed the following 
Table of Powers; wherein the Root is only one ſingle Figure. 
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This Table plainly ſhews (by Inſpection) any Power (under 
the Tenth) of all che nine Figures; and from thence may be 
taken the neareſt Root of any Square, Cube, | Biquadrat, Ec. 
of any Number whoſe Root or Side is. a ſingle Figure. 
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But if the Root conſiſts of two, three, or more Places of Fi- 
gures, then it muſt be found by piece-meal, or Figure after Fi- 
gure, at ſeyeral Operations. * 957 87 | 

The Extraction of all Roots, above the Square (viz. of the 
Cube, Biquadrat, Surſolid, &c.) hath heretofore been a very 
tedious and troubleſome Piece of Work: All which is now very 
much ſhortened, and rendered eaſy, as will appear further on. 

When any Number is propoſed to have it's Root extracted, the 
firſt Work is to prepare it, by Points ſet over (or under) their pro- 
per Figures; according as the given Power whoſe Root is ſought 
doth require; and that is done by conſidering the Index of the 
given Power, which for the Square is 2, for the Cube 3, for the 
Biquadrat is 4, Cc. (as in the precedent Table) Then allow fo 
many Places of Figures in the given Power, for each ſingle Fi- 
gure of the Root, as it's Index denotes; always beginning thoſe 
Points over the Place of Unity, and aſcend towards the Left- 
Hand if the given Number be Integers, and deſcend towards the 
Right-Hand in Decimal Parts. As in theſe following. 

Suppoſe any given Number; as 75640387246 which I ſhall 
all along hereafter call the Reſolvend. ES | 

Then if it be required to extract any of the following Roots, 
it muſt be pointed (according to the forementioned Conſidera- 
tion) in this Manne: „ 9 8 
Square Root Thus 75640387246 

I Cube Root 75640387246 

Viz. For the _ 5 

Biguadrat Root 75640387246 


RNs Surſolid Ret 75640387246 
Or ſuppoſe the Number to be 0,674035982 _ 


Square Rect Thus 0,6740359820 . 


— — 


Then for the J Cube Root - , ©,674035982 


4 be | - . 73 . z © = _ 
) 1 4 : 1 + $ ma to a # 1 1 
TC Biquadrat Rt o, 674035982000 


Now the Reaſon of pointing the given Reſolvend in this man- 
ner; viz. the allowing two Figures in the Square; three Figures 
in the Cube, and four Figures in the Biquadrat, Ec. for one 
Figure in the Root, may be made evident ſeyeral ways; but I 
think it is eafily conceived from the Table of ſingle, owers, 
wherein you may obſerve that all the Powers of the Figure 

1855 (which 
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(which is but a fingle Figure) have the ſame Number of Places of 
Figures, as the Index of thoſe Powers denotes : Therefore fo 
many Places of Figures muſt be taken or affigned for every ſingle 
Figure in the Root. Conſequently by theſe Points is known how 
many Places of Figures there will be in the Root, viz. So many 
Points as there are, fo many Figures there muſt be in the Root, 
and whether they muſt be Integers or Decimal Parts, is eaſily 

determined by the reſpective Places of the Points. 


_— 
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ND firſt how to extract the Square Root, according to the 
common Method. | 

Having pointed the given Reſolvend into Periods cf two Fi- 
gures as before directed; then by the Table of Powers (or other- 
wiſe) find the greateſt Square that is contained in the firſt Period 
towards the Left-Hand (ſetting down it's Root, like a Quotient 
Figure in Diviſion) and ſubſtract that Square out of the ſaid Pe- 
riod of the Reſolvend : To the Remainder bring down the next 
Period of Figures, for a Dividend, and double the Root of the 
firſt Square for a Diviſor; enquiring how often it may be had in 
that Dividend, ſo as when the Quotient Figure is annexed to 
the Diviſor, and that increaſed Diviſor multiplied with the ſame 
Quotient Figure, the Product may be the greateſt Number that 
can be taken out of that Dividend; which ſubſtract from the 
ſaid Dividend, and to the Remainder bring down the next Pe- 
riod of Figures, for another new Dividend: Fhen ſee how often 
the laſt increaſed Diviſor can be had in the new Dividend (ww: 
the ſame Caution as before, viz.) ſo as that the Quotient Figure 
being annexed to the Diviſor, and that increaſed Diviſor multi 
plied with the ſame Quotient Figure, their Product may be the 
greateſt Number. that can be ſubſtracted from the new Dividend. 
(As before) And fo proceed on from Period to Period (viz. from 
Point to Point) in the very ſame Manner, until all be finiſhed. 

An Example or two being well obſerved will render the Wok 
of forming the new Diviſors, &c. more plain and eaſy than can 
be expreſſed in a Multitude of Words. : 


Example 1. Let it be required to extract the Square Root out 
of 572199960721. This Reſolvend being prepared or pointed 
as before directed, will ſtand _ 
| | U, 
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Thus, 372199060721 (756439 the Root. 
__49= the greateſt Square in 57. 


1. Diviſor 145) 821 


5 125 = 145x$ 


2. Diviſor 1500) "9699 


9030 = 1506 * 6 


3. Diviſor 15 124) 55396 


4 60496 = 15124 x 4. 


4. Diviſor 151283) 590007 


3_ 288492151283 x 3 


5. Diviſor 1512869) 13615821 


9 13615821 = 1512869 x 9 


Proof 7506439 x 750439 = 572199900721 the Reſolvend. 


Example 2. What is the Square Root of 1850701,764025 7 
Operation 1850701,764025 (1360,405 
I 


23) Bs 
3 
266) 1607 ; Hence 1360, 405 is the 
6 1590. Root required, 
17204) 1101,76 
4 1088 16 5 
1720805) 13 604025 
5 13 604025 
(0) 


Ex. 3. What is the Square Root of o, o607 6225 Dec. Parts? 


Operation 0,0607 6225 (0,2465 the Root required. 
04 * 32 * 52 5 


44) 2077 
4 176 | 0,2465 x 8 — 
2486 312 Proof 1 0,06076225..the 
_ 6 3 6 Reſolvend. 
+4925) 24525 
3 242 
| r 


What 


— 
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What is here done in whole Numbers, mixed Numbers, and 
Decimals, may alſo be done in Vulgar Fractions; if you firſt 
change the given Fraction into Decimals. (As in Sect. 5. p. 68.) 


Example 4. Let it be required to extract the Square Root of 
23. Firſt 33 = 0,04 


Then 0,64 (,8 the Root required. 
= 
| (0) 

In theſe 4 Examples the Reſolvend hath been a perfect Square; 
and therefore the Root hath been extracted without leaving any 
Remainder : But it very often happens that the Reſolvend is not 
a true Figurate Number, according to the propoſed Power. That 
is, it is not a perfect Square, Cube, Biquadrat, c. and then 
ſomething will remain after the Extraction hath been made 
throughout all the Points. Such Numbers are called Surd Num- 
bers, and their Roots can never be truly found, but will become 
a continued Series, ad infinitum : If to the Remainder there be ſtill 
annexed Cyphers according as the propoſed Power requires, viz. 
by two's in the Square; three's in the Cube; four's in the Bi- 
quadrat, &c, and the Operations continued on as before. 


Example 5. Suppoſe it were required to extract the Square 
Root of 6968. . | 


Operation 6968 (83,4745, Ec. 


564 
163) 568 
1664) 79,00 
4 66 56 
16687 12 4400 
1 
166944) 759100 
RE 667770 
1669485) 9132400 
; 5 8347425 


| 16694900 784975 Cc. | 
Then the Root of any Surd Number may be continued on to 
what Exactneſs you pleaſe, but cannot be truly found. 


In my Compendium of Algebra, Chap. 9. I have propoſed 
another Way of extraCting the Square Root, and there given 
Examples of the Work; which to avoid Prolixity is thus: 


Having 


—"Y Att 
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Having pointed the given Reſolvend, and taken the greateſt 
Square to the firſt Point from it, as before. Then divide the 
Remainder of the whole Reſolvend by 2 (that is, half it) and 
point it a-new. (This I call a new Dividend) Then make the 
Root of the firſt Square a Diviſor, inquiring how often it may be 
found in the new Dividend to the next Figure forward, reſerving 
that Figure under the next Point for the half Square of the Quo- 
tient Figure. Which being found, multiply the Diviſor with it, 
adding to that Product the Tens of the half Square if there be any, 
as in plain Diviſion, Then annex the Quotient Figure to the 
laſt Diviſor for a new Divifor, with which proceed in all Re- 
ſpects as with the laſt Diviſor; and ſo on until all be finiſhed. 


Example 6. What is the Square Root of 2990667969 ? 


Operation 2990667969 es wn 
I (5 The firſt ſingle Root 
2) 4906607969 The Remainder to be divided by 2. 


Firſt Root 5) 245333984,5 (54687 8 
+4 208=56 x 4 : ＋ f the Square of 4, viz, Y 8. 
Diviſor 54) 3733 Ny | 825 
+ 23258 6: + the Square of 6. 
Diviſor 540) 47539 
— 8 43712 = 546 x $: +7 the Square of 8. 
Diviſor 5468) 382784, 5 | 
+ 7 382784,5==5468 x 7 : ++ the Square of 7, 
3 
Hence the Root is found to be 54687, as was required. 


All the Difficulty in this Method is only the true placing of the 
half Square of the Quotiear Figure, when it happens to be an odd 
Number: In that Caſe you muſt bting down one Figure more of 
the Dividend; viz. of the next Period; under which, place the 
odd 5 that will always ariſe from the half Square of an odd Num- 
ber: As 7 whoſe Square is 49 the Half of which is 24,5 to be 
placed as in the laſt Operation gf this Example. 
N. B. ßen the Number of Figures in the Root of any Surd 
Number are limited ; you need not praceed in extrating the whole 
Noot as before ; but -only to one Figure more than half the deſigned 

Number of Figures; for the Reſt may be ebtained by plain Diviſion 
only, © t &f THAHSTL diese DH 2040 120 4 v4) COU SSITR as 
SQL Gs 8 
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Example 7. 


Suppoſe it were required to extract the Square 


Root of 7 (a Surd Number) to have 12 places of Figures in it. 


7 (2, 645751 
4 


Remainder 
2 ) 
+ 46 
3 1 
— 04 
2,04) 
＋ ,005 
2,645) 
wÞ- ,0007 
2,0457) 
＋ ,00005 


2554575) 
＋,oooool 


: 2,045751 


Thus 2,645751) 8229995 


Firſt Part of the Root. 


I, 50 = Half the Remainder, 


1,38 — 2x,0 


1200 
1048 


152000 
132125 


1987500 


; the Square of 0,6=0,18 


8517245. 


13575509 
13228625 


34087 500 
26457505 


8229995 


Having thus got 7 of the 12 Figures required in the Root; 
the reſt may be eaſily found by the contract Way of Diviſion 
propoſed in page 68. 


1937253 
292742 


204575 | 


28167 
20457 
1710 
1097 


(13) 


2, 64575131100 


Hence I ſind the Root of 7 to be 2, 64575 131 10b, as was re- 


quired, 


Thus you have two ways of extracting the Square Root, ei- 
ther of which may be practiſed as every one likes beſt, 


Sect, 


FX 

B 
4: 

* ll 
* 


— 
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Sect. 3. To ertrad be Cube Root, 


T HE Method I ſhall here propoſe for extracting the Cube 
Root admits of two Caſes ; both which are to be very 
well obſerved, 

Having pointed the given Reſolvend, (as before directed) viz. 
into Periods of 3 Figures; then ſeek a Cube Number by the Ta- 
ble of Powers (or otherwiſe) that comes neareſt to the firſt Period 
of the Reſolvend, whether it be greater or leſs than that Period. 

Caſe 1. If the Cube Number ſo taken, be leſs than the firſt 
Period of the Reſolvend, call it's Root Leſs than Juſt: A 
ſubſtract that Cube from the firſt Period of the Reſolvend. 

Caſe 2. But if that Cube be greater than the firſt Period of 
the Reſolvend, call it's Root Moze than Juſt: And ſubtract 
the Reſolvend from that Cube, annexing Cyphers to it, that ſo 
Subſtraction may be made. 

To the firſt Root, whether it be leſs or more than Juſt, an- 
nex ſo many Cyphers as there are remaining Points over the 
whole Numbers of the Reſolvend, and multiply it with 3: Then 
making that Product a Diviſor, by which you mult divide the 
Difference between the Reſolvend and the foreſaid Cube ; that 
Quotient will be the Reſolvend depteſſed to a Square, and there- 
fore muſt be pointed as ſuch, viz. into Periods of two Figures 
each. That being done, make the firſt Root (without thoſe 
Cyphers that were annexed to it) a Diviſor, enquiring how of- 
ten it may be found in the farſt Period of the new Reſolvend (as 
before in extracting the Square Root) with this Conſideration, 
that if the Root (now a Diviſor) be leſs than Juſt, as in Caſe 1. 
you muſt annex the Quotient Figure to it, and then multiply 
the Root ſo increaſed into the ſaid Quotient Figure, ſetting down 
the Unit's Place of their Product under the pointed Figure of that 
Period, ſubſtracting it, as in Diviſion. And fo on from one 
Period to another, as before. 

But if the ſaid Root (now a Diviſor) be more than Juſt, as in 
Caſe 2. Then you mult ſubſtract the Quotient Figure from a 

Cypher annexed, or ſuppoſed to be annexed, to the ſaid Divi- 
ſor ; multiplying the Root ſo decreaſed into the Quotient Fi— 
gure ; ſetting down their Product as before, &c. An Example 
or two in each Caſe will render the Work plain and eaſy, | 

Note, Each Quotient Figure ought always to be twice added to 
the Diviſor, if the Tabular Cube was taken leſs than juſt, or twice 
ſubſtratted from it, if greater ; viz. once before you multiply by it, 
and once with the next Quotient Figure : as will be ſhewn in the 


8 2 following 
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following E xamples ; which are therefore more exact and conciſe 
than as done by the Author in all the former Editions of his Work. 
Ex. 1. What is the Cube Root of 146363183 the given Reſolvend, 


to be pointed thus 146363183 (the firſt Root, leſs than Juſt. 
125 = the neareſt Cube to 145 


ary Z= 1500) 21363183 (14242,12 new Reſolvend 
i 


Root 5 

xr Diviſor 52) 14242,12 (527 the Root required, 
== 27 104 

&Diviſor 547) 3842 


_3529 
13 the Remainder to be rejected. 
Here the Root 527 is the true Root at the firſt Operation, as 
may be eaſily tried by involving it. 

That is 527 x 527 x 527 = 146363183 the given Reſolvend. 
But if it had not been the true Root, then every thing that hath 
been here done muſt have been repeated; only inſtead of the firſt 
ſingle Root (viz. 5.) you muſt have taken the increaſed Root 
(viz. 527) and this I call a ſecond Operation; which would 
increaſe the laſt Root to nine Places of Figures; viz. every O- 
peration triples the Number of Places in the laſt Root; as will 
appear further on, 

N. B. It often happens that four, five, and ſometimes more Places 
of Figures may be taken into the Root : eſpecially when the ſecond 

lace proves to be a Cypher. That is, when the firſt Cube comes 
very near to the firſt Period of the Reſalvend. 


ZET MPLE: 2. 


What is the Cube Root of 67507824239 (4000 Root leſs than 
Firſt neareſt Cube = 64. 5 Ju 


Root 4000 x 3 120000 3507824239 (292318,68 
Firſt Root 4 8 


„ 
1 Diviſor 407) 292318, 68 (4071,79 
＋ 071 2849 | 


2 Diviſor 4141) 7418 
+ 17 44% 
3 Diviſor 4142,7) 3277,08 
222899287 


— — 


4 Diviſor 4143,40) 377,79 Ke, 


In 
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In this Example I have taken fix Figures into the Roots, be- 
cauſe the ſecond Place proved to be a Cypher. And in theſe fix 
the Exceſs is not an Unit in the laſt Place; for if there were 
made a ſecond Operation, the Root would be 4071,78 Sc. as 
may be eaſily tried. 


A MPLE Z. 


Let it be required to extract the Cube Root out of this Num- 
ber; | F; OE ILY © pear WIS ad 
Viz. 97637960298907 3960279630298890 
The neareſt Cube to 976 is 1000 whoſe Root is 10 more than juit, 
it's Cube 1000000000000000000000000000000 

— 09g7637960298907 29602796302988qo theReſolvend 

Remains 23020397010920039720309701110 

The firſt Root 10000000000 x 34 = 30000000000 the Diviſor 


Then 30000000000) 23020397010926039720 01110 (787 34- 
6567030867990 for a new Reſolvend. 3997 (7973 


1ſt Root 10 
— 007 
— + + + + + » +» +» «f TOOOCOOOOOO= iſt Root. 
1 Div. 993) 787 8 7 0079364 &c. ſubſtract. 
— 79 222 Remains 9920636000 the Root 
2 Div. 9851) 92246 true to the ſixth Figure, and only 
— 93 88659 too little by an Unit at the ſeventh, 
3 Div. 98417) 358756 at the firſt Operation. 


— 36 295251 
4 Div. 954134) 6350570 


_ 64 5004804 
5 Div. 9841276) 44570030 
&c. &c. 


For a ſecond Operation (if you require no more than ten Places of 
Figures true in the Root) you need only aſſume 9920000000 ; which 
being leſs than juſt, proceed with as follows : 


From the given Reſolvend = 97637960298907 3960279630298890 
Sub.theCubeof 9920000000 = 97619 1488000000000000000000000 


Remainder 10811495907 396 &c. TY 


Then 3x992 &c. =2976 &c.)1881 1498907 396 &c.(6321068181 &c. 
for a new Reſolyend, . 
99200 


— 


134 Arithmetick. 


Part I. 
99200 
— 06 
* + + +» +» {9920000000 the Root aſſumed 
99206) 6321068181 637163,5 add 
＋ 63 595235 9920637 163, 5 the Root true to 


992123) 3687081 the tenth Figure, and only too 
+ 37 2976369 much by an Unit in the ele- 
9921207) 71071281 venth. 


＋ Kc. 69448869 | 
992127*) 1622412 * Here the Additions of the Quo- 
2* 992127 tient Figure being of no Con- 
5630285 ſequence, therefore the Divi- 
595276 ſion is carried on from hence, 
35009 2 in page 68. 

29703 

5246 

4960 

&c. 


In the ſame manner the Cube Roots of Decimal Parts; or of 
vulgar Fractions, being firſt changed into Decimals, may be 
extracted. 


— 
— 


Sect. 4. To Extract the Biquadrat Root, 


11 extracting the Biquadrat Root, or that of the Fourth 
Power; (and indeed the Roots of all even Powers) there are 
ſome ſmall Difficulties, not ſo eaſily expreſſed and explained in 
a few Words, as they are by an Algebraic Theorem (ſuch as 
ſhall be ſhewed further on) I have therefore in this Place made 
choice of extracting ſuch Roots by two ſeveral Extractions; and 
the rather, becauſe I preſume the Reader by this Time tho- 
roughly acquainted with the Buſineſs of extracting the Square 
Root, by which this may eaſily be performed. Thus : 

Firſt, Extract the Square Root of the propoſed Reſolvend, 
then the Square Root of that firſt Root will be the Biquadrat 


Example 1. What is the Biquadrat Root of 48575 32416 
Firſt extract it's Square Root, (98 A% 
us 
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Thus 4857 532416 
I — 36 = the greateſt Square, whoſe Root is 6. 
1257532416 Remainder to be divided by 2. 
Firſt Root 6) 628766208 (6969 
+ 9 $5505 
69 4826 
—- © 4158 
696 668620 
* 98 626805 
6969 418158 
418158 


\ 


1 
eee s being the firſt Root, whoſe Square Root 
Then 6g6g6 3 muſt now be extracted. 
— 4 
29096 Remainder to be divided by 2. 
Firſt Root 2) 14848 (264 the Biquadrat Root as was required 


＋ 6 138 
26) 1048 
a.” 4 1048 


264 (0) 
This is ſo eaſy I need not inſert any more Examples. 


—_— 


Sect. 5. To Extract h Surſolid Root. 


Aving pointed the given Reſolvend according as it's Index 

denotes; viz. into Periods of five Figures; ſeeking ſuch a 
Surſolid Number in the Table of Powers (or otherwiſe) as comes 
the neareſt to the firſt Period of the Reſolvend, whether greater 
or leſs; and call it's reſpective Root accordingly ; viz. more 
than Juſt, or leſs than Juſt ; annexing ſo many Cyphers to it, 
as there are remaining Periods of whole Numbers in the Reſolv- 
end; as before in extracting the Cube Root: Then find the 
Difference between the Reſolvend, and the Surſolid Number fo 
taken, by ſubſtraCting the leſſer from the greater, (as before in 
the Cube). Next find the Cube of the aforeſaid Surſolid Root 
with it's annexed Cyphers, (which you may alſo do by the Ta- 


| ble of Powers) and multiply that Cube with 5 the Index of the 
| Surſolid, the Product muſt be a Diviſor, by which the Diffe- 
rence between the Reſolvend and the Surſolid Number muſt po 

| divided ; 
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divided ; that ſo it may be depreſſed to a Square (as before in 
the Cube) which muſt be pointed into Periods of two Figures 
each, calling it the new Reſolvend (as before). Then make 
the firſt Root, without it's Cyphers, a Diviſor, enquiring how 
often it may be found in the firſt Period of the new Reſolvend, 
with this Conſideration, if the Root (now a Diviſor, be leſs than 
Juſt, you muſt annex twice the Quotient Figure to it ; but if it 
be more than Juſt, you muſt ſubſtract twice the Quotient Figure 
from a Cypher either annexed or ſuppoſed to be annexed to that 
Diviſor or Root, multiplying it ſo increaſed or diminiſhed, with 
the ſaid Quotient Figure, ſetting down their Product, &c. as be- 
fore. An Example in each Caſe will render it plain and eaſy. 


Example 1. Suppoſe it be required to extract the Surſolid Root 
out of this Number 12309502009375, 


12309 50200 7 5 The Reſolvend pointed, 
The neareſt Surſolid Number to 1230, the firſt Period of the 
Reſolvend, is 1024, whoſe Root is 4 being leſs than Juſt. 


Therefore 12 309 5 02009375 
— 1024 


2 2069502009375 their Difference. 
Next the Cube of 400 is 64000000 per Table, &c. And 
64000000 x 5 = 320000000 the Diviſor. | 


Then 320000000) 2069502009375 (6497 &c. 
Firſt Root 400 


+ 2x 10=-+ 20 


400 


1 Diviſor 420) 6467 ＋ 15 
+20-þ2x5=—+ 30 42 415 Root true 
450 2267 
2250 | 


| 17 the Remainder to be rejected. 

That is 415 is the Surſolid Root of the given Reſolvend. 

As may be eaſily tried by involving it to the fifth Power, iz. 

415 x 415 x 415 x 415 x 415 =12309502009375 the given 
Reſolvend. 


Note, Here again the double Quotient Figure ought to be twice 
added or ſubſtracted, in the ſame Manner as the ſingle one was di- 
refed for the Cube Root, page 131, and the Operation for the Sur- 
ſolid Root in theſe two Examples is performed accordingly : contrar) 
ta what was heretofore done by the Author. 


PE xambit 


a a a nigh ay — 6 
E 9 Re 


Wo; 
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Example 2. What is the Surſolid Root of 2327834559873 
The neareſt Surſolid Number to 232 is 243 whoſe Root is 3 
being more than juſt, 
Therefore 2430000000000 
— 2322783459823 
Remains 102165440127 For a Dividend. 
The Cube of 300 is 27000000 and 27 000000x 5=1 35000000 
Then 135000000) 102165440127 (756,7810 new Reſolvend. 


Firſt Root 300 


— 2x2 =—4 

= —— „ 
1 Diviſor 296) 756,7810 —2,566 
—4— 2x o, 5 2 — 5,0 592 297,434 The Root on- 
2 Diviſor 291,0) 164,78 ly too little by 2 in 
—I—2x0,00=—1,12 145,50 the loweſt Figure, 
3 Diviſor 289,88) 19,2810 

&Cc, &c. 


Now the Reaſon why this Root comes out to ſo many Places 


of Figures at the firſt Operation; is becauſe the firſt Sur ſolid 
Number was ſo near the Reſolvend, Sc. As before. 


1 — — 


. — 


Set. 6. To extract e Root , Square cubed. 


HIS may be eaſily performed by two Extractions, ac- 
cording as it's Name denotes. Thus, firſt extract the 
Square Root of the given Reſolvend; then extract the Cube 
Root of that Square Root, and it will be the Root required : 
That is, it will be the Root of the ſixth Power. Or thus, firſt 
extract the Cube Root of the Reſolvend; then extract the 


Square Root of that Cube Root, and it will be the Root re- 
quired. 


EX41MPLE: 1. 


Let it be required to extract the Square cubed Root out of this 
Number 14522053735 3515625 the Refvlvend. 
Firſt I extract the Square Root of- this Reſolvend, which I 
take to be the beſt and eaſieſt *. 


Thus 


———————— —_— 
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Thus 145220537353515625 
Remains 552205373535 15625 to be halfed. 


Then 3) 27610268676757812,5 (381078125 
FFV | 
38) 4102 
. I 
38 10) 2976867 


44. ͤö;—ũ! ü 
38107) 3096226 
*. 8 3048592 _ 


387078) 47634757 


— 1 38102805 
23810781) 95269528 
＋ 2 20215022 
38107812) 1905 390612, 5 
+ 5 _1905390012,5 
381078125 (0) 


Having found the Square Root of the given Reſolvend, T pro- 
cecd to extract the Cube Root of that Square Root. 


That is, of 381078125 | 
— _343=the neareſt Cube, it's Root is 709 
Then 700x 3 2 2100) 35078125 (18161 


Firſt Root 7. 


— 2 
| — . «£700 
1 Diviſor 72.) 18161 (25 
— 25 144 725 
2 Diviſor 745) 3701 
| . 
(36) 


Hence I find 725 to be the Square cubed Root required; 2! 
may eaſily be tried by involving it to the ſixth Power. That is, 
725x725x725x725x725x725 will be found 2 145220537 
35 3515725 the given Reſolvend. Bs 

W$C 50 


ed 
* 
F; 

* 
* 
1 
7 

* 


„* 


Chap. 11. Of Extracting Roots, &c. 139 


il 


Sect. 7. To extract h Root of he ſeventh Power, 


He pointed the given Reſolvend, as it's Index denotes, viz. 
into Periods of 7 Figures, ſeek out ſuch a Number of the 
th Power, by the Table of Powers, as comes neareſt to the firſt 
Period of the Reſolvend; whether it be greater or leſſer, calling it's 
reſpective Roat more than Juſt, or leſs than Juſt, annexing it's 
proper Number of Cyphers, Cc. as in the Cube and Surſolid. 

Then find the Difference between the given Reſolvend, and 
that Number of the 7th Power (found by the Table of Powers) 
by ſubſtracting the leſſer from the greater. 

Next find the Surſolid or fifth Power of that Root with it's an- 
nexed Cyphers (which you may alſo do by the Table of Powers) 
and multiply that Surſolid Number with 7, the Index of the given 
Reſolvend ; that Product mult be a Diviſor, by which the foreſaid 
Difference mult be divided, that ſo it may be depreſſed to a Square, 
to be pointed, &c. as before in the Cube, &c. then make the firſt 
Root, without it's Cyphers, a Diviſor; working with it and the 
new Reſolvend {as before) only here you muſt increaſe, or di- 
miniſh the Diviſor with thrice the Quotient Figure *. | 

Example. What is the ſecond Surſolid Root, or that of the 
ſeventh Power, | | 


of 38298655 2955078125 the Reſolvend pointed. 
— 2187 the neareſt of the ſeventh Power. 


164250553955078125 their Difference. 

The firſt Root is 300 being leſs than Juſt, and the fifth 
Power of 300 is 2430000000c00 which being multiplied with 7 
is 17010000000000 for a Diviſor, by which the aforeſaid Dif- 
ference muſt be divided; which contracted may ftand thus, 
1701) 16428655 (9658,23 Cc. | 

Firſt Root 300 


+3 x20=-þ 60 


ich . » { 4200 
1 Diviſor 300) 9658 2 
bo 3x05=—+ 75 72 325=thetrue Root required. 
2 Diviſor 435) 24.58 
2175 (as before 


283 the Remainder to be rejected, 


* That is, by twice adding or ſubſtracting the triple Quticn: Figure, as was done 
with the double Quotient Figure for the Root of the fifth Power, pay 136 z and the 
fingle Quotient Figure ſor the Cube Root, page 131. 


2 Hence 
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Hence I have found 325 to be the true Root required, that 
is, the true Root of the ſeventh Power. 

I think it needleſs to proceed farther ; viz. to inſert Examples 
of higher Powers. For if what is already done be well under- 
ſtood, it will be eaſy to conceive how to proceed in extractin 
the Root of any ſingle Power how high ſoever it be (for the 
Method is general and alike in all Powers) due regard being had 
to their Indices; and to the firſt fingle Side or Root. That is, 
whether it be More or Leſs than Juſt, &c. 

Yet methinks I hear the young Learner ſay, it is poſſible to 
follow the Directions and Examples, as they are here laid down; 
but ſtill here is not the Reaſon why they are ſo, and ſo, per- 
formed ; and why there ſhould be a Remainder left after the 
Root is found; viz. when the given Reſolvend hath a true 
Root of it's Kind. 

It is true, the Reaſons of theſe are not here laid down ; nei- 
ther indeed can they be rendered fo plain and intelligible by 
Words, as by an Algebraick Proceſs, from whence the Theo- 
rems or Rules here given had their firſt Invention; as ſhall be 
ſhewed in the next Part, when I come to treat of reſolving com- 
pounded or adfected Æquations; however, take this ſhort and 
general Account of this Method, 

This, and all other ot the new Methods of Converging Series 
(as they are called) are very different from the former (and ſtil! 
common) Methods of extracting Roots, which require the firſt 
ſingle Side or Bot of the firſt Period (in any Reſolvend) to be 
taken ex2ct!y true, and then by involving, and other tedious 
Ways of ordering it, there is formed a Diviſor ; which helps t> 
grope out by Trials a ſecond Figure in the Root. And ſo pro- 
ceed on from Point to Point; ſtill repeating the whole Work 
for every ſingle Figure that comes into the Root. And if by 
Chance there be a Miſtake or Error committed in any one Fi- 
gure (as it is poſſible there may) it ſpoils the whole Proceſs, 
which muſt then be wholly begun anew, or at leaſt from that 
Part of it where the Error firſt entered, 

But the Nature and Deſign of the Method which I have here 
Jaid down is quite otherwiſe ;z it being ſo contrived, as to gra- 
dually leſſen the Difference betwixt any propoſed Power, and 
the like Power of another Number aſſumed ; viz. it leſſens that 
Difference until it is either quite vanquiſhed, or becomes ſo in- 
finitely ſmall as to be inſignificant, 

' Therefore when any Number is propoſed to have it's Root ex- 
tractec; it is here required to take the next neareſt Root of the 
frſt Period in the Reſolyend ; that ſo the Difference betwixt the 
oh | Becks given 
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given Reſolvend, and the Homogeneal Power (viz. the like 
Power) of the Root thus taken, may be leſs cither in Exceſs, or 
Defect. Which Difference being reduced, or depreſſed lower, 
becomes ſo prepared, that by plain Diviſion (comparatively) 
there will ariſe ſuch Quotient Figures as will both correct and 
increaſe the firſt Root to three Places of Figures at leaſt, ſome- 
times to four, or five Places of Figures; according as the ſaid 
firſt Difference happens to be more or leſs (of which you may 
have obſerved Inſtances): But yet there will be a Remainder 
left, and perhaps an Exceſs or Detect in the Root fo increaſed, 
viz. in the Jaſt Figure of it, 

Now to rectify the ſaid Exceſs or Defect in the Root, and to 
diſcover whether the given Reſolvend be a true Figurate Num- 
ber, or not: That is, whether it have a true Root of it's kind; 
it will be neceſſary to make a ſecond Operation ; by taking the 
Root ſo increaſed, and proceeding with it and the given Reſolv- 
end, in all reſpeCts as in the firſt Work (like to the third Ex- 
ample of extracting the Cube Root) I ſay, if the given Reſolv- 
end have a true Root, it will appear at this ſecond Operation, 
and all the aforeſaid Differences, &c. will be vanquiſhed ; pro- 
viced the Root required is not to have more than three (or four) 
Places of Figures in it. 

But if the Root be to have more than three Figures in it; or, 
that the given Refolvend prove to be a Surd Number, then there 
will be a Difference as before; which will afford Quotient Figures 
to rectify and increaſe the Root laſt taken, to three times as 
many Places of Figures as it had at the Beginning of that ſecond 
Operation. As you may ſee in the aforeſaid Example 3. of the 
Cube Root; wherein that Root is increaſed to twglve Places of 
Figures at two Operations; which if it were to be extracted the 
Old (and ſtill Common) way, it would require at leaſt forty 
times the Number of Figures I have here uſed. 

Again, if there chance to be a Miſtake committed in any O- 
peration performed by the Method here laid down, that Miſtake 
will not deſtroy the precedent Work, but will be rectified in the 
next Operation, although it were not diſcovered before. And 
thus you may proceed on to a third Operation, which will af- 
ford 27 Places of Figures in the Root, c. with very little 
Trouble, if compared with former Methods. 

The brief Account, which I have here given (by Hay of Ex- 
plaining the Nature of this Method of extrafting Roots) being well 
conſidered and compared with the ſeveral Operations of the fore- 

oing Examples, muſt needs help the Learner to form ſuch an 

dea of it, that he cannot (I preſume) but underſtand how to 


proceed 


„ 
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roceed in extracting the Root out of any ſingle Power, how 
high ſoever it be; without the Help of an Algebraick Theorem, 
Not but when that comes to be once underſtood, the Work 
will be much readier and eaſier performed: As will appear in 
the next Part. 

J did intend to have here inſerted the whole Buſineſs of Intereſt 
and Annuities ;z but finding that it would require too large a Diſ- 
courſe, to ſhew the Grounds and Reaſons of the ſeveral Theorems 
uſeful therein, I have therefore reſerved that Work for the Cloſe 
of the next Part. Neither indeed can the raiſing of thoſe Thes- 
rems be fo well delivered in Words, as by an Algebraick Way 
of arguing ; which renders them not only much ſhorter, but al- 
ſo plainer and eaſier to be underſtood, 

I have alſo omitted that Rule in Arithmetict, uſually called 
the Rule of Poſition, or Rule of Falſe: Becauſe all ſuch Que- 
ſtions, as can be anſwered by that gueſſing Rule, are much bet- 
ter done by any one who hath but a very ſmall ſmattering of 
Algebra. 1 ſhall therefore conclude this Part of Numerical 
Arithmetick ; and proceed to that of Algebraick Arithmetict, 
wherein I would advife the young Learner not to be too haſt 
in paſſing from one Rule to another, and then he will find it 
very eaſy to be attained, | 
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INTRODUCTION 


Mathematicks. 


PART II. 


he 


| AVING formerly wrote a ſmall Tract of Algebꝛa, per- 
haps it may ſeem (to ſome) very improper to write again up- 
on the ſame Subject; but only (as the uſual Cuſtom is) to 
have referred my Reader to that Tract. However, be- 
cauſe the following Parts of this Treatiſe are managed by an Alge- 
braick Method of arguing ; which may fall into the Hands of thoſe 
who have not ſeen that Tract, or any other of that Kind; I thought 
it convenient to accommodate the young Geometer with the firſt Ele- 
ments, or principal Rules, by which all Operations in this Art are 
performed; that ſo he may not be at a Loſs as he proceeds farther 
on : Beſides, what I formerly wrote was only a Compendium of that 
which is here fully handled at large. 
The Principal Rules are Addition, Subſtraction, Multiplica- 
tion, Diviſion, Involution, and Evolution, as in common 
Arithmetick but differently performed ; and therefore ſome call 
it Algebzaick Arithmetick, Others call it Arithmetick in 
Specie, becauſe all the Quantities concerned in any Queſtion re- 
main in their ſubſtituted Letters (howſoever managed by Addition, 
Subſtrafion, or Multiplication, &c.) without being deſtroyed or 
changed into others, as Figures in common Arithmetick are. 


Mr Harriat called it Logiſlica @pecioſa, or Specious Compu- 
la tiaox. 
HAF. 


— 


— 


Part II, 


CHAP l. 


Concerning the Method of Noting down! Quantities: 
and Tracing heir Steps, &c. 


Sect. 1. Of Notation. 


HE Method of noting down Letters for Quantities, is 
various, according to every one's Fancy ; but I ſhall here 

follow the ſame as in my former Tract, and repreſent the Quan- 
tity ſought (be it Line or Number, c.) by the ſmall (a,) and 
if more Quantities than one are ſought, by the other ſmall Vow- 
els, e. u. or y. 

The given Quantities are repreſented by the ſmall Conſo- 
nants, 5. c. d. J. g. &c. | 

And for Diſtinction ſake, mark the Points or Ends of Lines 
in all Schemes, with the capital or great Letters, viz. A. B. 
C. D. &c. | 

When any Quantity (either given or ſought) is taken more than 
once, you mult prefix it's Number to it; as 2a ſtands for @ taken 
three times, or three times a, and 76 ſtands for ſeven times b, &c, 

All Numbers thus prefixt to any Quantity, are called Coeffi- 
cients or Fellow-Factors ; becauſe they multiply the Quantity; 
and if any Quantity be without a Coefficient, it is always ſup- 
poſed or underſtood to have an Unit prefixed to it; as @ is 1a, 
or b is 1b, Ec. a 

The Signs by which Quantities are chiefly managed are the 
ſame, and have the ſame Signification, with thoſe in the firſt 
Part, page 5. which I here preſume the Reader to be very well 
- acquainted with. To them muſt be here added theſe three more; 


. Involution. 
Viz. 15 the Sign er} Evolution, or extracting Roots. 
* Irrationality, or Sign of a Surd Root. 

All Quantities that are expreſſed by Numbers only (as in /u!- 
gar Arithmetick) are called Abſolute Numbers. 

Thoſe Quantities that are repreſented by ſingle Letters, as, 
a. b. c. d. &c. or by ſeveral Letters that are immediately joined 
together; as ab. cd. or 7bd, &c. are called Simple or Single 
whole Quantities. 

But when different Quantities repreſented by different or un- 
like Letters, are connected together by the Signs (+ or —); 
as a+b, a—b, or ab - de, &c. they ate called Compound 
whole Quantities. | 


Ang 


_ 
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And when Quantities are expreiled or ſet down lixe Vulgar 


b b+ dc 
Fractions, Thus, or < X 3 3 
6 4 5 — 


led Fractional or broken Quantities. 

The Sign wherewith Quantities are conne ed, always belongs 
to that Quantity which immediately follows it; and therefore al] 
the Quantities concerned in any Queſtion may ſtand in any Order 
at Pleaſure, viz. the mot convenient for the next Operation, 

As a+b — d may ſtand thus b—4 +a, or thus -A L, 
or- dA &. theſe being ſtill the ſame, tho” differently piaced. 

That Quantity which hath no Sign before it (as generally tae 
Jeading Quantity bath not) is always under ſtood to have the Sign 
before it. As a is +a, or -A is +b — a, &c. for the Sign A is 
the Affirmative Sign, and therefore all leading or Poſitive Quanties 
are underſtood to have ir, as well as thoſe that are to be added. 

But the Sign — being the Negative Sign, or Sign of Defect, 
there is a Neceſſity of prefixing it before that Quantity to which 
it belongs, wherever the Quantity ſtands, 


, &c, they are cal- 


—————_——_ — c.——C_Oe—@w_—__©=wo._. 


— 


Sect. 2, Of traciitig- the Steps uſed in bringing 
Quantities to an Equatton, 


HE Method of tracing the Steps, uſed in bringing the Quan- 

& tities concerned in any Queſtion to an Equation, is beſt per- 
formed by regiſtring the ſeveral Operations with Figures and Signs 
placed in the Margin of the Work, according as the ſeveral Opera- 
tions require ; being very uſeful in long and tedious Operations. 

For Inſtance : If it be required to ſet down, and regiſter the 
Sum of the two Quantities, a and þ, the Work will ſtand 
Thu:ſiſa Firit ſet down the propoſed Quantities, à and 5, 
21b over againſt the Figures, 1, 2, in the ſmall Co- 
—— Jumn, (which are here called Steps) and againſt 3 
T14Þ+213]/4-+4 (the third Step) ſet down their Sum, viz. a-+b. 
Ihen agaiit that third Step, ſet down 142 in the ? Iargin; 
which denotes that the Quantities agaiaft the firſt and 2d Steps 
are added together, and that thoſe in the 3d Step are their Sum. 

To illuſtrate this in Numbeis, ſuppoſe a=9 and Us. 
Then it will be 
Thust 220 


h — 6 


7 
! 


I-21 ;|4 +6 = 9+ = being the Sum of g and 6. 
= * Again. 
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Again, It it were required to ſet down the Difference of the 
ſame two Quantities; then it will be 
'Thusjila = 9g 


20 = 6 


1—2 7 —bþ =q—6=23 the Diff. between 9 and 6, 


Or if it were required to ſet down their Product. 
Then it will be, 
Thug. 


229 
2]þ = © 
1x 2/4|1xh or ab=qx6=54 the Product of 9 into 6. 
Se. £ 


Note, Letters ſet or joined immediately together (lite a Mord) 
fgnify the Rectangle or Product of thoſe Quantities they repreſent ; 
as in the laſt Example, wherem 4 54 is the Product of a 
and b . Cc. 


Axioms. 


r. If equal Quantities be added to equal Quantities, the Sum 
of theſe Quantities will be equal. 

2, If equal Quantities be taken from equal Quantities, the 
Quantities remaining will be equal. 
23. If equal Quantities be multiplied with equal Quantitics, 
their Products will be equal, 

4. If equal Quantities be divided by equal Quantities, their 
(210tients will be equal. 

5. Thoſe Quantities, that are equal to one and the ſame 
Thing, are equal to one another. 

Note, [ adviſe the Learner to g theſe five Kae perfect. 
% Heart. 


"Theſe Things being premiſed, and a perſect Knowledge of 

the Signs and their Significations being gained, the young Age. 

 braiſf may proceed to the following Rules. But firſt 1 mutt 
make bold to adviſe him here (as I have formerly done) that-he 
be very ready in one Rule before he undertakes the next. 

That is, He ſhould be expert in Addition, before he meddies 
with Subſ/tr actin; and in Sulſtraction, before he undertakes 
Aſultiplication, XC, becauſe they have a Dependency one upon 
AfLOUICE, 


CHAT: 


| 1+ 23 
Thus 


Chap. 2 


: Addition of Quantities. 
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Concerning the Sfx Principal Rules of Algebꝛaick 


Arithmetick of whole Quantities. 
Addition of whole Quantities. 


Sect. 1. 


F DITION of whole Quantities admits of three Caſes, 


Caſe 1. If the Quantities are like, and have like Signs; add 
the Co-efficients or prefixt Numbers together, and to their Sum 


1 


Exam. I. 
a 
a 


24 -| 


Exam. 2. 


— 2? 


— (7 


Exam. 3. 
50 
3⁵³ 

—24 8b 


| adjoin the Quantities with the ſame Sign. 


Exam. 4. 
— 7b C 
— 8h 1 


— 


J— 156c 


— 


1 


2 


Exam. 5 Exam. ©. 


1134+ 5% 


2a + 7t 


I+2J3, 


5a +124 


[Exam. 7, 


3a— $SbPab+12 


2a — 70/34 U +24 


54 — 12549436 


The Reaſon of theſe Additions is evident from the Work of Common 


Arithmeticx. For ſuppeſe a to repreſent one Crown, to which if I 
add one Crown, the Sum will be two Crowns, or Za, as in H. 1. 

Or if we ſuppoſe — a to repreſent the Want or Debt of one Crown, 
to which if another IM ant or Debt of one Crown be added, the Sum 
muſt needs be the Il ant or Debt of two Crowns, or — 2a; as in 


Example 4. 


And js for all the reſt. 


Caſe 2. If the Quantities are alike, and have unlike Signs; 
ſubſtract the Co- efficients from each other, and to their Diitcr- 


ence join the Quantities with the Sign of the greater. 


| Exam. 8. ] Exam. 9. Exam. 10.\ Exam. 11. 
i +5a | —5a Thc | —9gabd 
2] —2Ja | +3a | —bbe | +7abd 
] 1-2 2 —o- 24a \ ew Ia | bc — 27% 54 
Exam. 12. Exam. 13. 
11 74 —5 0 — 836 — 7e 15 
2 — 5a + Q 12a t- Tbc—24 
1213 24 + 26 440 —9 ET 


U- 2 
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{he Reaſon of the Operations in this Caſe may be eaſily under ſtaod 
i any one that duly conſiders the comparing of Stocks and Debts to- 
wether, or the Ballancing of Accounts betwixt Debtor and Creditor, 
That is, the Affirmative Quantities repreſent the Stock or Creditor : 
Tye Negative Quantities repreſent the Debts ; and their Sum re- 
pr -/ents the Ballance, &c. 
 Caje 3. When the Quantities are unlike, ſet them all down, 
without altering their Signs; and thence will ariſe compound 
(VDantities, which can be no otherwiſe added but by their Signs, 


I rnus|1] a |5b-+7d 
210 — 44 ＋ 20 
12a 4-6 a—b5b+7dc +4a—20 


ww 


| Here follow a few Examples wherein all the 3 Caſes are pro- 
miſcuouſly concerned, ; 


11aa—+2abbb} 8ab+bc—37 
| — 445 —7ab—bc+42—64 
1-+-: za a - 2ab+btl 4 b＋5 — 64 


2] +4ab+bbl|4d — 6bc — Tab +da 
1 + 2[31a@+2ab+bbybc+4d — 45 +64__ 


ö 


. 9c ＋ 74-45 


if S4 
PN 0 70 —4 

e 8 
I 2 ＋ 3A al+b—ab+Tc—d+q+f _ 


34 4 ＋ 44 be — bb +30 
2] 20% —Jaa—2abc—25 
3 dd+2aa —3abc—J 


1+2+3i4| +d4d+ 2aa+bb —abc +2 


— — 1 _- on 
; * 


Sect. 2. Subſfraction of whole Quantities. 
FUB STRACTION of whole Quantities is performed by 


one general Rule, 


R U LE. 


Change all the Signs of the Subtrahend, (viz. of tho ſe Qu antities 
which are to be ſubſtratted) or ſuppoſe them in your Mind ts be 
changed; then add all the Quantities together, as before in Addition, 
and rber Sum will be the true Remainder or Difference required. 


»<ed 
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This general Rule is deduced from theſe evident Truths. 

To ſubſtract an Aﬀirmative Quantity from an Affirmative, is 
the ſame as to add a Negative Quantity to an Affirmative: that 
is ＋ 24 taken from + 3a, is the ſame with — 24 added to Za. 
Conſequently, to ſubſtract a Negative Quantity from an Affir- 
mative, will be the ſame as to add an Affirmative Quantity to an 
Affirmative : that is— 2a taken from 3a will be the ſame with 


--2g added to 3g. 


Exam. 1.|Exam. 2 | Exam. 3 [ Exam. 4. 

il 22 — 2a 85 —15 be 

a — @ | 3b — B8bc 
I.... 


Exam. 5. Eæam. 6.| Exam. 7. 
115a+126/5a—12t|g9ab-+ 36 
212a + 75.24 — 7434 b＋24 
1213034 + 50.34 — 5 ¹ O12 


| [Exam. 8. Exam. q. Exam. 10 l Exam. 1 1. 
I] +24 — 23 be —2abd 
21 — 3a | +34 | — 6bc J-7abd 


T—UNJ -+ 54 | —5a | -+7bc —gabd 


Exam. 12.] Exam. 13. 
124-25] 4ab—9 

— 5 7 - da -es 
1— 713 22 — 5bj 12ab+7bc—24 


de 


If theſe 13 Examples be compared with thoſe in Addition, the 
Work will appear very evident, theſe being only the Converſe 
or Proof of thoſe ; according to the Nature of Addition and Sub- 
traction in common Arithmetick. 


More Examples in Subſtraction. 


11, a+b|] 5bc+ 34a | Ba+5bd +25 
| end 554 —4da | 7a—3bd—12 
1—2 |] 3| +26 LZ a+8bd +27 


. 8 
A Sato i, 


36— 8 —ç 


— "PS _ 2» . 
.. TI EI ne 


NS 
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I c 13 a O 
| 3a — 0 — 20 | 2a—4b 
1—2 21 26l-13—3a-+b 42 — 6 — 
214 T- 5— 54 70 
| 4 — 34 — 75 ke — 2 — 5 — 54e 
1— a E Lz 4 | 76—a+b+5d—75c 


That a—b taken from a-+b leaves ＋ 259 for the Remainder, 
as in the firſt of theſe Examples, may be thus proved : 


Let a+b=s 

And]2| a—b=x 
2+b|3] a=x+b per Axiom r. 
1—3 | 4 | b=2z—x—b per Axiom 2. 
4 +b 2b =2—x which was to be proved. 


The Truth of all Operations in Sahiractian, where any Doubt 
ariſes, may be proved, by adding the Subtrahend to the Re- 
mainder, as in common Arithmetic. 


E XAAMPLE. 


From | 1 | +580 — be | 

Take | 2 | —2al +34} —bda I Subtrahend. 
12 ＋ 74 — 3b + da - be Remainder. 
2+3 —+5a 3 9b c | Proot = 


Sect. 3. Multiplication of whole Quantities. 


1 TIPLICATION of whole Quantities admits ot. 
three Caſes. 


Caſe 1. When the Quantities have like Signs, and no Co-et- 
ficients, ſet or join them together, and prefix the Sign before 
them; and that will be their Product. 


Exam. 1. , Exam, 2. n Exam. 4. 
1 | a | — a —4—5 


Thus | ; 2 "A 5 
1* 2 3] ab +a 6 | ad bad +bd 


Caſe 2. If there be Co-efficients ; ; multiply them, and to their 
Thus 


Product adjoin the Quantities ſet together as before. 


a 


Chap. 2. Multiplication of Quantitics, Tr 


/ 
| I 54 — 4 34 + 26 aÞb 
Thus 2 36 —5 2 by 


in? |3[ gab | quis | NN 


— — CO eee ee 


| Exam. 5. Exam, 6. | Exam. 7. , Exam, 8. 


Cafe 3. When the Quantities have unlike Signs ; join them 
and the Product of their Co-efficients together (as before) but 
prefix the Sign — before them; 


Exam. Exam. 10. Exam. 11. Exam. 12, 
I] a — 4 44 — 75 44 — 75 
Thus} ad. [4-4 If — 
112 2 —ab — 42db 12a f—219f — 1 


hat is, into +, or —into—, gives); 
But A into —, or —into-þ, * ia edu. 

That ＋ into will produce in the Product is evident from 
Multiplication in Common Arithmetick : viz. , into +7 will 
give 235 Sc. But that +into—, or — into ſhould pro- 
duce the Sign —, as in the four laſt Examples: and that —in- 
to— ſhould produce the Sign , as in the ſccond, fourth, and 
fixth Examples, may perhaps ſeem ſomewhat hard to be con- 
ceived z and requires a Demonſtration. 


Firſt to prove that — 7 into 3f=—21bFf, As in Ex. 11, 


Suppoſe | I 44 —7Tb=0 | 
Then will! 244 276 per Axiom 1, 
But | 3 | +3f=—+3f 
2x3 +| 124 F = 21% per Axiem 3. 
4 — 2177/5 124% —21bf=0 per Axiom 2. 


Conſequently + into Go or — into + produces —, which was 
the Thing to be proved. | 


Secondly to prove that —7 binto— J gives -215F as in 
Example 11. 4 


Let|j 11 4a—7b=0 0 
1 as before, 
But | 3 | — 37 — : 
the 2 * 3 is | 4 - 12% = — 215f by what is proved above. 
4 21bfil 5 | —1l2af-p215/=0, per Axiom i. 


Conſequently — into — gives -+ which was to by proved, 
| Or 
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Or theſe may be otherwiſe proved by Numbers. 5 


42 10 c=127 CF or any other Num- 
Thus, ſuppoſe . 11 and . ml 81 1 3 


Then a—b=6 c=d= =4 per Axiom 2. 


_ Conſequently, a—=5b x c=d=b x 4=24, per Axiom 3. but 
a—bxc—4d, according to the precedent Rules, will be, 
ac—cb+bd—da, which if true muſt be equal to 24. 


ac=20x12=240 ch=12 x 14 = 168 
Proof J j,9= 14 8 2112 PN. ria + fe 
Hence ac+bd=352 per Axiom 1. 
And cb+da=328 which being ſubſtracted, 
Leaves ac+bd—cb—da=352—328=24, which plain; 
ſhews, 
That into —produces — 
And — into — produces + 


in the Product, 
.. 
Note, If the Multiplier conſiſts of ſeveral Terms, then every 
one of thoſe "Terms muſt be multiplied into all the Terms of the 


Multiplicand ; and the Sum of thoſe particular Products wil! be 
the Product required, as in Common 4rithmetich. 


E X44 MF L& $. 


I] a-bb—4 7Tb+54d 
21 a——b 34a—5f 3 
Ixa , 3taa+ba—da 216a+t5da 
18 5 —ba—bb+db — 35bf—25df _ 
3+415 aa—da—bb-+-db 21ba+15 da — 35 - 25 
11 aa—ba | 2c—3d 
2 a+b 34— 4 
122 aaua—abb bra—gda —8bc +1246 
1 [424-24 Æ＋ 4 aa—ba-+bb 
2 4—2 a + þ 
1 44@+244+40 4αα - 
Res —2aa—=40 —8 FE + baa—bba +00 
18243 4 —8 ana bbb 


Cech 
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Sect. 4. DOlviſion of whole Quantitics. 


2D ſviſion of Species is the converſe or direct contrary to that of 
Multiplication, and conſequently is performed by converſe 
Operations, (as in common Arithmetick) and admits of four Caſes. 

Caſe 1. When the Quantities in the Dividend have like Signs 
to thoſe in the Diviſor, and no Co-efficients in either ; caſt off 
or expunge all the Quantities in the Dividend, that are like thoſe 
in the Diviſor; and ſet down the other Quantities with the Sign 
＋ for the Quotient required. 


i ab |-ab lad+bd|—ad—td 
Thus 2 h _ 4 F wee 
i a eg. 77 -þ "#0 


Caſe 2. When the Quantities in the Dividend have unlike 
Signs to thoſe in the Diviſor; then ſet down the Quotient 
Quantities found as before, with the Sign — before them, 


' I|+ab|-ab—bd abe CAN 
e Thus, — bl+ 6b [—bc 
, 122 j3j—@a [—a—d — 4 —4—7 


Caſe 3. If the Quantities in the Dividend and Diviſor have 
Co- efficients; divide the Numbers (as in common Ar:hmetick) 
and to their Quotients adjoin the Quotient Quantities, 


1111545] 42dbii2af— 217 | 
Thus | 3% — 7% | 3f 
122 3] 5a |= 64 [ 44—727 


Note, When the Quantities and Co- efficients in the Diviſor and 
Dividend are all the ſame, the Quotient will be an Unit, or 1. 


8ab+44 ! 


lab] gbc[7ab+5bc| | | 
Thus 3 eee | 
122 j3|iſ—1 | I — 


Caſe 4. When the Quantities in the Diviſor cannot be ex- 
actly found in the Dividend; then ſet them both down like a 
5 Vulgar Fraction, as in common Arithmetick. | 


F< X Thus 


6＋— 
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: 6bc\| 5b+aa Sade 
Thug | | AY ad 5477744. 
a FEOF 24 
1—2 K b Sd+7b 


— 


VN. B. In Diviſion one thing mult be very carefully obſerved; 
vz. that like Signs give + and unlike Signs give — in the Quo- 
tient; which needs no other Proof than that already laid down in 
the laſt Section, if duly compared with what hath been ſaid con- 
cerning Multiplication and Div fron, in Vulgar Aritqmetich, 


Examples of Diviſion at large. 


I 3150 +15 80 heme BS 07 (+34 
2 Tb+54 


2x3Ja 32174 ＋15 44 


1—3 440 o —35bf—25df (— 57 
2x—5f|5 — 35bf—25df 
4—5 |6 O O 


1-2 7 3a—5 fthe Quotient collected from 3d and 5th Steps. 


Or Diviſion of Quantities may ſtand as Numbers in common 
Arithmetick do; thus 


9 — 90 baaaa—9gb (2aaa+4aa+%S8a+16 


Daaaa—1I2447 


0+ 1I2aaa—qg0 © 
— 12444 — 2444 
O + 2444 —90 
+ 2422 — 484 
O ＋ 484 —96 
+ 4843 —96 
| O O ' 
That is, 5222 95 34 — 0 gives 2aaa44aa+8a+ 
15 for the Quotient, as may eaſily be proved by Multiplication, 


viz. 2aaaþ4aa+Sa+l6 x x Za—b will produce 64. — 96 
and ſo for the reſt. 


„„ 


Sect. 5. Involution of whole Quantities. 


Nvolution is the raiſing or producing of Powers, from any 

propoſed Root, and is performed in all reſpects like Multi- 

plication, ſave only in this; Multiplication admits of any differ- 
ent Factors, but Invoiution ſtill retains the ſame. 


EXAMPLES. 
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EX ME LES; 


I . be Root, or ſingle Power 
18.2444 ＋ aa Square, or ſecond Power. 
18.3 ana |—aaa Cube, or third Power. 

I &*| 4 24 |+aaaa 3iquadrat, or fourth Power. 
18 85 7247424242 Sur foſid, or fifth Power, &c. 


Note, the Figures placed in the Margin, after the Sign (S) 
of Involution, ſhew to what Height the Root is involved; and 
are called Indices of the Power ; and are uſually piaced over the 


involved Quantities, in order to contract the Work, eſyecially 
when the Powers are any thing high. 


a =a a* A daa n 
2 0 
a =aa a =aaaaaa 
Thus And . 
a* =aaa a*b* =aaaaadbbbhb 
a* =aaaa a BA =aaadbbddd 


If the Quantities have Co- efficients, the Co-efficients muſt be 
involved along with the Quantities, as in theſe. 


Thus( 1] 24 — 3a 1 

18. ˙21 422 + 9aa 25 bbcc 
18 31 84244 — 274 125 Ul beec 

I &*|4; 1G | + Blangaa | 625 U . 

I 6&5] 5 | 3244G@aa t —243Ja® 2125 % c XC, 


Involution of Compound Quantities is performed in the fame 
manner, due regard being had to their Signs and Co-ethcients, 
if there be any. As for inf ance, ſuppoic a +6 were given to 
be involved to the fifth Power. 


Thus [1 ja +6 called a Binomia] Root 


ab 


I x A 2144 4-40 

Ixb 3] +ab+bb _ 

1 &-* 4 14a +240v+6t, the Square of a 
a+b 


223 — w—_  y 


4xa I\5laaab2anbbabo 
4 x b 6 = a aT 2A 
183 7 % $aob +3006 + Ub, the Cube of a +6 


2 GOO 


> > IEG ů 9 4 


— 
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 Haaabh3Zaab+3Zabb+bbb 

a—-b 

xa | 8a*+34a* b+3Zaabb+ abbb 

Txb | 9! + a'b+3aabb+3abbb+b* 

18 [o 409% b+baabb+4abbb+b* 


a -+b 
Io * [Ila +4a*b+ba*bb+4aatbs 4 
1x6 12 a B44 bb4+baab* ab*+8* 
I &-* 13% ＋ 5a*b+10a* bbþ10aab* +5ab* +65 
&c. 


Again, Let a—6, called a Reſidual Root, be given. 
Then 2 
44 —5 


Ixa| 21aa—ab 
Ix—b| 3} —ab+bb 

10-*| 4aa—2ab+bb the Square of a — 5 
E 

4X 41 5A A- 244 4 
4K — 5 6 — 4 - 

18 5aaa—3aab+3abb—bbb, the Cube of 4 —5 
| a—b 

7 * 4 ga daααe =- Z3ααα t 3 -= 
7 * 2199 — aaab+3Zaabb—JabbbÞbbbb 

I @*[lojaaaa—4aaabHbaabb—4gabbb4bbbb 
a—b 

LOxalllia* —4atb+ba' bb—4aab* + ab* 
IOx—b|12] — a*b+49* bb—baat* +4ab* —b* 

18.13% —5a*b+104* bb—10aab* + 5gab*—bs 
&c. 


By comparing theſe two Examples together, you may make 
the following Obſervations. 

1. That the Powers raiſed from a Reſidual Root (wiz. the 
Difference of two Quantities) are the ſame with their like Pow- 
ers raiſed from a Binomial Root (or the Sum of two Quantities) 
fave only in their Signs; viz. the Binomial Powers have the 
Sign + to every Term, but the Reſidual Powers have the Signs 
+ and — interchangeably to every other Term. 

2. The Indices of the Powers of the leading Quantity (a) con- 
tinually decreaſe in Arithmetical Progreſſion ; viz, in the Square 


17 
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it is aa, a: In the Cube aaa, aa, a: In the Biquadrat, aaa, 
ada, aa, a, &c. 

3. The Indices of the other Quantity þ do continually increaſe 
in Arithmetical Progreſſion ; viz. In the Square it is b, bb: In 


the Cube, b, bb, be In the Biquadrat b, bb, bbb, bbbb, &c. 


4. The firſt and laſt Terms are always pure Powers of the 
ſingle Quantities, and are both of the ſame Height. 

5. The Sum of the Indices of any two Letters joined together 
in the intermediate Terms, are always equal to the Index of the 
higheſt Power, viz. of the firſt or laſt Term. 

Theſe Obſervations being duly conſidered, it will be eaſy to 
conceive how the Terms of any propoſed Power raiſed from a 
Binomial or Refidual Root muſt ſtand, without their Unciz or 
Numeral Figures. 

For Inſtance, ſuppoſe it were required to raiſe the Binomial 
Root a ＋ to the ſeventh Power, then the Terms of that Power 
will ſtand without their Unciz in this Order. 


Viz, a +a*b+a*b* þa*Þ* +a b* +a* T4“ +7, 


And becauſe the Uncia (not only of any ſingle Letter, but alſo) 
of every ſingle Power, how high ſoever it be, is an Unit or 1 
(which neither multiplies nor divides) and all the Powers of any 
Binomial or Reſidual Root are naturally raiſed by multiplying 
of the precedent Power into it's original Root, which is done 
by only joining each Letter in the Root to the precedent Power, 
with it's Unciz, and then removing the ſaid Power, when it is 
ſo joined to the ſecond Letter, one Place forward (either to the 
left or right Hand) it muſt needs follow, 

That the Unciæ of the ſecond Terms (in any ſuch Power) will 
always be the Sum of ſo many Units added together more one, 
as there have been Multiplications of the firſt Root; which will 
always be determined by the Index of the firſt Term in the 
Power. 

And becauſe the Unciz of all the intermediate Terms are 
only removed along with the Letters, it allo follows, that if 
they are added together, their reſpective Sums will produce the 
true Unciæ of the intermediate Terms in the new raiſed Power. 
As doth plainly appear from the following Numbers ſo removed 
without their Letters ; which both ſhews and demonſtrates an 
ealy Way of producing the Unciæ of any ordinary Power (vix. 


of one not very high) raiſed from either a Binomial or Reſidual 
Root. 


Thus 


* r S— 


8 
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Thus 


Add 5 4 : 26 The two Unciz of the Root, 

Ad as . b | : | INS Unciz of the Square. 

Add * . 3 - ; , h 355 Unciz of the 98 

add A a 2 : g ; 8 : 200 Unciz of the 4th Powe:, 

Add 8 a > 5 5 * 5. : Care he 5th Power, 

6 
1. 7 24 -:35:- 3$ +» i I Unciz of 7Poy: 


And ſo on in this manner ad infinitum. 


Now if theſe Numbers are prefixed to the aforeſaid Letters, 


all the Terms will be compleated with their reſpective Unciæ, 
and will ſtand thus ; 


a zT OU 35 +350" b*+214*b* +7ab* +. 


But that the Buſineſs of finding theſe Unciz may be rendered 
yet more eaſy for Practice, it will be convenient to conſider 


what Series or Progreſſion the Unciz of each Term do make 
from the aforeſaid Additions, 


2.128 [Ss Sc'Segjs .[2 . 
wi 3B Ser SG Bt Shs 
© 8 |, oh 3848 » 3.55 5818 5 
2 [ Es E. 
SE SS [SSE SAS SIS 8E 
SS LS ESE ceSBEbBEcbebes 
I I Oude of the ſingle Quantities, 
I 2 'S Unciz of the Square, 
I 3 3 12 Unciz of the Cube. 
I 4 7&3 2 Unciz of the 4th Power. 
I 5 40 10 6:1 8 Unciz of the 5th Power. 
I 6 1151201546 Unciz of the 6th Power, 
„ 


| 21 | 35 35 21 7 | x Unciz of the 7th Power, &c. 


The Unciz of the firſt Term are only a Series of Units, whoſe 
Sum is every where the Unciz of the ſecond Term. The Unciæ 
of the ſecond Term are a Series of Numbers in Arithmetick Pro- 
greſſion, whoſe Sum is every where the Unciz of the next du 
perior Power in the third Term, and may be found by Propoh- 

tion 
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tion 1. Chap. 6. Part 1, For Inſtance, in the ſeventh Power 


6+1x0 
it will be _ - 


— 21 the Uncia of the third Term. 


The reſt of the Unciz are a compounded Series, whoſe re- 


ſpective Sums may be obtained from the Unciz of their prece- 
dent Terms. 


Thus 22S = 35. Then B24 = 35. Again Se = 


21. And S =7 Sc. 


From hence may be deduced this general Rule. 
R U L E. 

| If the Index of the firſt Letter of any Term be multiplied into it's 
| wn Uncia, and that Product be divided by the Number of Terms 

to that Place; the Quotient will be the Uncia of the next ſucceeding 
| Term forward. | 
That is, by the help of thoſe Indices that belong to the ſeve- 
m Powers of the firſt or leading Letter only (as 4) the true Un- 
| WW cit of every Term may be eaſily underſtood, | 


EXAMPLE 2. 
Let it be required to compleat all the Terms of the aforeſaid 
ſeveral Powers, viz. a - b-þa* b*þa*b*+ ai bY +a* bs 
] abe !“ with their proper Unciz. 1 | 
| 1. The Index of a” the firſt Term will be the Uncia of the 
6 ſecond Term. Thus a? ++74* b. 


2. Then half the ſecond Term's Index into it's Uncia, viz. 
6 
— = 21 will be the third Term's Uncia. Thus a ＋ 74 


＋ 214 * will be the three firſt Terms. 
3. Again 5 — = 35 is the Uncia of the fourth Term, 


whence a7 +7 4* b* +2145 5 ＋ 354% will be the four firſt 


Terms. 


4. And 275 = 35 will be the Uncia of the fifth Term, 
whence a? +7 a* 214 51 +35 435 ＋35 a* b+ will be the 
nve firſt Terms. 5 


iſe And fo proceed *till all the Terms are compleated with their 
ie W **peftive Unciz ; which will ſtand, thus a? +7 a* b+21 4* b* 
o 725“ 4350 tf b219 5 +704) +47, 

4 : bf ©), ih. Flor role ut | | Now 


6 Algebza, Part Il. 


— — ———— — 


Now here it may be further obſerved, that the Unciz do only 
increaſe until the Indices of the two Letters become equal, or 
change Places; and then the reſt of the Unciz will return or 
decreaſe in the ſame Order, That is, wherever the Indices of 
the Letters are alike, there the Unciæ will be alike. 

And therefore one needs to find the Unciz (as before) but to 
half th- Number of Terms in any Power. 

If what hath been ſaid and the Work of the Example be well 
underſtood, I preſume it wiil be found very eaſy to raiſe any 
Power from a Binomial or Retidual Root, to what Height you 
pleaſe; without the Prouble of a continued Involution ; and 
without the Help of ſuch a Table of Powers as is propoſed by 
Mr Ongbtred in his Key to the Mathematicks, Page 40. and 
ſince by others. 

Now from theſe Conſiderations it was, that J propoſed this 
Method of raifing Powers in my Compendium of Algebra, Page 
57. as wholly New (viz. ſo much of it as was there uſeful) 
having then (I profeſs) neither ſeen the Way of doing it, nor ſo 
much as heard of it's being done. But ſince the writing of that 
Tract, I find in. Dr Wallis's Hiftory of Algebra, Page 319 and 
331, that the Learned Sir Iſaac Newton had diſcovered it long 
before: which the Doctor ſets down in this manner, 


Let m be the Exponent of the Power. 


—_ _ Sw —_ 8 

Then J r x = „ „ ? O. 
2. F:.-- 4 5 

Will be the Series of the Unciæ required; but he doth not tell 

us how they firſt came to be found out, nor have I met with 

the leaſt Hint of it in any Author. 


Sect. 6. Evolution of whole Quantities. 


BF olution is the extracting of Roots from any given Power. 
That is, it is the Converſe Work to that of Involution, 
and in ſingle Quantities it is eaſy, if the given Power have ſuch 
a Root as is required, which may be thus known. : 
If the given Power have no Numbers prefixed to it, and it's 
Index can be divided by the Index of the Root required, the 
Quotient will be the Index of the Root ſought. Thus, if the 
Cube Root of aaaaaa, viz. a® were required (the Index of the 


Cube is 3) then 3) 6 (2. That is, a* a' the Root required. 
And ſuch Operations are uſually ſet down BY 
| us 


Chap. 2. Evolution of Quantities. 


Thust 4 | a*b* | a*b* a* 
I uk 2 a a*b* | a3 b* 4 


1a |3| a 4 „ | a*b* 4? 
Tus 14ja | ab | abd 


4a. 


Note, The Figures placed in the Margin after the Sign (us) of 
Evolution, denote. the Index of the Root to be extracted. 

If the given Powers have Co-efficients : (viz. Numbers pre- 
fixed to them) then you mult extract their reſpective Roots, as 
in Vulgar Ar:thmet:ice. 


Thu] 812“ [12994 [20736 a*b* + 

1 [2] ga* | 304207 I 44a b* 

I w43) 3a ba*h* | naade-. 
or 2uw*|4\ 32 8 6a*b* | 12abc 


n 


But if the Root required cannot be truly extracted out of both 
the Co- efficients and Indices of the given Power; then it is 2 
Surd, and muſt have the Sign of the Root required prefixed to it; 


Thus)! as. | 67 a* 216»bbddd 
Iw?|z' Was | yf b7a* | /2160bbbddd 
I ˙⁹ e 3 a* | *v ba? 6 


— 


Evolution of compound Quantities or Powers, is 2 little more 
troubleſome than that of Single Powers; and would require 4 
great many Words to explain the Manner and Reaſen of forma 
ing the ſeveral Canons, that are commonly uſed in extracting 
the Roots of compound Quantities; eſpecially if the Powers be 
very high, Sc. I ſhall therefore for Brevity's fake omit them, 
and inſtead thereof propoſe an eaſy Method of diſcovering the 
Roots of all compound Powers in general. And in order to 
that, it will be neceſſary to premiſe ; that if either the Sum or 
Difference of ſeveral Quantities be involved to any Power, 
there will ariſe ſo many ſingle Powers of the ſame heights, as 
there are different Quantities. | 

As for inſtance, if aA be ſquared, that is, be involved 
to the 2d Power, it will be aa , 24b+2ad+bb+-2bd + dd, 
here you have @a, bb, and dd. Again, if ae were cu- 
bed, viz. involved to the thicd Power, then you will have aaa, 
4, ddd, in it, Cc. 5 | Te 

Y Whence 


- 3 


— et noe 


: 
13 
1 
tb 
/ ; 
©. 
'N 
3 
8 
; 
N 


162 5 Algebꝛa. Part Il 


Whence it follows, that in extracting the Roots of all com- 
pound Quantities, there muſt be conſidered, 

1. How many different Letters (om Quantities) there are in 
the given Power. 

2. Whether the ſingle Powers of each of thoſe Letters be of 
an equal Height, and have in them ſuch a ſingle Root as is te- 
quired : which if they have, extract it as before, 

3. Connect thoſe ſingle Roots together with the Sign +, and 
involve them to the ſame Height with the given Power; that 
being done, compare the new railed Power with the given Power; 
and if they are alike in all their reſpective Terms, then you have 
the Root required ; or if they differ only in their Signs, the Root 
may be eaſily cori ected with the Sign — as Occaſion requires, 

Example 1. Let it be required to extract the Square Root of 
cc+2cb—2cd+bb—2bd+dd. In this Compound Square, 
there are three diſtinct Powers, vix. bb, cc, dd, whoſe ſingle 
Roots are 6, c, d, wherefore I ſuppoſe the Root ſought to be 
Sed, or rather 6-+c—d, becauſe in the given Power 
there is — 2cd, and — 20d, therefore I conclude it is — a; 
then Be- d, being ſquared, produces bb-þ2bc — 2 bd +cc 
—2cd4+dd, which I find to be the ſame in all jt's Terms 
with the given Power, although they ſtand in a different Poli— 
tion; conſequently eis the zrue Root required.” 

Example 2. It is required to extract the Square Root of a* 
24a α . Here are but two ſingle Powers, wiz. a* apd 
*, whoſe Square Roots are aa, and bb, And becauſe in the 
given Power there is —2aab5, therefore I conclude it muſt ei- 
ther be aa—4b or bb—aa., Both which, being involved, will 
produce a, —2aabb6-+b* ; conſequently the Root ſought may 
either be a@a—bb, or bb—aa, accoiding to the Nature or De- 
ſign of the Queſtion from whence the given Power was produced. 

Example 3. Let it be required to extract the Square Root of 
30aaaa+IoBaa+8I. Here the two fingle Powers are 36 
a ada, and 81, whoſe Roots are baa and 9. And becauſe the 
Signs are all ＋ therefore I ſuppoſe the Root to be baa-+g9, the 
which being involved doth produce 364 +108 aa-þ81 ; con- 
ſequently 64a ＋ q is the true Root required. | 

Example 4. Suppoſe it were required to extract the Cube Root 
of 125 4244 + 30044 — 450a@+250aee — 720ae + ee 
+ 540a—288ee+432e— 216, In this Example there are 
three diſtin Powers, viz. 125aaa, 64eee, and — 216, And 
the Cube Root of 125@a@is 5a; of bg4eeze is 4e; of —216 15 
— 6. Wherefore I ſuppoſe the Root ſought to be 5a-+4? 
— ©, which being involved to the third Power, does produc 

| | | the 


1 


4 
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7 
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the ſame with the given Power; conſequently 5a+4e—@ is 
the Cube Root required, 

But if the new Power, raiſed from the ſuppoſed Root (being 
involved to it's due Height) ſhould not prove the ſame with the 
given Power, viz. if it hath either more or fewer Terms in it, 
Fc. then you may conclude the given Power to be a Surd, 
which muſt have it's proper Sign prefixed to it, and cannot be 
otherwiſe expreſſed, until it come to be involved in Numbers. 

Example 5. Suppoſe it were required to extract the Cube Root 
of 27aaa+54baa+86bbb., Here are two diſtin and perfect 
Cubes, viz. 27aaa, and 8bbb, whoſe Cube Roots are 3a and 
2b, Wherefoie one may ſuppoſe the Root ſought to be 3a 
+24, which being involved to the third Power, is 27444 
+ 54baa+3Zobba+86bb, Now this new raiſed Power hath 
one Term (v. 30bba) more in it than the given Power hath; 
but this being a perfect Cube, one may therefore conclude the 
given Power is not ſo, viz. it is a Surd, and hath not ſuch a 
Root as was required, but mult be expreſſed, or ſet down, 


1 64 


Thus 27 aaab54baadbbb. 


If theſe Examples be well underſtood, the Learner will find 
it very eaſy by this Method of proceeding to diſcover the true 
Root of any given Power whatſoever, 


1 — — 33 _— 


"—_ _— — 


KK. 
Of Algebzaick Fractions, + Broken O uantities. 
Sect. 1. Notation of Frafioma! Quanteties. 


[i Ratimal Duantities are expreſſed or ſet down like Vulgar 
Fractions in common Arithmetic. 


* 


Thus {2 ate: 5b—40 Numerators. | 
7 b 4% *. 4d4-+76b Denominators. 


How they come to he ſo, ſee Caſe 4, in the laſt Chapter, of 
Diviſion, Theſe Fractional Quantities are managed in all re- 
ſpects like Vulgar Fractions in common Arithmetick, 


3 Sect. 


: 
: 
| 
: 
4 
72 
| 
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Sect. 2. To Alter or Change different Fractions in.. 
one Denomination, retaining the ſame Value. 


RULE. 


. TIPLY all the Denominators into each other for a neu 
Denominator, and each Numerator into all the Denominatcr; 
but it's own for new Numerators, 


EXAMPLE S. 


a EE 133 3 
Let it be required to bring T and — into one Denomination, 
c 


Firſt axc, and 4x6, will be the Numerators, and 6b xc will 


ca bd 
be the common Denominator, viz. — and — are the two 


bc bc 


; : MY 
Fractions required: that is, 58 and FED 
dA — 


: b+c — 
9 4 7 and Fare be brought into one Denomination, 


and they will be bb+bc—bd—dc wy ad—ac+bd—bc A. 


Lö © had-bb—da—bd 


—— 


Sect. 3. To Bꝛing wee Quantities into Fractions 


of a given Denomination. 


R U-L E. 


N TIPLY the whole Quantities into the given Denomina- 
tor for a Numeratar, under which ſubſcribe the given Deno- 
minator, and you will have the Fraction required, 


N EXAMPLES. 
Let it be required to bring ab into a Fraction, whoſe Deno- 


minator is d—a., Firſt a+bxd—8@ is da-bd—aa—ba: 
Aa+bd—aa—ba. 


Then . . 18 the Fraction required, 
7 * 24. 
4 — 7 
Alſo — | 2 —. 


When 
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When whole Quantities are to be ſet down Fraction wiſe, 


ſubſcribe an Unit for the Denominator. Thus ab is = And 


== &c. 


44 — 553, is 


Sect. 4. To Abbreviate , Reduce Fracional Qlanti- 
ties into their loteſt Denomination. 


RU LE. 


Dl both the Numerator and Denominator by their greateſt 
common Diviſor, viz. by ſuch Quantities as are found in both; 
and their Quotients will be the Fraction in it's loweſt Term. 


bbb . bb 54 
Thus 5 is =. — N And a+ —— =a +4, 


In ſuch ſingle Fractions as theſe, the common Diviſors (if 
there be any) are eaſily diſcovered by Inſpection only; but in 
compound Fractions it often proves very troubleſome, and muſt 
be done either by dividing the Numerator by the Denominator, 
until nothing remains, when that can be done: or elſe finding 
their common Meaſure, by dividing the Denominator by the 
Numerator, and the Numerator by the Remainder, and ſo on, 
as in Vulgar Fractions (Se. 4. Page 51.) 

EXAMPLES, 


aac—aad 


Suppoſe "_ * were to be reduced lower. 
Then cd dd] aac—aad A the Fraction required, 
— \*4 | 
0 8 


In this Example it ſo happens that the Numerator is divided juſt 
off by the Denominator; but in the next it is otherwiſe, aud re- 
quires a double Diviſion to find out the common Meaſure, viz. 


: ö aaa—abh : 
Let it be required to reduce ——— toit's loweſt Terms. 
| aa2abt-bb | 


Firſt. aa+24ab+8bb) aaa—abb (a 
| aaa-H2aababb 
—2aab—24qbb the Remainder. 


Thea — 2aab—2abb) aa+2ab +6bb | — 3 A 


aaÞab 5 2b 24 
ab 4-bb 
abt-bb 
ES Hence 


22 253 3 


3 3 2 2 2 
* 


2 N _ TS, 1 


c 


FF r ESE Io 
— 4 - # 
— bs — 2 22 * 0 T 7 
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Hence it appears that —2aab—24bb is the common Mea- 
ſure; by which aaa—abb being divided. 


a 1 


Viz. — 24346 — 24 bb) aaa—abb (— 442 
aaa ＋ 446 * 2 
244-4 
—aab—abb 
. 5 5 
"mY — + — is the new Numerator ; and & — 
___— or; 5 
: — 2 6 
— is the new Denominator. But — < + = — -— — 
= = =2 the Numerator ; and . ee, 
25 2b 24 4ba 
= —.— the Denominator. Let both be multiplied with 2 Ba, 
a —aa+ab the Numerator, . 
and you will have - a Wy, Be OT EA Or changing 
the Signs of all the Quantities, it will be = thenew Frac- 
— apes Mig -: 
: R 44 — 45 aaa—abb 
tion required. That is, E 
. ; 4d - 
Again, let it be required to reduce —. 
add — 990 


The common Meaſure of this Fraction will be the eaſieſt found 


(as appears from Trials) by dividing the Denominator by the 
Numerator, Sc. Thus, 


44—bb) ddd—bbb (4 


ddd—bbd 
TDA —bbb) dd—bb A 
© ddbd (57 
A- \bbd—Þ (6 
3455 
98 8 


Hence it appears that 54 — 3 is the common Meaſure that 
wil! divide both the Numerator and Denominator. 


TE 1 Conſequently 


* 
4 
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— d—bb | 
| Conſequently 5 bd—bb) 22 LANE I, is the new Nume- 


3 Lrator. 
db—bh 


O O 


. Ad— bbb AA 
And d —bb) ne 74³ (T the new Denominator. 


+ ddb—bbb 
Add -d 


+ bbd—bbb 
bb4—bbb 


O 0 


Let both be multiplied with 5, and then you will have 


d4-b the Numerator, 


dd +b4 55 the Denominator, ; of the Fraction required. 

But if after all Means uſed (as above) there cannot be found 
one common Meaſure to both the Numerator and Denomina- 
tor; then is that Fraction in it's leaſt Terms already. 


Nate, Theſe Operations will be underſtood by a Learner aftet 
he bath paſſed thro' Multiplication and Diviſion of Fractions. 


16 —— cr. * a 


» 


Sect. 5. Addition nd Stibſtraction of Fracticnal 
Quantities, 


HE given Fractions being of one Denomination, or if 
they are not, make them ſo, per Sect. 4. Then, 


R U LE. SG 


Add or ſubſtract their Numerators, as Occaſi ton requires, and to 
their Sum or Difference ſubſcribe the common Denaminator : as in 
Vulgar Fractions. 


Examples in Addition. 5 


FY £44 . 
c 4 de 44 
:!!! pg OERSTE 
A A" " abc | d+a _ A 
bb+aa I a4 +6 | 24 
8 EI AGTOE 185 1 | d +a 
Re er ar Eng Examples 


5 ab are Acorn yy, + * {ad * 


Rb ee ooo 


9 = 2 n 
; BE; 
- — 
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Examples in Slibſtraction. 

{| 1þb+ac| a+bza+b+( 23 
FE 4+<1 8 | d+e 

bb P -e 2a-+c [1+b—d 


6: 144-6! a de. 
SE aa |2a—b| a+b b—a+d_ 
F J 


_— 


Sect. 6. Multiplication of Fractional Quantities. 
ro I RS T prepare mixed Quantities (if there be any) by mak- 


ing them improper. Fractions, and whole Quantities by 
ſubſcribing an Unit under them; as per Sect. 3. Then, 


RULE. 


Multipiy the Numerators together for a new Numerator, and tl 
Denominators together fir a new Denaminator z as in Pulgar 
Fractions. 


Thus” | ab 2 
* c 4 2d +c 
1 d 4a ＋t-25 
7 4 


25 12aa—2ab—4bb 
8374 24d ＋ dc 


2 x 213 


1 — 


| Suppoſe it were required to multiply 244. — 25 with 


26+4c. Theſe prepared for the Work (per Sect. 3.) will 
ſtand 
| [2ac+b—25c 


* 4c 
Thus 3b +4c 


1 


1 . 
bac 38b—75hc+8acc+4bc=Took 


6 
2* 213 
ener per So 4. | 
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NM. B. Any Fraction is multiplied with it's Denominator, by 


caſting off, or taking the Denominator away. Thus— x @ gives 


5. For 4 2 &c. 
a 1 a 


— 


Sect. 7. Diviſion of Fractional Quantities. 


F E Fractional Quantities being prepared, as directed in 
the laſt Section. Then, 8 


RU L E. 


Multipiy the Numerator of the Dividend, into the Denominator 
of the Diviſor, for a new Numerator ; and multiply the other two 
tegether fer a new Denominator ; as in Vulgar Fractions. 


EXAMPLES. 
Lea: be divided by = the Work may ſtand thus, 


aN abd (=== a IN 
FE 
Or thus | 1 I aps ana—bbb_ 
7 2 a—+b 
2 ab c- Wa—ab+bb 
I 
12213 422 3 
EO | f | de—db | aaa +bob 
Sup oſe it were required to divide FEY 309! by a + # 
| P | a-+4b 


The Work prepared will ſtand thus, 
a—-b (met eds S 


* u +40  aa+5b4a-+400 


. 


1 


aaa+4aab4-3abb 444-30 
aa ＋- 5 e. 45 4 46 (per Sect. 4.) 


When Fractions are of one Denomination, caſt off the Deno- 


l TN - a h3 
minators, and divide the Numerators. Thus, if — were to 
c 


be divided by — it will be 65) abs (ab the Quotient required. 
Z For 


| 
4 
F 
; 
1 
; 
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For — = (> -, But 75 =ab (per Sect. 4.) 
c \bb 


bb 
Again, ſuppoſe it were required to divide — by 


C — 
aa - TAU 55 
c — 4 ; 


2ab-+bb) aa -b (= 


Caſting off c—d in both, it will be aa+ 


Ke. 


* 


Sect. 8. Juvolution of Fradlional Quantities. 


RU LE. 

7 Nwvolve the Number into itſelf for a new Numerator, and the 
Denominator into itſelf for a new Denominator ; each as often 

as the Power Fox th 


b 
Thus Lf Las TE 
a 24d Se 
6 ee [bb+2bd AA 
1 © — 
I lanadd laga—2ac Cc 
0. | [= bob|27bubeeehbbb + Zbbd+ $bad-- add 
2255 aaa Baaaddd|aaa—3aac+3acc—cee 


Set. 9. Evolutton of Fractional Quantities. 


F the Numerator and Denominator of the Fraction have each 
of them ſuch a Root as is required (which very rarely happens) 
then evolve them ; and their reſpective Roots will be the Nume- 
rator and Denominatgr of the new Fraction required. 


Thus * gaabblaa4-2ab--bb 
44d aa—2ab—+bb 

5 34a b la Þb 
* FEY 24 a—b_ 
1 [274aabbb 10a T-3aab T2abb 4-bbb 

* 8A? © Jaaa—3aab+3Zabb—bbb 
2 34 b 2 ＋ 5 : 
24 a—b UN 


Sometimes it ſo falls out, that the Numerator may have ſuch 4 
Root a as isrequired, when the Denominator hath not; or the Deno- 
minator 


— — 
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minator may have ſuch a Root, when the Numetator bath not. 
In thoſe Caſes the Operations may be ſet down 


Thus | aa aaa+4bb—dd 
ddd 4a +2a6+bb _ 

£ ab . 
In . 


— 


But when neither the Numerator nor the Denominator have 
juſt ſuch a Root as is required, prefix the radical Sign of the Root 
to the Fraction; and then it becomes a Surd ; as in the laſt dtep, 
which brings me to the Buſineſs of managing Surds. 


— —_ —_— „, 


— TO Oe. 


. 


Of Surd Quantities, 


HE whole Doctrine of Surds (as they call it) were it fully 
handled, would require a very large Explanation (to reader 
it but tolerably intelligible) ; even enough to fill a Treatiſe it- 
ſelf, if all the various Explanations that may be of Ute to make 
it eaſy ſhould be inſerted ; without which it is very intricate and 
troubleſome for a Learner to underſtand. But now theſe tedious 
Reductions of Surds, which were heretofore thought uſeful to fit 
Equations for ſuch a Solution, as was then underſtood, are wholly 
laid aſide as uſeleſs: Since the new Methods of reſolving all ſorts 
of Equations render their Solutions equally eaſy, although their 
Powers are never ſo high. Nay, even fince the true Uſe of 
Decimal Arithmeticb hath been well underſtood, the Buſineſs of 
durd Numbeis has been managed that Way; as appears by ſe- 
veral Inſtaaces of that Kind in Dr J/allis's Hiftory of Algebra, 
trom Page 23, to 29. 

I ſhall therefore, for Brevity ſake, paſs over thoſe tedious Re- 
quctions, and only ſhew the young Algebraiſt how to deal with 
ſuch Surd Quantities as may ariſe in the dolution of hard Queſtions, 


n 


a 2 — 


Sect. 1. Addition and Stidftraction of Surd Quanlities. 
Caſe 1. HE N the Surd Quantities are Homogeneal, 


(viz. are alike) add or ſubſtract the 1atianal 


& 4 Part, 


a > 


— 


Algebba. 


_ "ae $4 
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Part, if they are joined to any, and to their Sum, or Difference, 
adjoin the irrational or Surd. 


Examples in Addition. 


1] 5Vbc| 6byac | bvaapcc 
2] 7V bc | 4bV ac 3% aa+ce 
142 3 12 VU bc | 10by ac 4by aa +cc 


114d*Waab+*Yaa—cd be: 5 aa+d 
| daa — 39 — 31% V4 
I 235% VA b+c 41e : *YV aa+d 


Examples in Subſtraction. 


1] 124y/ bc 10 ac | 4bv aa+cc 
2] 7Y be | 4bV ac 3bV aa-+cc 


1243 uy be | 6b4y/ ac bY aa + cc 


115d: Va b +c | 4bc: *vV aa+td 
2 44 c=34 aa—ce 2bc: *Vaa+d 
31-4: aa | DV bet Vt 


HE 5 


1—2 


Caſe 2. When the Surd Quantities are Heterogeneal, (viz. 
their Indices are unlike) they are only to be added or ſubſtracted 
by their Signs, viz. ＋ or —. And from thence will ariſe 
Surds either Binomial or Reſidual. | 


Examples in Addition. 


1 bc 449% a | „ = 
2 0 ba 3% ac Vach+ba _— 
1+2| 31v/ be: +v/ balgdVa: +36v/ ad vac—ba: +v ac+63 
Examples in Subſfraction, 
1]/bc AED 
2|/ ba d—2av bd +dd ET 
1—2 3 / be—v/ balb—dwV aaad-ca x —d+2av u 


Sect, 


„ 


| together, 


- iff 


Sect. 2. Multiplication of Surd Quantities. 
Caſe 1. W HEN the Quantities are pure Surds of the 
ſame Kind; multiply them together, and to 


their Product prefix their radical Sign, 
EXAMPLES. 


EPV [vbahdda Waabbb 
2 % Vea Waa—bb 
Ix 23 ba bead c aaaa—bbby 


717— — 


Caſe 2. If Surd Quantities of the ſame Kind (as before) are 
joined to rational Quantities, then multiply the rational into the 
rational, and the Surd into the Surd, and join their Products 


E XAMPLES. = 
1| d/ be [Sed ba+da | 154/ ab 
2]3bva [3av ca 5 d 


Tx 21 3 12d4by/ bcal t5cdawbeaaddcaa 55 Vabd 


Sect. 3. Diviſion of Sud Quantities. 


HEN the Quantities are pure Surds of the 
ſame Kind, and can be divided off, (viz. 


without leaving a Remainder) divide them, and to their Quo- 
tient prefix their radical Sign. 


EXAMPLES. tf 
|1| 4/ba | Vc A | 74422 — 5595 
2 Vea Vaa—bb 
I=>23|v 4 Vba+da | vVaa+bb 


Caſe 1. 


—_ 


Caſe 2. If Surd Quantities, of the ſame Kind, are joined to 
rational Quantities ; then divide the rational by the rational, if 


it can be, and to their Quotient join the Quotient of the Suzd 
divided by the Surd with it's firſt radical Sign. 


EZAMPLES, 


1| 345 bea 15cdav bcaa--dcaa, 75 abd 
235% | 3aV ca Wo. 
T=2 2 „. 5edv/ ba da _ 154/ ab : 


— a. 


Note, 
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Moe, If any Square be divided by it's Root, the Quotieut 
will be it's Root. 


EXAMPLES. 


I 7 bb 4-2bck-cc | aaa —2bbaa+bbbb 
2| Vi / bb+2bc+cc] V af —2bbaa+b*t 


1=2|3| of / bb +2bckcc V a*—2bbaa+b* _ 


Set. 4. Involution of Surd Quantities. 
Caſe 1. W HEN the Surds are not joined to rational Quan- 


tities, they are involved to the ſame Heights as 
their Index denotes, by only taking away their radical Sign. 


EXAMPLES, 


11994 V bcav aa—bbly 5a —aa 
2] @ bal aa —bbl 5a—da 


16.) 


— — — 


Caſe 2. When the Surds are joined to rational Quantities, in- 
volve the rational Quantities to the ſame Height as the Index of 
the Surd denotes; then multiply thoſe involved Quantities into the 
Surd Quantities, after their radical Sign is taken away, as before. 


. 
by al 5dV/ caltbv aa—dad 
bba lg ddca lo bbaa — 0A A 


2: J bi 3d4:*Vaa+bb da: b 
aaabec \27dddaa+27dddbbdddaaatb _ 


x 
12 2 


1 
18.312 


— — 


The Reaſon of only taking away the radical Sign, as in Caſe 
T. is eaſily conceived, if you conſider that any Root being in- 
volved into it ſelf, produces a Square, c. And from thence 
the Reaſon of thoſe Operations performed by the ſecond Caſe 
may be thus ſtated, 


Suppoſe bV/ a=sx. Then a = _ per Axiom 4. and both 
Sides of the Equation being equally involved, it will be a= 
xx 


75 Then multiplying both Sides of the Equation into 56, it 


becomes bba=xx per Axiom 3, Which was to be proved. 
Again, 
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Again, Let 5 dV ca=x: Then Ve and ca 


* K* 
25 dd | 
Alfo from hence it will be eaſy to deduce the Reaſon of mul- 
tiplying Surd Quantities, according to both the Caſes, For 
5 92 
Suppoſe 1 ; — 5 * Þ Example I. Caſe 1. 
1013} 222 
014] 4 =x# 
3* 445 ba=zzx x. per Axiom 2. 
5 wt! G ba=z x. which was to be proved. 


Let] | 7 |. 4 deems 


23% © Dxample 1. Caſe 2, 


1 243 C0 
2353 == 


4* 345 vabe = =, from what is proved above. 
913246 . &c. for the reſt. 


2 — 


1 Diviſion being the Converſe to Multiplication, needs no other 
roof. 


— * 


CHAP. V. 


Concerning the Nature of Equations and how to prepare 
them for a Solution. 


\ \ HEN any Problem or Queſtion is propoſed to be analy- 

tically reſolved ; it is very requiſite that the true Deſign 
or Meaning thereof, be fully and clearly comprehended (in all 
it's Parts) that ſo it may be truly abſtracted from ſuch ambi- 
guous Words as Queſtions of this Kind are often diſguiſed with; 
otherwiſe it will be very difficult, if not impoſſible, to ſtate the 
Queſtion right in it's ſubſtituted Letters, and ever to bring it 
to an Equation by ſuch various Methods of ordering thoſe Let- 
ters as the Nature cf the Queſtions may require, 


A 


Now 


176 Algebza. Pelart Il 


Now the Knowledge of this difficult Part of the Work is on- 
ly to be obtained by Practice, and a careful minding the Solu— 
tion of ſuch leading Queſtions as are in themſelves very eaſy. 
And for that Reaſon I have inſerted a Collection of ſeveral 
Queſtions ; wherein there is great Variety. 

Having got ſo clear an Underſtanding of the Queſtion pro- 
poſed, as to place down all the Quantities concerned in their 
due Order, viz. all the ſubſtituted Letters, in ſuch Order as 
their Nature requires; the next thing muſt be to conſider whe- 
ther it be limited or not. That is, whether it admits of more 
Anſwers than once. And to diſcover that, obferve the two fol- 
lowing Rules, 


KU EE x; 


When the Number of the Quantities ſought exceed the Number af 
the given Equations, the Queſtion is capable of innumerable Anſwer: 


EXAMPLE. 


Suppoſe a Queſtion were propoſed thus; there are three ſuch 
Numbers, that if the firſt be added to the ſecond, their Sum wil! 


be 22. And if the ſecond be added to the third, their Sum will 
be 46. What are thoſe Numbers? | | 

Let the three Numbers be repreſented by three Letters, thus, 
call the firſt a, the ſecond e, and the third y. 


Then f PO according to the e. 
Here the Number of Quantities ſought are three; a, e, 5, 
and the Number of the given Equations are but two. There- 
fore this Queſtion is not limited, but admits of various Anſwers ; 
becauſe. for any one of thoſe three Letters you- may take any 
Number at Pleaſure, that is lefs than 22. Which with a little 
Conſideration will be very eaſy to conceive, 


'S®ULRE "x 


Il hen the Number of the giuen Equations (not depending upon on 
another) are juſt as many as the Number of the Duantities ſoug"t 
then is the Dueſtion truly limited, viz. each Quantity ſought hat" 
but one fingle Value. | | 

As for inſtance, let the aforeſaid Queſtion be propoſed thus. 
There are three Numbers (a, e, and y, as before) if the fitſt be 
added to the ſecond, their Sum will be 22; if the ſecond be added 

10 


8 


* 
15 
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to the third, their Sum will be 46; and if the firſt be added to 
the third, their Sum will be 36. What are the Numbers? That 
is, a+e==22. e+y=4b. and a+y=30. Now the Que- 
ſion is perfectly limited, each ſingle Quantity having but one 
ſingle Value, to wit a=b6, e=16, and y== 30. 

N. B. If the Number of the given Equations exceeds the 
Number of the Quantities ſought; they not only limit the Que- 
ſtion, but oftentimes render it impoſſible, by being propoſed 
inconſiſtent one to another. 

Having truly ſtated the Queition in it's ſubſtituted Letters, and 
found it limited to one Anſwer (or at leaſt ſo bounded as to have 
a certain determinate Number of Anſwers) then let all thoſe ſub- 
ſtituted Letters te to ordered or compared together, either by 
adding, ſubſtracting, multiplying, or dividing them, &c. accord- 
ing as the Nature of the Queſtion requires, until all the unkgown 
Quantities except one are caſt off or vaniſhed ; but therein great 
Cate mult be taken to keep them to an exact Equality; aid when 
that unknown Quantity, or ſome Power of it (as Square, Cube, 
Sc.) is found equal to thoſe that are known; then the Queſtion 


is ſaid to be brought to an Equation, and conſequently to a So- 


lution, vz. fitted for an Anſwer. 
But no particular Rules can be preſcribed for the caſting off, 


or getting away Quantities out of an Equation ; that Part of the 


Art is only to be obtained by Care and Practice. And when that 
is done, it generally happens ſo, that the unknown Quantity 
which is retained in the Equation, is ſo mixed and entangled 
with thoſe that are known, that it often requires ſome Trouble 
and Skill to bring it (or it's Powers, c.) to one Side of the 
Equation, and thoſe that are known to the other Side; (till 
keeping them to a juſt Equality) which the ingenious Mr Scoo- 
ten, in his Principia Matheſeos Univerſalis, calls Reduction of 
Equations. 

The Bulineſs of reducing Equations (as of moſt, if net all 
Algebraick Operations) is grounded and depends upon a right Ap- 
plication of the five Aaioms propoſed in Page 146, and there- 
fore, if thoſe AJxioms be well underſtood, the Reaſon of ſuch 
Operations muſt needs appear very plain, and the Work be ea- 
hly performed ; as in the following Sec710rs. | 


nm 
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Sect. . Of Reduction by Addition; 


R EDUCTION by Addition is grounded upon Axiom 1. 
and is only the tranſpoſing (v:z. the removing) of any Ne- 
gative Quantity from either Side of an Equation to the other 
Side, with the Sign ＋ before it; as in theſe 


E XAMPLES. 


Suppoſe |1ja—b=0d Again, 
Then | 24a T= Let]1| aa—d=c—aa 
For | 3! b=4d| 1+4|\2] aa=c—aa-+d 
I + 3 4ja=d+b|2+aa 31[2aa=c—+d 


Nete, When any abſolute Number is 

Let{1 Ja—4= 6—4 regiſtered in the Margin, you muſt draw 

2 1 a Line over it, to diſtinguiſh it from the 

I+4|2 3a=b+4—8a other Numbers. As T in the 24d Step 
2 +a 3 4a=6+4=10 of this Example. 


Letlilaa—dc—b=dd—2ba 
I+Sbj2jJaa—de=dd—2ba+b 
2+dc|3laa=dd—2ba+Hb+dc 
2+2ba 4Jaa+b2ba=dd+b—+dc 


Suppoſe 12 44 — 4 c - 3644 — 44 4 
1-444 [2 [A ＋- 244 — A4 - 36 a 4 
2 ＋ 35344 ZA A3 ILA H＋- 2d - Ad S e 
344 4 a a 4a ＋-3baaH＋- 2 da g A d, &c. 


Sect. 2. Of Reduction by Subſtraction. 


EDU CTION by Subſtraction is grounded upon Axiom 2, 


and is performed by tranſpoling (or removing) any Affirm- 
ative Quantity from either Side of the Equation, to the other 
Side, with the Sign — before it ; as in theſe 
ESI MP L-£& 8. 
a2 45 — 4] Letji| 3za+4=6-+4a 
b=b|1—al2]2a+H4=6 
a=d4—b EPS py POP S3 RES 
llaah+dec+b=ddd-2ba 
2Jaa—2ba+Hdc+b=dd 
2 —dc|2jaa—2ba+b=dd—adc- 
4laa—2ba=dd—dc.c—b 


= 


R 
2 
3 


Suppoſe 
And 


2—4 


— — — 


Let 


oY IR © «a % 


—_ — 
* * „ — . — — 
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Let[ijJaaabHd=cic+3baabk2da 
1 —Jbaal2jaaa—Jbaabd=cic+24%4a 
2— 244 |3}aaa—3Jbaa—2daHd=cc 
3—4 14142424 —3144 4 — 2d 2 C — 4 


Sect. 3. Of Reduction by Multiplication. 


F RACTIONAL Quantities, in any Equation, are 
brought into whole Quantities by multiplying every Term 
in the Equation with the Denominators of the Fractions, per 
4 33 as in theſe 


EXAMPLES. 


Suppoſe | 1 


Then 2 


I PE 
$0.2; 


2 [G dc 


Suppoſe 


a —bþ 
aa - ba AA 


| dd 
11082 


Ixa—b| 2 
Fa A d x 
Suppoſe | 1 Fr Har 


1 512 0 Le = 
2 * 43 F 


** 


gu . aaa 564 — 55 
PP aa—bb— 2-6 


1xũ 44 — 112 la a4 = haag—bboa—bba+0bbh 
a+b 


IXa 3 ua Lobos ebb coded oe ed 


Sect. 4. Of Reduction by Diviſion, 
W HEN any Quantity (either known or unknown) is in 


every Term of an Equation, if the whole Equation be 
divided by that Quantity, it will be reduced into lower Terms, 
per Axiom 4, as in theſe following Examples. 


Aa 2 EXAMPLES, 
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E Xi HP LES. 
baaÞbca—bed| Let * 


aa Lr 21412 


1 ffaa+ffcaa—ffa=ffda+ffdda 
2 | aabkcaa—a=da-tHdaa 
ZI C -f AAA 


1 
2 


Suppoſe 


442 7. 
123 


4 — 7 


1 — 5 111 


Or when the unknown Quantity is multiplied (viz. joined) 
with any that is known ; let the whole Equation be divided b 


the known Quantity, that ſo the unknown may be cleared ; as 
in theſe 


EXZ#MPLE:S. 


Suppoſe [1]ha—ca= Let |ilcaa—daa=id—dd 
4 — cd - dd 
125 — 42] a= 1c —-4⁰ ln = — _ 
b — c 426 
Suppoſe bbaaa—2bbaa=bda+cba | 


I 
a arp baa—2?2ba=d+c 


S013 a0 2 
Let 1 [49 daa+42aa=7bca+2lca 
1—72] 7daa+ baa= bca+ 3ca 
2 - 443744 + ba = be —+ 3c 
_ be 30 
I PE 


Sect. 5. Of Redu#fion ty Jnvolution. 
| \ \ / HE N there happens to be an Equation between any ho 


mogeneal or like Surds, take away the radical S'gns from 
the Quantities, and they will become rations]; as in thi fe 


EXAMPLE S. 


Suppoſe iV V f c Leif? ee ee Sed. 4. 
15%} a= Ad＋ 82 aa—= db+bc) Chap. 3. 


Or if one Side of the Equation conſiſts of Surd Quantities, and 
the other Side be rational, then involve the rational Quantities to 


the 
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the ſame Power (or Height) with the Index of the Surd, and 
take away the radical Sign ; as in theſe | 


| E141 MPLES 
1 1 |/ a=6 Juppoſe l v a=b4c 


I 6." a=36 1.1 a=bb-+2bc-cr 
Suppoſe] 1 Jaa -a A Let |; | a 
182 aa—ba=ddd| 1 &* 12 a A : 16807. 


— — 


. 


Sect. 6. Of Reduction by Evolution. 


WI EN any ſingle Power of the unknown Quantity is on 
one Side of an Equation; evolve both Sides of the Equa- 


tion, according as the Index of that Power denotes, and their 
Roots will be equal; as in theſe 


EXAMPLES. 
* . | aa=36 | on þ aaa=2) 
a=y 3b=6b | 147 a g 295 =4, Ke. 


N t laa=bb—dd 555 
1w'|2| a=y/bb—dd\' wi a e 


— 


Or if any compound Power of the unknown Quantity be on 
one Side of the Equation (that hath a true Root of it's kind) e- 
volve both Sides of the Equation, and it will be depreſſed into 
lower Terms; as in theſe 


EX 4:44 P-£-:£:8. 


aa+2ba+bb=dd . 


1 840 1 
21 a+b=d a -b dc 


I uy* 


— — 


Here follow a few Examples of clearing Equations, wherein 


all the foregoing Reductions are promiſcuouſly uſed, as Occa- 
fion requires. 


. 


Suppoſe I I 
| 


— 4g —= 408 


, What is a = to? 


1X 412 lagþic—d=—=—= 1 


— — 
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9 2xb| 3 baapbc—bd=4g—4aa 
3＋444 4 baa+4aa+Hbc—bd=ag 
4-+bd| 5 baa+4aa-Hbc=4g+6bd 
g—bc| 6 baa+4aa=4g+bd—bc 
2 48 ＋ 54 — be 
623 — — — 
＋447 5 
bd—bc 
Tw*|8 a e, as was required. 
1 1 r 2 
EXAMPLE 2. 
| Ja-b354__ 34 2 
| "I 85 , *. what is the Value of a? 
34 
1Xx 2 2 — — 
I 354—4 
2ũ1ͥ 353 —4 3 [125316 — 4428 344 
2444 4 4442125316 
444.5 | 4a= 31329 
5 by 6 |} a=v 31329=177> the Value of à required. 
EXAMPLE z. 
„„ 
Suppoſe | 1 v HB my EEBzY Eon? 
aa4+35b 149 +306 x of aa—3bb 
2 4 4 
1672 „ 424 — 335 baa 
| 2 4 c 
That is| 3 EFT. .r — — 
Wer e 
For aa + 3 bb 2424 44 
= 4 e 
1 = ff __ ,, aa 3b 
7 33 3 4 2 2 
Then] Y R V — == 
319% &c| 4 Env = 
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baa 


REP T bows. 1. 


Il la bat +gccb? =4 cat 
I2/9cch* =4ca* — 4 bat 
ec 


40 — 46 
4c —4bxa* =4ca* — 4340 


„ ee 
ow * 


13 la 4a u 
For 


13 uy? 


14 b 


— — —— 


TP as Was required, 


2 


By help of theſe Reductions (properly applied) the unknown 
Quantity (a) or it's Powers, are cleared and brought to one Side 
of an Equation; and if the unknown Quantity (a) chance to be 
equal to thoſe that are known, the Queſtion is anſwered: as in 
the firſt Example of Sect. 1 and 2. Or if any ſingle Power of 
the unknown Quantity (a) is found equal to thoſe that are known, 
then the reſpective Root of the known Quantities is the Anſwer ; 
as in the firſt four Examples of Se. 6, &c. 

But when the Powers of the unknown Quantities are either 
mixed with their Root, as aa+ba=dd, &c. or do conſiſt of 
different Powers, as aa . e dd, &c.: Then they are 
called Affected, or Adfected Equations, which require other 


Methods to teſolve them; viz. to find out the Value of (a) as 
ſhall be ſhew<-d further on. 


— 
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HK. VL 


Of Ptopoztional Quantities ; 40:5 Arithmetical, 
Geometrical an DYullicat. 


HAT hath been ſaid of Numbers in Aruhmetical Pra— 


greſſion, Chap. 6. Part I. may be eaſily applied to any 
Series of Homogeneal or like Quantities, 


— 


Sect. 1. Of Quantities in Arithmetical Progreſsion. 
. OSE Quantities are ſaid to be in the moſt ſimple or 


natural Progreſſion, that begin their Series of increaſe or 
decreaſe with a Cypher : | 
0:4:20: 3a: 43: 5a: ba: &c. increaſing 
Thus 0: =a4:;—24;—3a:—44:—54:—ba: Kc. decreaſiog, 
Or Univerſally, putting à the firſt Term in the Progreſſion, and 
the common Exceſs or Difference. 


Then 4 © : @-+e : atze: a+3e : a+4e : ab5e: ae: &c. 
a ; 4a — e: 4-2: 4— 3e: a- 4e: 4—5e: a—be : &c. 

In the firſt of theſe Series it is evident, that if there be but 
three Terms; the Sum of the Extreams will be double to the 
Mean. 

As in theſe, o: 4: 24: or, 4: 24: Je: cr, 24: 3a: 4a, &c. 
viz. 24: O a4: or, a ＋ 34 = 24 ＋ 22, &c. 

Alſo, in the ſecond Series, either increaſing or decreaſing, it 
is evident, that if the Terms be a : ae: a ＋ 2e, &c. increaſ- 
ing; then a+a—+2e, viz. 24-+2e the Sum of the Extreams, 
is double to a+e the Mean, or it they bea: a—e: 4— 2, 
&c. decreaſing ; then a+a—2e : viz. 24 — 2 the Sum of the 
' Extreams, is double to a —e the Mean. Ad { it will be in 
any other three of the Terms. 2dly, if there are four Terms; 
then the Sum of the two Extreams will be equal to the Sum ot 
the two Means; as in theſe, 2: @aþe:au-þ22:a+3e, in 
the Series increaſing z here a+a+3e=zabe+aÞ2e. 

Alſo in theſe, 4: a—e: a—2e:4—2e in the Series de- 
creafing 3 here @þa—3Ze=a—e+a—2e, Kc. ia any othe! 
four Terms. 

Conſequently, If there are never ſo many Terms in the Serics, 
the Sum ut the two Extreams wil! al WAY be equa) to the Sum 

| 00 
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of any two Means, that are equally diſtant from thoſe Extreams, 
As in theſe, a:aÞe:aÞ+2e:a+3c:a+4e:a+5e: &c, 
Here a +a +5e=a+eÞa+4ge=a+2e+a+z3e, &c. 
And if the Number of Terms be odd, the Sum of the two Ex- 


treams will be double to the middle Term, Sc. as in Corol. r. 
Chap. 6. beforementioned. 


CONSECTARY 1. 


IWhence it follows, (and is very eaſy to conceive) that if the Sum 
of the two Extreams be multiplied into the Number of all the Terms 
in the Series, the Product will be double the Sum of all the Series, 


Now for the eaſter reſolving ſuch Queſtions as depend upon theſe 
Progreſſional Quantities, 


a = the firſt Term, as before. 
S the laſt Term. | 
Lett? g the common Exceſs, c. as before. 
N= the Number of all the Terms. 
$ = the Sum of all the Series, viz. of all the Terms. 


Then will a+yzx N=2 8, by the precedent ConſeQary : 
2 Na += Ny 
that is, Na+ Ny 2. Conſequently - =, the 


Sum of all the Series, be the Terms never ſo many. Thirdly, in 
theſe Series it is eaſy to perceive, that the common Difference (2) 
is ſo often added to the laſt Term of the Series; as are the Num- 
ber of Terms, except the firſt; that is, the firſt Term (a) hath 
no Difference added to it, but the laſt Term hath ſo many times 
(e) added to it, as it is diſtant from the firſt, 3 | 

Conſequently, the Difference betwixt the two Extreams, is on- i 
ly the common Difference (e) multiplied into the Number of all | 


the Terms leſs Unity or 1. That is, M- IXS g- 4, the 
Difference betwixt the two Extreams, viz. Ne—e=y — a, 


CoONSECTARV 2, 


. — 
r Pr 3 4 
+ ne” — a. > a. 


Mbence it follows, that if the Difference betwixt the two Extreams 
be divided by the Number o Terms leſs 1, the Quotient will be the 
common Difference of the Series, r yep 1 


eee ee ene 
To wit * f - 
r | 
B b - Now 


—_—_— 
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Now by the Help of theſe two Conſectaries, if any three of 


the aforeſaid five Parts (viz. a. y. e. N. S.) be given; the other 
ce may be eaſily found. 


Jus, 


And 


2x N—1 


| 


| 


1 


N 


INa + NY 
1 = 
y—@ 
N—y P | 
y—a=Ne—e 
y—a+He=Ne 
1 


8 


as before. 


— e 


6 the Number of Terms. 
Na+ Ny=28 
Ny =28— Na 
28 — Na 


=, the laſt Term. 


Na = 28 — Ny 
2S—Ny 


= a, the firſt Term. 


28 = N, the Number of Terms, 


. 28 


5 per Axiom 5, 
” # Anon 


a+y 


yy—aa 
2e + 
yy —aa+ae-þye=26e 
Jy —aabHye=28Se—ark 
yy — 4 =28Se —ae—ye 
yy —aa 


IEEE the common Difference. 


Ne—e++a=y, the laſt Term. 

Ne+a=y-+e 

„e Ne Za, the firſt Term. 
&c. 


= 28, the Sum of all the Series. 


_— — 


In like Manner you may proceed to find out any of the five 
Quantities (a. e. y. NM. S.) otherwiſe, viz, by varying or com- 
paring thoſe Equations one with another, you may produce new 


Equa tions 


— 
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— 


Equations with other Data in them ; the which I ſhall here omit 
purſuing, and leave them for the Learner's Practice. 


Se. 2. Of Quantities i» Geometrical Proportion. 


EOMETRICAL Proportion continued has been al- 
ready defined in Sect. 2. Chap. 6. Part I. And what is 
there ſaid concerning Numbers in may be applied to any Sort 
of Homogeneal Quantities that are in . 

The moſt natural and ſimple Series of Geometrical Propor- 
tionals, is when it begins with Unity or 1. 


As 1. 32. 44. ada. aaa. 4 a5, &c. in ==, 


For 1: 4: : 4: a:: aa: aa: : a4: aaa, &c. 
bb 3335 5535535 35 
Or 2. 3. — 2 
a aa aaa a* 
335 355 bb b bbb + & 
Fora :b::b; —::— :: —:; — „ &c. 
a . h 


&c. are Terms in 


That is, when all the middle Terms betwixt the two Ex- 
treams are both Conſequents and Antecedents, that Series is in 
Geometrical Proportion continued. Therefore in every Series 
of Quantities in all the Terms except the laſt are Antece- 
dents; and all the Terms except the firſt are Conſequents. But 
Univerſally putting a the firſt Term in the Series, and e the Ra- 
tio, viz. the common Multiplier, or Diviſor; then it will be 


a. ge. are. ace? , aceee.aes .ae* , Kc. in = 


a 3 a a : 
Ore % T , Rc; are in + Deer. 
2 C˙⸗,„k( j BG / 7 FW 


a dee 
For a: ge:: ae: 


= aee, &c. 
a 
ou ode Ct ec 4/ a 
And 4: —;;—; — - 2: — :: — : —, &c. 
e © HEE EF B40 447 


I. In any of theſe Series it is evident, that if three Quantities 
are in ==, the Rectangle of the two Extreams will be equal to 
the Square of the Mean; as in theſe, a. ae. ace, here ax ge 
Sagen age, =aate. Kc. 


Bb 2 Or 


— 
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t 


1 A 
Ora. — . —; hereallog x —==— x —- ==, &c. 
7. 89 Fas 


II. If four Quantities are in == the Rectangle of the Extream 
will be equal to the Rectangle of the Means, 


As in theſe, a. az. gee. aeee; hereaxae? D, xace, 


Ora. 5 — here alſoa x — == * ih &c. 
ee eee . 
Conſequently, If there are never ſo many Terms in the Series 
of ==, the Rectangle of the Extreams will be equal to the ReQ- 
angle of any two Means that are equally diſtant from thoſe Ex- 
treams. 


As in theſe, a. ae . ate. geee. ae“. ae 
Viz. ae xa=ae*xae. Or ae xa=areexaee=aars® 


III. If never ſo many Quantities are in == it will be, as any 
one of the Antecedents is to it's Conſequents, ſo is the Sum of 
all the Antecedents, to the Sum of all the Conſequents. 


"Eu 
theſe, Ja.— , . — , — . =, &c. decreaſing. 
| e ee eee eee e 


a: de:: at-de tai ae ae“: ae Tg e- ae + art 4-975 
a JJV a 
r tyty > +p=+s+y + 


As in 1 de. gee. geee. geeee. ae, &c. increaſing, 


Z = vix. a x at ace ae —+ ae ace? = at 
x apaebaceha?s +ac, 

That is, the Rectangle of the Extreams is equal to the ReQ- 
angle of the Means; per Second of this Se. 

Note, The Ratio of any Series in = increaſing is found by 
dividing any of the Conſequents by it's Antecedent. 

Thus, a) ae (e Or ae (ace (e, &c. 

But if the Series be decreaſing, then the Ratio is found by di- 
viding any of the Antecedents by it's Conſequent. 


Thus, =) a * Or =) 7 * &c. 


C O N- 


mn... 


Chap. 6. Of Piöpoitlonal Duantities, 8 
CONSECTARY. 


Theſe Things being premiſed, ſuch Equations may be deduced from 


them, as will ſolve all ſuch Queſtions as are uſually propoſed about 
Quantities in Geometrical Proportion =>, In order to that, 


a = the firſt Term. Fas before 
Sl 


e =the common Ratio 
y = the laſt Term. 
$ = the Sum of all the Terms. 
Tnen 8 — y = the Sum of all the Antecedents, 
And $ — 4 = the Sum of all the Conſequents. 
Analogy. ] 1}a:ae::S—y: S — 4 per III. of this $29, 


Sa—aa=aceS—aey 


2 
2—a| Z|S—a=eS—ey 
3-Hey]| 4] Se —a=es. 
4—8| Sley—a=eS—8s 
5 2516 — the Sum of all the Series. 
328— 917 I the common Ratio. 
5 44 [Sey e844 —8 
3er, the lat Term. 
4 +aſio[S-Hey=eS+a 
To—eSii}SHey—eS=a, the firſt Term. 


_— 


Note, The. ſet in the Margin at the ſecond Step, is inſtead 
of ergo; and imports that the Rectangle of the two Extreams in 

the firſt Step, is equal to the Rectangle of the Means, And fa 
for any other Proportion. _ 


4 ” a 


8 


— ä 


— 2 


Sect. 3. Of Harmanical Proportion. | 


TARMONIC AL or Muſical Proportion is, when of three 
Quantities (or rather Numbers) the firſt hath the ſame 
Ratio to the third, as the Difference between the firſt and ſe- 
cond, hath to the Difference between the ſecond and third, 
As in theſe following. E | 
Suppoſe a, b, c, in Muſical Proportion, 
Thenjrja:c;:b—a: cc 
1 ** 2 „ 
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2 +calg\chb=2ac—ba 
3220 —5 4 — =, the firſt Term. 
3+ba|5 [2ac=cb+ba 
2ac 
1 6 ＋ = 6, the ſecond Term. 
5 — 47 [2ac—cb=ba 
ba , 
7 = 2a—c| 8 2 e, the third Term. 


1— — 


If there are four Terms in Muſical Proportion, the firſt hath 
the ſame Ratio to the fourth, as the Difference between the firſt 
and ſecond hath to the Difference between the third and fourth. 

That is, let a, 6, c, d, be the four Terms, Cc. 
Then] 1 lz: d:: 5 — 3: dl — c 
1.2 [4b — da =da — 4 


2 44 4b = 2da == (4 


3 
3=2d—( 4 


Wo 
1b 4-ca=2da 
ca=2da—db 
2da—db 


CHAP VIL 


Of Proportion Disjunct, and how to turn Equations into 
Analogtes, &c. 


P ROPORTION Disjunct, or the Rule of Three in 
Numbers, is already explained in Chap. 7. Part 1. And 
what hath been there ſaid, is applicable to all Homogeneous 
Quantities, viz. of Lines to Lines, Cc. 


SR, 
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TELL. $3. 


F four Quantities, (viz. either Lines, Superficies, or Solids) 

be Proportional: the Rectangle comprehended under the 
Extreams, is equal to the Rectangle comprehended under the 
two Means. 16 Euchd 6.) 

For inſtance, Suppoſe 4. 5. c. d. to repreſent the four Ho- 
mogeneal Quantities in Proportion, viz. 4: b:: c: 4; then will 
ad=bc, For ſuppoſe Y 2a, then will d g 2c, and it will be 
4: 24: : c: 2c. Here the Ratio is 2. But ax2c=2axc. 
viz. 2ca=2ac. Or ſuppoſe b=3a then will 4=3c, and 
it will be a: 3@::c: 3c. Here the Ratio is 3. But ax 3c 
=3a xc. Viz. Zea=3Jac. Or univerſally putting e for the 
Ratio of the Proportion, viz. making b==ae, then will d ce, 
and it will be a: ge:: c: ce. But ax ce ge xc, Viz. ace 
=aec. Conſequently, ad=bc which was to be proved. 

Whence it follows, that if any three of the four Proportional 
Quantities be given, the fourth may be eaſily found; thus, 


Let] 1 [a:b::c:d 
1.2 [ad =bc as before 


2 * 


16-8 =p 


a 

14 | 7 Nete, In this Manner Euclid, in 
392 his 5th Book, expreſſes the Ratio 
of Proportionals, viz. the Ratio of 


Or 2 - 448 — 2 
2 5 


If four Quantities are Proportionals they will alſo be Propor- 
tionals in Aſternation, Inverſion, Compoſition, Diviſion, Con- 


verſion, and Mixtly. Euclid 5. Def. 12, 13, 14, 15, 16. 


That 


« — — - * - © 
i— - - * 
1 


That is, if 1 la: 5: : c: d be in direct Proportion, as before. 
Then] 2 la: c:: 5: d, alternate. For ad=bc 
And] 3 %: a:: d: c, inverted. For ad=bc 
Alſo] 4Ja+b:b::c+4: 4; compounded, 
4 . 5 da d= e- d, that is, a d be, as before. 
Or] 6ſa+c:c::b+d:4d.; alternately compounded, 


6 . lad c == dc, that is, ad=bc 
Again, 8]a—b:6b:: c-: d, divided. 
8 *.*] 9 |ad—bd=bc—bd, that is, ad be 
Orſio ſa -c: :: 6-4: d, alternately divided. 
10 . HI lad -c de- cd, that is, ad be 
Andſiz ſa: VT a:: : d+c, converted. 
12 . JI 3 lad aA e NTac, that is, ad be 


Laſtly, 1A A : a—b:: c＋4H: c- d, mixtly. 
14 ./ I5 Jac—=adbbce—bd=achad—bc—bd 
15 +{I6[2bc=2ad, that is, ad==bc; as at firſt, 


* 


Note ; What has been here done about whole Quantities in 


Simple Proportion, may be eaſily performed in Fractional Quan- 
tities, and Surds, Oc, 


— 4 
For inſtance, If — : . and if it be required to 


dd — ec 
Fe 
Means ; which being divided by the firſt Extream, 2 will be- 

a dd —cc {ddd—ccc dd - cc 4 
7 fe 8 
Or if b: / bd+bc:: V bd+bc : to a fourth Term, Then 


is, V¹d XV de babe the Rectangle of the 
Means; and 5) b4+bc (dc the fourth Term. That is, 


J: Id be:: V bd+bce d+c, &c. 


find che fourth Term, it will be the Rectangle of the 


the fourth Term. 


— 
— — 


Sect. 2. Of Duplicate and Triplicate P2opoztion. 
REES Proportions treated of in the laſt Section, are to be 


underſtood when Lines are compared to Lines, and Su- 
perficies to Superficies; or Solids to Solids, viz. when each is 
compared to that of it's like Kind, which is only called Simple 


Proportion. 
it But 
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But when Lines are compared to Superficies, or Lines are com- 
pared to Solids, ſuch compariſons are diſtinguiſhed from the for- 
mer, by the Names of Duplicate, and Triplicate, (&c.) Propor- 
tions; ſo that Simple, Duplicate, and Triplicate, &c. Propor- 
tions are to be underſtood in a different Senſe from Simple, Double, 
Treble, &c. Proportions, which are only as 1, 2, 3, &c, to 13 
but thoſe of Simple, Duplicate, Triplicate, &c. Proportions, are 
thoſe of 4. 44. aaa ., &c. to 1. Or if the Simple Proportions 


be that of @ to b, whoſe Ratio or Exponent is 55 or . 

| 1 

Then 7 * ii the Exponent of the Dupli- 

cate. a 

And x = x <= is the Exponent of th 5 7 
F VVV'̃ 


Triplicate Propo: tions, Cc. 
And if there are three, four, or more Quantities in ==, as 


1.4. 44. aa. 49 45, &c. (as in the firſt Series, Sect. 2. of 


the laſt Chapter.) Then, that of the firſt to the third, fourth, 
and fifth, &c. (viz, 2 to 4a. aa. a*) is Duplicate, Tri- 
plicate, Quadruplicate, &c. of the fi:it to the ſecond (viz. of 1 
to a;) and by Inverſion, that of the third, fourth, fifth, is Du- 
plicate, Triplicate, Ic. of that of the ſecond to the firſt (a to 1) 
per Def. 10. Eucl. 5. But the Nature of theſe Proportions will 
appear more evident, and be eaſier underſtood, when they are 


applied to Practice, and illuſtrated by Geometrical Figures, fur- 
ther on. | 


. * 1 


* 


Sect. 3. How to turn Equations into Analogies. 


L ROM the firſt Section of this Chapter, it will be eaſy to 
conceive how to turn or diſſolve Equations into Analogies or 
Proportions. For if the Rectangle of two (or more) Quantities, 
be equal to the Rectangle of two (or more) Quantities; then 
are thoſe four (or more) Quantities Proportional. By the 16 
Eucl. 6. That is, if 35 g , then is 4: c:: d: b, or c: 4:: 
5: d, & c. From whence there ariſes this general Rule for turn- 
ing Equations into Analogies. | 


Cc R U LE 
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RULE. 


Divide either Side of the given Equation (if it can be done) into 
two ſuch Parts, or Factors, as being multiplied together will pro- 
duce that Side again ; and make thoſe two Parts the two Extreams, 
Then divide the other Side of the Equation (if it can be done) in the 


fame Manner as the firſt was, and let thoſe two Parts or Factor. 
be the two Means, 


For Inſtance, Suppoſe abþad=bd. Thena:b::d: bd, 
orb:a::b+4: d, &c, Or taking ad from both Sides of the 
Equation, and it will be ab =b4—ad; then à: d:: b—a: l, 
or, b:d:: ba: a, &Cc. 

Again, ſuppoſe aa4+2ae=2by-+yy. Here à and a+2e 
are the two Factors of the firſt Side in this Equation ; for a-+ 2: 
x@a=aa2ae. 

Again, y and 25 T are the two Factors of the other Side; 
therefore, 4: :: 26 T: a+2e, or 2b-þy: a-þ2e::;0: 
&c. 

When one Side of any Equation can be divided into two 
Factors, as before; and the other Side cannot be ſo divided, 
then make the Square Root of that Side either the two Ex- 
treams or the two Means. For Inſtance, Suppoſe bc d 


dag, then 6: V dag :: dag: cd, or dag: 
b::c+d:v dag, &c. 


.. 


C HAP. VIII. 


Of Subſtitution, and be Solution of Quadnatick - 
| Equations, 


_ Set. 1, Of Subſtitution, 


HEN new Quantities not concerned in the firſt ſtating ol 
any Queſtion, are put inſtead of ſome that are engaged 
in it, that is called Subſtitution. For Inftance, If inſtead of 
v bc—dc you put x, or any other Letter; that is, make 2 
be- dc. Or ſuppoſe aa+ba—ca+datdc, inſtead of b—c 
＋ put s, or any other Letter not engaged with the Queſtion, 


viz. -, then aa +5a=dc, That is, if e be ae 
than 


— — 
- - ” * 2 as 
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than b+d, it is aa—5a=dc; but if Y be greater than c, 
then it is aa / dc. | 

And this way of ſubſtituting or putting of new Quantities in- 
Read of others, may be found very uſeful upon ſeveral Occaſions ; 
viz. in Order to make ſome following Operations in the Que- 
ſtion more eaſy, and perhaps much {horter than they would be 
without it, as you may obſerve in ſome Queſtions hereafter pro- 
poſed in this Trac. 

And when thoſe Operations, in which the ſubſtituted Quanti- 
ties were aſſiſting or uſeful, are performed according as the Na- 
ture of the Queſtion required, you may then (if there be Occa- 
ſion) bring the original or firſt Quantities into the Equation, in 
the Place (or Places) of thoſe ſubſtituted Quantities, which is 
called Reſtitution, as you may ſee further on. 


— — 


Sect. 2. The Solution of Quadꝛatick Equations. 


HEN the Quantity ſought is brought to an Equality with 

thoſe that are known, and is on one Side of the Equation, 
in no more than two different Powers whoſe Indices are double 
one to another, thoſe Equations are called Quad:atick Equa- 
tions Ad fected; and do fall under the Conſideration of three 
Forms or Caſes, 


Caſe 2. aa—2ba=A4c. 42 — 25 =ac. 
Caſe 3. 2ba—aa=4c. 2ba* —a*=dc. 


| a* T 2ba* =dc. a 4-2ba*=dc. 
Alſo FRE dc. ae abate. Fe 


8 
2b4a3 —a® Ac. 204 — 2 =4c. 


Caſe 1. aa ＋ 2ba=dc. a* + 2ba* ==4c. 
And 


When there happens to be more Terms in ane of theſe Kind 
of Equations than two, and the higheſt Power of the unknown 
Quantity is multiplied into ſome known Co-efficients ; you muſt 
reduce them by Divi/ion ; as in Sect. 4. of Chap. 5. and for the 


FraQtional Quantities that may ariſe by thoſe Diviſions, ſub- 


ſtitute another Quantity doubled. 
For Inſtance, let baa+caa—ca—da=dc+cb, then aa— 
ca—da de cb Make 
4% 3 re 


c — 


7 7 and if you pleaſe, 
Cc 


2 fon 


- _e —_ 
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tion, equal to the other, being now fitted for a Solution. 
Nov any of theſe three Forms of Equations being thus pre- 
pared for a Solution, may be reduced to ſimple Powers by caſting 
off the ſecond or loweſt Term of the unknown Quantity; which 
is done by Subſtitution ; thus, always take half the known Co- 
efficient, and add it to (Caſe 1.) or ſubſtract it from (Caſe 2.) 
it's fellow Factor; and for their Sum, or Difference, ſubſtitute 


put z, Then will aa—2xa=z be the new Equa- 


another Letter ; as in theſe. 


Let| 1 |aa+2ba=dc Caſe 1, 
Put] 2 la +b=e 
28. [3 laa＋- 2b TB ee 
3— 14A lee - dc 
4+41 5 jee=bb+dc 
5w?| b le=v/ bb+dc 
2 and —97 a -U == Vdc, per Axiom 5. 
8'a=v bb+dc: —b 3 2 
Again. 
Let] 1 ee Caſe 2. 
Pur] 2 a—b=e 
2 &*] 3 [(aa—2ba+bb=ee 
3—1] 4 See- dc 
4—+dc] 5 ee d bb. 
5 uu eV de+bb 
2 and 6] 7 la - NAC 
EIN = — 
In Cafe 3. From Half the known Co- efficient ſubſtract it's 
fellow Factor. 
Thus, Let] 1 2ba—aa=dc 
Put] 2 {}þ—a=e 
29) 3 |b—2ba-þaatee 
1-+3] 4 55 de ee 
4—44 5 le=bb—dc 


ta 


5 
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5 w?| b [e=4/ bb—dc 
2 and & 7 B- = V- dc 
7-+a) 8 PS bb—dc 
By, &c.l 9 =b—}/ bb—ac 


—_— ä 


And this Method holds good in thoſe other Equations, where- 
in the higbeſt Powers are 4, 4, 4, &c. As, for inſtance, 


Let| 1 p27 =dc Caſe 1. 
Put] 2 a_+b=e 
28. 3a +2ba3 +bb=ee 
Z3— 1] 4 ee Ac 
4+ 5 lee=bbE+dc 
5 uv*| 6 [e=4/ bb+dc 
2 and 6| 7 [a3 ENV dc 
7-8 las = bb+dc: —b 
gb glam": vbb+dc: —b 


——_——k 


—_ — 


to add, or ſubſtract, according as the Caſe requires, 

But all Quadratick Equations may be more eaſily reſolved by 
compleating the Square, which is grounded upon the Confider- 
ation of raiſing a Square from any Binomial, or Reſidual Root, 
(See Se. 5. Chap. 1.) Viz. if a+b be involved to a Square, 
it will be aa+2ba+bb; and if a—b be fo involved, it will 


2ba=dc (Caſe 1), and aa—2ba=dc (Caſe 2), are imperfect 
uares, wanting only b66 to make them compleat. And there- 
fore it is, that if half the known Co-efficient be involved to the 
ſecond Power, and the Square be added to both Sides of the E- 
quation, the unknown Side will become a compleat Square. 


Thus Let) 1 |aa+2+ba=dc 25 is b, which being ſquared, 
But] 2 bb =bb Cis 353. 
1＋2 3 lea+2ba+bb=dc+bb Caſe 1. 


Zub 4 k+b=y/ dc +66, as before, 


Here half the Co- efficient 


The ſame may be done with all the Reſt, Care being taken 


be aa - 2 -b. Whence it is eaſy to obſerve, that aa＋ 
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Again. 


Let 1 [aa —2be=dc Caſe 2. 
But] 2 bb =bb 


1-+3 3 aa—2ba+bb=dc+bb 
Zu] 4A [(A -e = de+bb, &c. as before. 


— 


But in Caſe 3. you muſt change the Signs of all the Terms in 
the Equation, 


Thus 
14 
Then 


1 
2 


3 


2ba—aa=dc Caſe 3. 
a 4a — 246 a — @&c ' 


aa—2?2ba+bb=bb—&4c, &c. 


And this Method of compleating the Square, holds true in 
thoſe other Equations. 


Viz.\| 1| aaaa4+2baa=dc Caſe 1. 
For | 2 3b==bb, as before. 
1-+2| 3] aaaaF2baa+bb=dc-+bb 
Zuo | 4 | aabb=y/ dc+bb | 
4—b|glaa=v/ dc+bb: —b | 
fs Swy* GAV: v de+bb: —b, and fo on for the reſt, 
Orlet|1]a* +2baaa=dc, as before, Caſe 1, 
And 2 bb =bb 
I+2]3]a* +2baaa+bb=dc+bb 
Iw' ALA ＋ D = A 
4— 445 aaa=v dc+bb:—b_ 
= Fry? bla="v:v IC — 5, &c. 


COROLLARY. 


Hence it is evident, that whatſoever Method is uſed in ſolving 
theſe (or indeed any other) Equations, the Reſult will till be the 
fame, if the Work be true; as you may obſerve from the Operation 
of this Section: for both theſe Methods here propoſed, give the ſame 
Theorems in their reſpetitve Caſes for the Value of (a). 


Thus 


it — A. 
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Thus, when a a + 2 ba=4dc, then 
Theorem 1, a V dc +bb:—b 
And when aa —2ba=4dc. then 


Theorem 2. a TV dc +6b 
Again, when 2ba—aa=4c, then 


Theorem 3. a - bb — dc 


The like Theorems may be eaſily raiſed for the reſt, 


If the known Co-efficients (of the ſecond or loweſt Term) be 
any fingle Quantity, as aa - de, &c. then is 4 b it's Half, 
and 455 will be the Square of that Half; that is, Zbx TA, 
and then the Work will ſtand | 


Thus IIA A de 
.iCon2jaa+babHibb=dc +3656 


20 3A ＋ IBV de+4+b 


b 
g—bibala= dc +#+bb:— 2b, ard (o for the reſt. 


Note, C © placed in the Margin againſt the ſecond Step, fig - 
nifies that the impei fect Square 44 ＋ ba in the firſt Step, is there 
compleated, viz. in the {econd Step. | 

Now by the help of theſe Theorems, it will be eaſy to calculate 
or find the Value of the unknown Quantity (a) in Numbers. 


rr . 


Suppoſe a a + 2ba=z. Let b = 16, and z = 4644. 
Thena=4/ z-+6b6: — b per Theorem 1. 


But z + 5 b = 4644 + 256 = 4900, and / 4900 = 70 
Conſequently a = 79 — 19, viz. 4 = 54. 


But every adfected Equation hath as many Roots (or rather 
Values of the unknown Quantity) either real or imaginary, as 
are the Dimenſions (viz. the Index) of it's higheſt Power; and 
therefore the Quantity a, in this Equation, hath another Value 
either Affirmative or Negative; Which may be thus found. 

The given Equation is aa + 32424044, and it's Root a=54, 

Let theſe two Equations be made equal or equated to o, vis. 
to Nothing. 


Thus, 
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Thus, aa +32a—4644=0, and a—54=0, 
Then divide the given Equation by it's firſt Root, and the 
Quotient will ſhew the ſecond Value of a. 


I. 


Thus, a—54=0) 44 ＋ 324 — 46442 (a+86=0 
424 — 544 


+ 35. — 4044 
864 —4644 


(0) 


Hence the ſecond Value of a is =— 86, or 86 =— @ which 
ſeems impoſſible, viz. that an Affirmative Quantity ſhould be 
equal to a Negative Quantity ; yet even by this ſecond Value of 
a, and the ſame Co-efficient, the true (or firſt) Equation may 
be formed 


Thus, Let | I |a=—86 


10*|2| aa=+7396, viz. —86 x—-86= +7396 
Ix 3213 | 324 =—-2792 
aa + 3244044, as at firſt, 


EXAMPLE 2. 


Suppoſe } 1 | aa—7a=948,75, then per Theorem 2. 
100 [2A -T =948,75 T =gbi 
2, 34 — (or 3,5) 2 961 = 31 
3+3-51414=31 + 335 = 3455 . 2 


Again, for the ſecond Value of a, let aa—7a—948,75=0, 
and a— 34,5 =0. Then a— 34,5 o) aa—7a—948,75=0 
(2 ＋ 27,5 20. Conſequently this ſecond Value is a=— 27,5 
which will form the original Equation, 44 - 74g 948,75 if ir 
be ordered as the laſt was. | 


EXAMPLE 3. 


Suppoſe 36 4 —aa = 243, then per Theorem 3. a=18 


— 324— 243, viz. half 36 ſquared is 324, &c. that is, 
a=18=y 81; buty 81 , therefore a=18 —9g = 9. 
Now this third Form is called an ambiguous Equation, becauſe 
it hath two Affirmative Values of the unknown Quantity (a), 
both which may be found without ſuch Diviſion as was 2 

before. 


. Ä·-Üd wh — 
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before. For in this Cafe, a 2 18 ＋- 81, viz. a=18+9=27, 
or, a=18—9=9, as before. And both theſe Values of a are 
equally true, as to forming the given Equation ; viz. 36a —aa 
2 243. For if az=9, then aa=81, and 36a=324; but 324 
812 243, therefore a 29. | 
Again, if a = 27, then will aa=729, and gba=972: But 
972 — 729 = 243, conſequently it may be, a=27. Wow either 
of theſe Values of à may be found by Diviſion, as thoſe were in 
the other two Caſes, one of them being firſt found by the 
Theorem. Thus, let 36a—aa—243=0, and g—a=0, 
then 9 —a=0) 364 —44— 243 2 (a—27=0 
9a—aa | 
27a— 0 —-243 
27 — „ 
(0) 00 | 
Hence, if a—27=0, then a=27, as before. 
Notwithſtanding all Quadratick Equations of this third Form 
bave two Affirmative Roots (as in this) yet but one of thoſe 
Roots will give a true Anſwer to the Queſtion, and that is to 
be choſen according to the Nature and Limits of the Queſtion, 
as ſhall be ſhewed further on, 


SCHOLIUM, 


From the Wark of the three laſt Examples, it may be obſerved ; 
that the Sum of both the Roots will always be equal to the Coefficient 
of their reſpective Equations, with a contrary Sign, | 

Thus, In Example 5 @aa+324a=4644 

— 5 ere a= 54 
And a=—B86 f Add 
BEE : AJ 
In Example 2. 44 - 74 = 948, 75 
Here az 34,5 : Add 
And 8=—275 
247 

In the laſt Example. 363 — 4428243 

Which was changed into 44 — 3ba=— 243 
Here:a= 9g 5 Add 


aun 
* 
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Hence it is evident, that if either of the Roots be found, the 
other may be eaſily had without Diviſions. 

If the Contents of this Section be well underſtood, it will be 
eaſy to give a Numerical Solution to any Quadratick Equation, 
that happens to ariſe in reſolving of Queſtions, &c. And as for 
giving a Geomettical Conſtruction of them, I think it not pro- 
per in this Place ; becauſe I here ſuppoſe the Learner wholly ig- 


norant of the firſt Principles of Geometry, therefore I ſhall re- 
fer that Work to the next Part. 


CHAP. IX. 


Of Analyſis, or the Method of reſolving Nꝛoblems exen- 
pliſied by Variety of Numerical Queſtions, 


N. B. HH EREI adviſe the Learner to make uſe always of the 
fame Letters, to repreſent the ſame Data in all Que- 
tions. 


If a repreſent any Number ? INN 
Fiz. And e repreſent a leſs Number 38 other Quantity, 


a ters their Sum. 
a—e=d their Difference. 
a ep their Product. 


Then let | 7 q their Quotient, 


aa ee z the Sum of their Squares. 
aa—ee=x the Difference of their Squares. 


— 


Any two of theſe fix (s, d, p, 9, z, x) being given, thence to 
find the reſt; Which admits of fifteen Variations, or Queſtions. 


Queſtion 1. Suppoſe 5s and 4 were given, and it were requi- 
red by them to find a. . p. 9. K. and x. 


Let 1 4 BEES and ſuppoſe 34102] Then 
1 +2]3 [2a=5+d=432 
— S+4 


322 = — 


=216, here @ is found. 
1— 25 [245d =48, 
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341 6 | => — 24, _"_ e is found. 
| SS —dd 
4 x 6| 7|ae= * =p 5184 here p is found. 
: a A a 
4— 6 8 = == = =, here q is found. 


40-*| 9 aa = ELSE = 46656 


6, — — 


= 576 


9 + 1o\r1 „% een DEL = 2m 47232, z found. 


9 — 1412 aa—ee=sd=x= 46080, x found, 


— =_* T7 


Dueftion 2. Let s and p be given, to find the reſt, 


{| 1 . =24 
That is4 4 27, 1 Ute 4 4. 9.2. . 
1 ©-* Jj[aap2ae hee =SS= 57500 
2 x 41 4 "EE 7 © - BOOK ... $0730 
3—4|5[4@a—2ae+ee=55— 4 þ = 30804 
5 wi bla—e=y/ s5s —4þ =d = 192 
1+6) 7 22 2 ＋ 55 —4p 
7228 A, hence @ = 216 
9 


2 2 - 45 


9+ U = LED, hence e = 24" 
+ r= ELLER Sens 

1 Wa — 4 

8 &*[12 1 — 7 

| „ | | 

10 &*113 e 2 * 8 : 13 
12 13]14] a T e = — 2p 2 2 247232 

izle Ia - = A8 


D d 2 Queſt ion 


Algebꝛa. Part Il. 


* * 


— 
— 


Queſtion 3. Suppoſe 5 and y are given, to find the reſt, 


Fe.) 


E 


2 


a+e=s, 2240 


Je 6. 6. g.. 


Pre. $1 


ie 


r mares | pant 4. e. d. p. 9. . 


aa ＋- 2g Teens 
24 2 


424 — 24e See =2% — 77 


4 — e N 22 —$5=4 


1+6 


— — —— ³ł—wx.Wꝑ—— —̃ ———v— 
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ds 7 


7228 6 2 
1— 69 


9 +2110 


2 2 ＋4 727 
5 +4/ 22—5s 
2 
20 =4=—V2z— 55 
522 — 57 

A . 


2 — 


| 2M 


The reſt are found juſt as in the 2d Quęſtion; the 8 and 10 


Steps here being 


Quęſtion 5. 
Pie. 2 


the very ſame with the 8 and 10 Steps there. 
— — — = . — 


When 5 and x are given; to find the reſt. 


a He 58 / Quete 4 e. J. 5. 4. . 


aa—ee=x= 46080 


2-—1 q 


— 2 Yo 
4 — . ＋ d, viz. ae aa—ee (4=e 


en 


AS 255x +x9 


45s 
2 K 


1 
* 
N 
N 
| 

| 

| 

1 

i 


— — 
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Dueſftion 6. Suppoſe d and p are given, to find the reſt. 


FF 
Viz. 9 4 eee 2 1 
1 8.4 3 aa—2ae+ee=dd 
2 x ᷣ 414 4ae=4p 
3+4]| 5|2a+2aekee=dd +45 
5 1 6 4 e dd uA = | 
6 ＋ 7 | 2a=4+v/ dd+4p 
2| 8 «= DL det4p 
2 
6 — 1 9 2e=/ dd+4pv -A 
9 = 21t0}e = r 


| ad 
$ 1011 * EE TH, = 
e 


Fa —d * 
88.12 7 82 2 


| 


2 
10 S ee 3 22 4 f 86+ 4p | 


2 
4.5008 aaee=dd4-2p=z 
12 — 13115 aa -e IP 


2 


__—. 


Dueftion 7. Let d and g be given, to find the reſt, 


| 1] a—e=d=192 | 

Viz. ; 2 == Je e 

2 x e| 3|a=9e . 

Ie 4] a=d+e 

3 and 4| S [ede 

5 —e| 07e — 52A 

6=q—1] 7 1 for q—Ixemzge—e 

a 4 

IF 

17718 += * — 

7+83|9 ape if =, 


1x8 
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8/10 ae = 12 = 
2 e til 
77 
838. HI aa= . 
1 al”: aka 
S-*112| ce = — — 
i 8 
77 
11412113 aa Te =— 
os 777777 
11 — 1214] aa — 8 1 << 
* 2 2 


Ua. 4 


18. * 
2— 3 
2 +4 


S ww" 
1＋ 6 
7 22 
6—1 


922 


8 x 10 


8 &* 


1 


aa te e = = 47 232 


Dueſtion 8. Suppoſe d and z given, to find the reſt. 


492 


aa - 24 Tee == dd 
23e 2 —- 4d 
aa Ia ae 22 — 44 
a beg 2z—dd=s 
2a=d+y 22—d4 
44922 — 4d 

2 
26 22 — dd —- A4 
— V 2z—dd—d | 


22 —dd=x 
d+v/ 2z—dd 
—_— —— ˙ 2 

22 —44— 4 


* _— 


an—ee=dvw 


a 
4e 


Quarea.e.s. p. g. æ. 


n IA — 


* * 


Dueftion 9. Let d and x be given, to find the reſt. 
1a — =d= 240 
n. Homo OE 
i 
2 — 1| 3 ape == = =5, viz. 4 — e) aqg—er (- 
14731 4 eee 
Z FE dd + 
&= 24 3 4 — 24 
1224 6 2 — — 
2 24 
axx—d* 
- 2 ae= add — 
: a  dd+x 
$2 — LD 
1 d ＋2ddx＋ xx 
5 9 9a = 9 
8 * — 24 +4" 
6 8.10 cm =" 
c 
: . 100% 1 % 25 — 5 


„ 


Dueftion 10. Let p and q be given, to find the reſt. 


1 


3 


ae p- 25184 


a 
s 


{ Quare « WY YO 
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5 FF 
3＋ 59 ep 


3— 510 — 


7 


Queſtion 11. Let p and z be given, to find the reſt. 


tae =p =5184 
Vie \| 7 22e el N . tee 
1* 203 24 e225 
2 ＋ 364A Fa ee eg Zz ＋- 25 
4 Sjape=v z+2p=s 
2 — 36 — 242 Lee 2 — 259 
bw] Ja —e=v z--2p=d 
$+7] 91202 apap uo 
8 229 2 — 
5 — 7 oz N ＋ 2-2 — 25 
10 6— — 
neee Ya, 
e Vzt2p—V z—2þ 
9813 = 
e 
118/14 ee 2 LIE 225 
4 — ee 185 a4 — ee 22 —4PP=x 8 


c . — 
- * 


Qreftion 12. Let p and x be given, to find the reſt, 


— 


; ae 18 
Piz. | x 1 608 go { Were e #. Ae. 
I &-? 


aaee=þpP 


26. 


Algebaa, © Part Il. 


a add - 24 e Tee xx 
8 4aaee=4pp 
aaaa2aaetrhecre=xx+4þþ 
aa He = xx ADA 
2aa=3+y)/ xx +4pþ 
x+V xx—+ 4p 

2 


424 — 


9 w'jlO[q — 5 2 
72 ; 11 220 =V/ xxÞapp—sx 


II > 212] ,,  LXXX4pp —=x 
9 


12 ub 13 e 2 2 


2 
| ——_—— CE RZZB=B=DR====, 
aeg = TEE +vV — — 


10 + 41 


— 


e, 
2 2 
a Lee VN NTA A 


a — e * 


10 — 13/15 


9 12416 


—— 


Nugſiion 13. Having g and 2 given, to find the reſt. 


| 2 8 
Viz. ſ . ce % Kc. 
24.4 ＋-ee n= TZ 47232 — 
I x ef 3 a=qe es 
3 S? 4j4a=gqgee 
2 — 4] 5] ee=2z—ggee 
4-- q4qeel ee Teer z 5 
5 11 '| 7 | ER for 77 + 1 xXEEZqgee-Fee 
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— 


28 
77 T1 


2— 718442 2 — 


8 un 9193893 


8—7 


Queſtion 14, When g and x are given, to find the reſt, 


| 1 
ON! 4 7 Po { Quere a, 6 be. 


4 4 — ee XK 2 406080 


a} 
314 e 
44% e e 

2 Tees [aa = X Tee 
blggee=&x-+ee 
7 
8 


34 ee— ee „ 


5 a - ee 


14499 —=2q4q+1 


q9x—x 


1 denn 


14] ae = 


— 2 


Queſtion 1 


Vie. | 
14 2 


322 
1—2 


322 


4⁴ 


5. When z and x are given, to find the reft, 


aa e = 247232 


322 r t. 
S 


G —_— 
to 
t 
5 
lf 
d2 
*% 


[| dr = ——— 


Fr 4 
I2 — = 


Theſe fifteen Queſtions are propoſed in Dr PelPs Algebra; 
but he purſues only the firſt Queſtion throughout, and breaks 
off in the other fourteen, after- the Values of what I call a 
and & are found, But I have proceeded in every one of them, 


to 


ov 54 ASS a 


6 * 
Rene 


7 
| 


— — — 
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to find the Values of all the unknown Quantities, becauſe they 
afford ſuch Variety, as being well obſerved by a Learner, will 
be found very uſeful in the Solution of moſt Queſtions, 

Note, I have choſe to uſe the ſame Numbers for the reſpective 
Value of each Quantity throughout all the Queſtions, becauſe 
they will be more ſatisfactory in proving the Work than various 
Numbers would have been. Not but that any Numbers may 
be taken at Pleaſure, provided that the Number repreſented by 
a, be greater than that by e, &c. I have omitted the Numerical 
Calculations purely for the Learner to practiſe on. 


Queſtion 16. There are two Numbers, the Sum of their 
Squares is 2358 ; and the greater of them is in Proportion to 
the leſs, as © to 1. What are theſe Numbers? 


Let a = the greater Number, e = the leſſer, and z = 2 308. 


Acad 2 4 #65" by the Queſtion, 
2.1 3} 1a =0s 
38442 3 3 bee 
1 — 45 ][ee =z—3bee 
5 ＋ 36e % 637 ee=z 
* „ 5 If a 428 
6 23717 225 7758 bg J N. 
K 1 a a = 2304 
7 au lenny Sms 8 mr — 64 
_ 2 aa +ee = 2360 
ens eee and Kn 
Z and 9ʃto e = 48 N 


* _ ”_ — * 
— — —_——— * — —_— — LY „ . LA — 


Queſtion 17. There are three Numbers in continued Propor- 
tion, the Sum of the Extreams is 156, and the Mean is 72; 
What are the two Extreams ? | 


That is, Suppoſe 4. . e in A, and m 92. 


Tbeng „ the Queſtion. 
2a: m:: m: e Quzrea.e. &c. 
| 20." Nar=mm - - ? t 20184 12 
18. 4 JaaT ZA T = t 

3 * s 44c=4mm. 


— — 


214 Aigebaa. Part Il. 


— — F Y 


42 42 — 24 Leer 4 u n 
G—e=vV — 4 


7 
1 * 8 2 2 ＋ „ $5 — 4mm 


822 4 a = Sram m1 4 = 45 
Or 
1— 9102 — MM = 48 e = 108 


* 


Dueſtion 18. There are three Numbers in <=, their Sum is 
74, and the Sum of their Squares is 1924; What are thoſe 
Numbers ? 


That is, a, e, y are in = 


1 an 
Then 5 einne 924) Quere a, e, ye 
22129 

ay=ee 
A+ =$—e 
a ar- Zz — ee 

2ay==2ee 
aa 2ay+yy=z--ee 
aa42ayyy=sr—25eee 
Zbeemztss—25e-+ee 
246 =$$—2Z 


N 
© 
[+ : 
2 — a 
-m OO OG 


OV 
— 
|. 
8 
mn 
© 
* 
ll 
[| 
2 
+ 


20+ 20y4+1y=2500 
4ay=4ee=2304 

aa—2ay+yy=196 

a—y=vV 196=14 

2a=50-+14=64 . 

a= 32 E 

20 l 0 212 Hig 


— 


mn ww wy wy ow aw my 
8 ow GAS W 


Note, to a1 3 . continual Proportionals, (either 
Arithmetical or Geometrical) where three Terms are ſought, the 
Mean is eaſieſt found firſt (as above) and if all the Terms be 
Affirmative, then it is equal whether the firſt or laſt Term be 
the 5 


Dueftion 
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Dueftion 19. 
76; and if the Sum of the Extreams be multiplied into the 
Mean, that Product will be 1248; What are thoſe Numbers ? 


Tr 
There are three Numbers in ==, their Sum is 


16 :::: 
Viz. 0 2[Aπ-e Y 16 iy the Queſtion, 
3] a8 +ye=p=1248 8 
12. [ 4] ay =ee 
te 5 [ae eee ge 
823 6 ee 2 5e —P 
6 —$5e] Flee — 5e 2 — 5 
7008 ee -e 1 p 
8 f gfe - HE. N T 
1 8 . h s 456 
9 ＋1 10 Ap. Chap. ö. 
2 — Ic]lI| a + y = 52 | 
4 x 41012 4ay=4ec = 2304 
118. 0/1344 +2ay + yy = 2704 
13 — 121444 — 24 ++yy = 400 
14 u 154 —y = 40c = 20 
Ii + 15[lb]|2a=52+20 = 72 
16 —2|17]a = 36 5 Or 4a 2 16 
11— 1711810) 52 — 36=1 and y = 36 


N. B. If you take e=i5s+vV/ $55 —p=52 (at the Toth 
Step) then it will be 76 —52=24=a—+y, which is impoſſi- 
ble, viz. that the Mean ſhould be greater than the Sum of the 
two Extreams, Therefore it muſt be e=3is—4/ 455 —p=24., 
(See page 201.) 


—— 


Queſtion 20. There are three Numbers in Arithmetical Pro- 
greſſion, the firſt being added to twice the ſecond, and three 
times the third, their Sum will be 62; and the Sum of all their 
Squares is 275; What are thoſe Numbers ? 


Suppoſe} 1]a, e, y, in Arithmetical Progreſſion. 

| 2jJa+2e+3y= 024, ,_ 

e Seeed de Queſtion 

Then 41a +y = 26, per Se. 1. Chap. 6. 
2 — 4 5 26 ＋ 25 62 — 22 Gift He. n 

5 2 ble+y=3J1—e 
„ — 715 SZ L 
4—7|bSla=4e—3t . 


88. 


Algebꝛa. 


a4 2 16e — 248: + 961 
yy = 961 — 1244 
aa +yy = 20e8 — 3J72 e -+ 1922 
ee 2 37126 — 20 ee — 1647 
21 ee = 372 e — 1647 
21e — Z72e = — 1647 
ee — 34 6 = — 44% 
te 1 ＋ 5. = 2286 — 
cm = = 

=% +3 =9, or 8 5 the Mean 
4e = 3b, or 474 
a=3b—31=5, or 347 — 312 37 
2e = 18, or 17 43 
y=31 —18 = 13, or 31 — 17 F=13+ 


Part Il, 


— * 


88.49 
78. , 

9 + 10! 

3 — 1112 

12 + 20ee13 
13— 372414 
14 — 21115 
i5Coji6 
16 w*[17 
17 +5118] e 
18x 419 
8 and 19120 
18 x 2121 

I and 21122 


Dueſftion 21. There are three Numbers in Arithmetical Pro- 
greſſion; the Square of the firſt Term being added to the Pro- 
duct of the other two is 576 ; the Square of the Mean being ad- 
ded to the Product of the two Extreams, make 612; and the 
Square of the laſt Term being added to the Product of the firſt 
15 the ſecond, is 792: What are thoſe Numbers? 


72 — 12 


— 
—— 


a, e, y in Arith, Progreſ. as before. 
aa+ye=576 

ee 954 = 612 ger the Queſtion. 
yy Sac e = 792 

4 Ty = e, per Sect. 1. Chap. 6, 

ae +ye=2ee 


aa +ye+yy +ae = 1368 


* 


= 
n 
=) 
. RIAL 
Om þÞ ww 0 w 


Cobol 


5 &* 
11 and 12 


13 heeft 


14 — 8. 


aa+yy = 1368 — 2e 


5% = 12 — ee 


254 = 1224 — 2e 


4% Hafi =4es 
46e = 2592 — 4 
86 = 2592 


" — DT — —— — 


aa ＋ 254 +yy = 2592 —4ee 


15 ww ro} 2 324 18, the Mean 


7 
10, 


17— 18, | 


aa +35 = 1368 


— 2ee = 720 


25 = 1224 — 2ee = 576 | 


nne 


720 576 144 


1 uw? 
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FT. 20 A- 144 = 12 2 
5 + 20]21}| 2a=2e + 12 = 48 
21 —-21]22] a 24 O $2849 
5 —22]23 „2 — 24= 12 R y = 24 
* Queſtion 22. It is required to find two ſuch Numbers, that 


the Sum of their Squares may be 8226z ; and their Product being 


added to the 


Vis. ; 


Therefore 


And 


77 — — 


Square of the leſſer, may be 6921+ 
I \aa+ee=8220;z 
aebee=6921; - 
aa—ae=13Jo0o5 
a8 —=aq— I 30g 
44 — 1305 
woe Eat 
a* —=2brI0aa+1703025 
aa 
ee =8226,5 —aa 
4 —2610aa+1703025 
. — 
42 — 261044 ＋ 1703025 8226,54 —4“ 
24 — 2610 ＋ 70 3o25 822, 5 4a 
24— 10836, 544 1703025 


| Wxre a and e 


2 
3 
4 


ee — 


= 8226, 5 — a4 


a*—5418,25aa=—B851512,5 (765 
a*—5418,25a4+7 339358, 2656264875 
44— 2709, 125 22 6487845,765625—2547,1 
aa==2709,125+2547,125 (25 
r =$256,25 | 
a=v/ 5256,25=72,5 
apr 5256, 56,25 — 1305 


c 


n 


7 2709,72 —2547,125 3162 
2 16 12,72 &. | 


ES, n which-i imgoſible. 


n 125 at the 17th and 18th Steps. 


g INS ———ʒw l 


— 34,5 


— 0 


— 


| This Queſtion 1 may be performed with leſs i Trouble, by "TY 


ſtituting Letters for the known. Numbers, | | 


aa 
ae 


pa 


9. 


+ee=z 


ebee=Pp Then let eier, &c. 


Ff Queſtion 


— 


_ 


_ Algebza, Part 11, 
Rueſtion 23. It is required to find three ſuch Numbers, that 


the Sum of the firſt and ſecond, 


inay be 37824; and the Sum of 
with the firſt, 


being multiplied with the third, 
the ſecond and third, multiplied 
may be 59944; alſo, that the Sum of the firſt and 


thicd, being multiplied with the ſecond, may be 52456, 
Let a, e, y, repreſent the three N umbers, 


Then 


I-+2-+-3] 
Let 


422 


EF 


E 4 ay-Hey=37824 =b 
2] ea+3ya=59944=ce Quzre a, e, y. 
3 es 


4 24 -T · 2 A 


Z=b+c+4 
b4+&c442 
aeftayH+ye — 
2 —24 


a =Iz—d= 


5 
6 = 


4122 


$|y 


9 


ae 2242 — 82 


— 2 — 25 
1 
| Z—=2d 2—23 22 — 202 — 252 1-414 
JED — „ — — — 
24 2a 4aa 
S—=2c__xz—2dz—2bzÞ+4bd 
* 44a 25 
224 — 4c = 22 —2d2 — 232 
22—242—252 4464 
IT 22—4c 5 
a 2 55696 236 


2 — 23 
2 4 


[4 


+464 


4 
= 55696 


aa 


by 


veſtion 24. Te is required to find (wo 


al 2a 5 


Soar. 5 j 3 TP 
ſuch N umbers, that their 


Sum being ſubſtracted from the Sum of their Squares, may leave 14, 
and if their Product be added to their Sum, it may make 14. 


Let @ and & be put for the Numbers, and let y Se 
8 I | aabee—z=14 +1 ey 
Then} E FF Bal, 39 the Queſtion; 


iI+7 
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3] aa-ree=l4þ+y 
4| ae=14—y 
4 x 2] 5] 22 2 28 — 25 
GA 2A Nee = 42—9 
7 a e 42— py 42—5 
b| a+e=y, by Subſtitution above. 
and 8 | y=4/ 42 —y 
9g ©-*110] yy =42—y 
10 + [11] yy+y=42 
11 Col] yy +y +t=42+3=42,25 
I2uy'|13 {ISY 2. - adi. 
13—2/14] y=6,5—2 =6 
Conſequent|15] a+e=6, by Reſtitution from above. 
3 and 14410 aapee=14+ 6 20 
5 and 15117 2ae=28—12=16 
16 — 17]18] aa—2ae+ee=4 
18 wi]lg] a—e=v 4=2 


If a=4, ande= 2 
15 * 19120] 22 . 88 Then eri 

23 ＋ 2/21] a=4 Proof And ae+a-þe=14 

1 212] emb—4=2 According to the Queſtion. 


— 


Duetion 25. Three Men diſcourſing of their Money, ſaith 
the firſt, if 1001. were added to my Money, it would be as much 
as both your Money put together; ſaith the ſecond Man, if 100 /. 
were added to my Money, I ſhould have twice as much as both 
you have; faith the third Man, if 100/. were added to my 
Money, I ſhould have then three times as much Money as both 
you have: How much Money had each Man ? 


Let a repreſent the ficſt Man's Manx. e the ſecond, and y 
the third, 


a IOO e+ y | 
e ＋ loo 24 +2y by the Queſtion, 
y+100=34a+23e 


I 

2 

| 3 
I —a| 4] e+ y—a=100=s 

5 

© 


2 — 4 2a 25 — 22 On a, A Je 
Z — 5 6] 3Ja+Ze—y OO =, 5 
4 and 6| 7 e eee 
7825 g g=44T＋T2 e 
| $5—? 924 —eXs—44—2e = 
9--4a—24to0| bae=s5=100 
4+ + Cit | 24+ 4e= 2 2200 1 


Ff 2 | 10 x 


Mts. ith. At. ** AM. th, — 


be. 


220 Agena. Partlll. 


th 


IO x 412 244 +4e:=45=400 
12 — 1113 224=25= 200 


13 = 22/14 a = =="#f=9 vl. 
10 — 6at5| ems —ba=1n00—?2=22=45 r. 
8 — 216|y=2a of ab era pony 
9/ 4. 95% d. 


firſt b 
Anſwer, The econ Man had 45 J x 6. 1 1 d. 
third | 641. 12s. 84,4. 


Queſtion 26. Three Men have each ſach a Sum of Money, 
that if the firſt and ſecond Mens Money be added to Half of what 
the third Man hath ; that Sum will be 92/. And if the ſecond 
and third Mens Money be added to one third, Part of the firſt 
Man's Money, that Sum will be 92 /. Laſtly, if one fourth 
Part of the ſecond Man's Money be added to the firſt and third 
Man's Money, that Sum will alſo be 92/. How much was 
each Man's Money ? 


Put a for the 1/7 Man's Money, e for the 24, and y for the 3d, 
746 2 Te = 
Then 34 re TY == e by the Queſtion; and 5 92 


9 


3 AHT = 
1 and 2 4 2 Te TY Te 
4—. 4 5 4 9 = t. 
5 Xx 2 Xx 3 6 ba+3y=2a+6by 
6 +| 7] 44=3y 
2x 3] 8] a+3e+33=3r 
8 — 7] 9] a+3e=35—4a 
9 — 410] Ze==Z35—$a 
— 35—5 4 


10 - ie = 


I 
3x 3|12|e+4a-+4y=45=368 
12 — 2413 334 +3y9=35=276 
13 and 7j14| 314, 44 32276 
I4 x 3[i5 BAS: land ha 


25 ＋ 2306 = 1 221 = 361. the , Man's Money: 


117] = 3 zal the 2d Man' Money. 
Ky * 
e a — 248. the 3d Man's Money. 


— 8 8 
* „ I. : 
i , 


Oueftion 


— 
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 Dueftion 27. Four Men walking abroad, found a Purſe of 
Shillings only, out of which every one took a Number at an Ad- 
venture; afterwards by comparing their Numbers together they 
found, that if the firſt took 25 Shillings from the ſecond, it would 
make his Number equal with what the ſecond had then left ; if 
the ſecond took 30 Shillings from the third, his Money would 
then be triple to what the third had left, and if the third took 
40 Shillings from the fourth, his Money would then be double 
to what the fourth had left ; laſtly, the fourth taking 50 Shil- 
lings from the firſt, he would then have three times as much as 
the firſt had left, and 5 Shillings more: It is required to tell 
how many Shillings each Man had. 


Put a for the firſt Sum, e the ſecond, y the third, and » the 
fourth, 


. 


a ＋25 — — 25 
e ＋ 30 = 3y— 90 
440222 — 80 
Ut5O=3a—145 4 


Then by the Queſtion, 


4 — 50 
13 and 14 
15 x b 


46 <P] 


17 = 17 


by the 5 


by the 9 


by t the 14 


O oo Os 


gun - 
O 


— 
— 


e150 
17 90 


a SO Se 
35 — lz0 e 


250835 — 120 


4 ＋ 170 = g 
a ＋ 170 


3 
2 — 120 


yY = 


2 — 120 


1582 
3 

a + 530 
6 


U= 


| 174= | 


a=100 the 1/7 


+ 120= 


u=3a—195 3 
| „„ 2 


182 — 1170 44 
1700 


24 


a+ 170 


a+ 539 


— —— 


ww 


539 


on N dmbbr of Shillings, 


— — 


— 


Dueſtion 


lth. Aft. *. th. ꝶ—— — 


* 


1 Algebra. Partll. 


DU 8 * 8 


— 


IO x 4412 244 +4e=45=400 
12 — 1113 22@=25== 200 


3 = ln 
13 = 2214 4 == * 9 rl. 


10 — 6415 b 100 — 5 N 
8 — 2116] y=2a + e=Z*+ E*=2= Zirl. 


firſt 9 3 5. 9 11 d. 
Anſwer. The cond Man had F J. 9s. 15d. 
third 641. 12s. 844. 
Queſtion 26. Three Men have each ſach a Sum of Money, 
that if the firſt and ſecond Mens Money be added to Half of what 
the third Man hath ; that Sum will be 92/. And if the ſecond 
and third Mens Money be added to one third, Part of the firſt 
Man's Money, that Sum will be 92 /. Laſtly, if one fourth 
Part of the ſecond Man's Money be added to the firſt and third 
Man's Money, that Sum will alſo be 92/. How much was 
each Man's Money? 
Put a for the 1// Man's Money, e for the 24, and y for the 3d. 


144 a+eþ+iy=s 
Then E 3a+e+y=s by the Queſtion and 5 = 92 


_— 


3|ie+a+y1=s 
1 and 2| 4 aÞþe+i9=3a+e+y 
4 — | 5| 4 Tz3=3@+9 
5 x 2 x 3] 6] 60a+3y=2a+by 
6 +| 7] 44=3y 
2x 3] 8] a+3e+3y=3x 
8 — 7] 9] a+3e=35—4a 
9 — 4jt0] Ze==Zi—5Sa 
ws BID 1 


10 Ati = 


3 
3 x 412| e+44+4y=45=368 
12 —213] 334 +3y=35=276 
13 and 7j14| 374 44 32276 
I4 x 3115 N 44m bd Te hens 


25 -23]i6| a =2 = == 361. the , Man's Money 


1 174 2 e bntn the 2d Man- Money. 


| 7 > 3118 5 * =! 3 2 481. the 1% Man s Money. 
| , en Loe 


1 
. 


Chap. 9. Of Numerical Queſtions, 221 
 Dueftion 27, Four Men walking abroad, found a Purſe of 
Shillings only, out of which every one took a Number at an Ad- 
venture; afterwards by comparing their Numbers together they 
found, that if the firſt took 25 Shillings from the ſecond, it would 
make his Number equal with what the ſecond had then left; if 
the ſecond took 30 Shillings from the third, his Money would 
then be triple to what the third had left, and if the third took 
40 Shillings from the fourth, his Money would then be double 
to what the fourth had left ; laſtly, the fourth taking 50 Shil- 
lings from the firſt, he would then have three times as much as 
the firſt had left, and 5 Shillings more: It is required to tell 
how many Shillings each Man had. | 
Put @ for the firſt Sum, e the ſecond, y the third, and » the 


fourth, 
(1 1] a+25= e— 25 
28e +30=3Jy— 90 
Then 2 "TE N EY 85 by the Queſtion. 
| + USO =3a—145 4 
I 25] 5] a+go=e * 
2 — 30] 6] 3y —120=e 
5 and 61 712 ＋50 g= 3 — 120 
7 + 120] 8] a+170==3y 
- 2 42 ＋ 170 
8-3] 9], = * 
3 — 40/0) 222120 
9 and 10111 4 120 2559 
1-+ 120|12 = . 120 
‚ 12 2013 1 — +532 
4 — 5So[14|u=3a—195 .. 
13 and 14415 3 a —'195 = 1 | 
15 x b[16} 182— 1170=a+530 
I7 — 17 18] a=100 the 1/ | | 
by the 59 f 8150 24 l 3 
r Man's Number of Shillings, 
by the 14/21 [ = athJ i 


22 — 


Dueſtion 


; ; Algebꝛa. 

Queftion 28. Four Men have each a Sum of Money, which 
being put all together makes 250 Pounds; and if to the firſt 
Man's Money be added 8 Pounds, it will be juſt as much as the 
ſecond Man's Money decreaſed by 8 Pounds, and as much as 8 


times the third Man's Money, and but as much as one eighth 
Part of the fourth Man's Money; how much had each Man: 


Let a, e, y, u repreſent the four Mens Money. 


| 

ho als © nb a by the Queſtion, Let x 
| = = 250 and b=8, or an 
yb= aN other Number at Pleaſure. 


2 
3 
2 +5] 4] a+2b=e 
5 
6 


_ » * — 


8 Part Il. 


Then 


345% = =, becauſe yb=a+b 
3x65, 6]u=ba+bb, for —=@+6 
= : 
4+54+6| 7 | e4+3+u=a+2b+3=450+43 
1— 4 8| e+y+u=5—e 
4 9+6 
7 and 894 T 26+ rler 
9 * õ ba+2bb+a+b+þbba+bbb=bs—be 
10+|11]| 2ba+bba+þa=bs—bbb—+2bb—b 
51 bs —bbb—-2bb—b 6.6 3& 
eee = apa, eee fee 


by the 4,13 eee &c. 
: 1 
by the 5,114 |y = 2 3,0864 19 &c. 


by the 6,15 u=babb=197,530864 &c. 
5 : 3 g. i" 
a= 16 13. 9,92592 
That is, Je = 32 . . 9.92592 
2 2 = '8,74050 
1070 n ski 7 10. 7,40730 
Conſequently a+e+y+u=249., 1 1.9976 
which ſhould be juſt 2504. the Sum propoſed in the Queſtion. 
Now what it wants of that Sum, proceeds from the Imperfection 
of the Decima} Parts being not continued on to more Places, 
which would have brought it nearer the Truth, though not pe- 
_ haps exactly ſo, Sect. 5. Chap. 5. Port CL. 
| | STS:  Rueſtion 


Wo. nts 
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Dueſftion 29. Several Merchants enter into Partnerſhip, every 
one put into the Stock 65 times as many Pounds as they were 
Partners; with that Stock they traded and gained as many Pounds 

r 100J. as they were Partners. Now if 10/. 105. be added to, 
and ſubſtracted from, their Gain, the Product of that Sum and 


Difference will be 64911. 65. 3d. 


Quære, How many Merchants there were, Sc. 
Let] 1] a=the Number of Merchants, 


I x bs| 2{465a=every one's Sum put into Stock. 
2 X 4 3195 the whole Stock. 


2 5 by the Queſtion. | 


And 4|100:a:: 654: Conn 


=the whole Gain. 


> + 10,5 


1 9095 =6491,3125, by Queſt, 


8 x 10009| H —1102500=zb4y13125 
9 +{10|4225a*=66015625 _ .- . 
2 1 « 8 62 
II w'j12|a=y/ b5625 =5 the Number of Merchants. 
12 x 65[131654==325 the Number of Pounds each put in, 


Queſtion 30. Three Merchants join Stocks together; the 
firſt Man's Stock was leſs than the ſecond Man's by 131. the 
ſecond and third Man's Stock was 1751. in 'trading they gain 
481. more than their whole. Stock was; the firſt Man's propor- 


tional Part of the Gain was 78. What was 'each Man's Stock 
and Part of the Gain, 


CS 


| Let a, 4, y repreſent each Man's Stock. 


* 2 | , . 5 k % i 
FP ben $1 0 y = 5 the whole Stbck, 
«T2 115 a. n Gain. | 
ITYTY: p #4 b,c% $$! | 43 - - — —_— Ie! i) 3 80 - ab = 
{| e It betas,” -— 
| | f 8 IF VS ps F * 1} 15 13; 
12 45.4 x; * 5 Nr 11”, q es *.. IFCL BY T0] 
4 5s| | 175 4 1 c 
+T 5 8 92 ' 5 ' er URN «*, a % . 8 0 4 d 
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6 and 2 
But 
15 
— 78 a 

„ 10 2 0 
11 un. 

12 — 72,5 
35 

4 — 14 
Then 
Again 


Proof | 
18 — 19 


s +48 = 223 +a 

175 +a: 223 T:: 4: 78 per Queſtion, 
aa ＋ 2234 2 78 a+ 13650 

a a + 145 2 = 13650 

a a + 145 a + 5256,25 = 18906,25 

a + 72,5 = v 18906,25 = 137,5 

a = 13 5 — 72,5 = 65 | 

e=a +13= 78 

y = 97 

65:78:: 78: 930. 125. = e's Gain. 

65: 78::97: 1161, 8s. 's Gain. 
1161, 8s. 4931. 125. 78“. =288). the Gain, 
65 + 78 +97 = 240. the whole Stock. 


Queſtion 3 T. 


288—240=48 the Gain more than the Stock. 


— 


A Father at his Death left his three Sons his 


Money in this manner; to the eldeſt he gave half of it, wanting 
44 Pounds; to the ſecond he gave one third of it, and 14 Pounds 
more; to the youngeſt he gave the Remainder, which was leſs 


than the Share of the ſecond Son, by 82 Pounds : 


W hat was 


each Son's Share, 


Let a, e, y be the three Shares, and z = the whole Sum, 


1 


| 
Then 


5 . ka 


2 peÞpy=z 
15 BEL E the Queſtion, - 
y=3z+14—824 - a 
553 
4 172 1 98 
2 2 2 i 
3 24 294 


62 242 132 — 588 | 
2 = 588, x. whole Sum that was left. 


a — . 44 250, the eldeſt Son's Share. 
e = 444 + 14 =210, the ſecond Son's Share. 


— = 444 . 14— 822 128, the —— Ee. 


eftion 32 


er 


cow juſt ſo auch Money as * had in his 


_ 4 — 4 BS AR. 4 — W =. — — — "I AM 


— 


A Man playing at 8 Dice, won the 
Pocket; „ the 
ſecond 


the. 
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ſecond Throw he won the Square Root of what he then had, and 
five Shillings more; the third Throw he won the Square of all 
he then had; after which his whole Sum was 1121. 16s, What 
Money had he when he began to play ? 


Suppoſe| 1 | 
1* 2, 2 
And] 3 

24304 
48.085 


4251 


a=his firſt Sum. Then 


2a=his Sum after the firſt Throw. 
5 ＋ 2a= 
2a+5+v 2a=the Sum after the 24 Throw. 
4a ＋ 224 ＋ 25 +4av 2a: ＋ 10 2a=the 


the Winnings at the 24 Throw. 


Winnings at the 34 Throw: and therefore 


4aa+24a+30+4av/ 22411222 225 6Shil. 


But to avoid theſe Surd Quantities, let us, inſtead of ſuppoſ- 
ing a the firſt Sum, make a ſecond Trial, viz. 


= 


08 


4 +5 


2aa the firſt Sum. 


4aa=the Sum aſter the firſt Throw. 
2a+5=the Sum won at the 24 Throw. 
4aa+2a+5= his Sum after the 24 Throw. 


[164*+164* ＋ 44 aa+20a425 = the Win- 


nings at the 34 I hrow ; and therefore 


103 +164? +48aaÞ22a+ 30= 2256 Shi]. 


Yet again, to avoid theſe high Equations, let us make a third 
Suppolition ; thus, 


12 
12, Coſi 


14 DEVEL 4225 =0:5" * 


_ == the firſt Sum, 


aa= the Sum after the firſt Throw. 


4a +5 = the Winnings at the 24 Throw, 


aa+a+5 = the Sum after the 24 Throw. 
emaaa+5.. 

ee=the Winnings at the 24 Throw. Then 
ce e=2256  Shillings by the Queſtion, 

ee Tee, 25 8 2256, 25 | 

e+0,5=v/ 2250, 25 28 47,5 

247 | 1 
of US Hf 47 

aaba= 1 
An = 42, 1 


a = * a- 


The Shillings, . had i in his 
Pocket when he began to play. 


Note, 


2 218 
Gg 


r 


4 yy 


. 
__— 
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2 
Conſequen.] 3 
4 


Algebza. Part II. 
Note, In reſolving of the laſt Queſtion, I have made three dif- 
ferent Suppoſitions for the Thing ſought, purely as an Inſtance, 
to ſhew the young Learner how well he ought to conſider the 
Nature of the Queſtion, when he firſt ſtates it, and make choice 
of repreſenting the Thing ſought, ſo as to avoid running it into 
Surds, if poſſible, viz. as in the firſt Suppoſition of a = the firſt 
Sum, Sc. Not but that ſuch Equations may be ſolved, as ſhall 
be ſhew'd in the next Chapter. However, it is moſt like an 


Artiſt to perform Things of this Nature the neareſt and eaſieſt 
way they can be done. 


Dueftion 33. Suppoſe there were two equa?! Circles, whoſe Pe- 
ripheries (viz. Circumferences) are divided into 44.310 equal Parts; 
and that thoſe Circles were ſo placed upon one Axis, as to move the 
contrary way to each other; and ſuppoſe ane of them ta move but one 
of theſe equal Parts the fir: Day, two Parts the ſecond Day, three 
Parts the third Day, and fo on in Arithmetical Progreſſion, vir. 
T, 2, 3, 4, 5, &c. and the other to move every Day the Cube cf 
thoſe Parts, 1, 8, 27, 64, 125, &c. of the ſame Parts; Hm 
many Parts, and how many Days muff each Circle move, before the 


fame to Points meet that were together when they began to move ? 


In order to give a ready Solution to this Queſtion (or any other 
in this Kind) it will be convenient to premiſe this Lemma. 


LEMM A. 


The Sum of any Series of Cubes whoſe Roots are in Arith- 
metical Progreſſion (the firſt Term and common Difference be- 


ing Unity or 1) is equal to the Square of the Sum of all thoſe 
Roots, As in theſe 


* 


Terms in Arith. &c, their Cubes. 


I I 
2 8 
3 27 
4 04 
5 126 
6 216 &c. 
2I x 21 = 441 Sum of their Cubes, 


Let 


2 the Sum of all the Parts the 17 Circle moves. 
Then C 


aa=the Sum of all the Parts the 24 moves. 
aaÞa=44310 by the Queſt, (per Lem. 
aaa +0,25=44310,25 


200 


2 


4 uv 
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Top 4 5 | a+0,5=v/ 44310,25=210,5 
— the Number of Parts the firſt Circle 
5 — 5,5 64 210 | muſt move. 
the Number of Parts the ſecond 
Circle moves. 


Next to find the Number of Days they moved ; there is given 
the fiſt Term = 1, the common Difference = r, and the y Oo 
of all the Terms = 210, thence to find the laſt Term, which in 
this Caſe is the ſame with the Number of all the Terms. 

Let a=1 the firſt Term, e=1 the common Difference, and 

=210 the Sum of all the Terms, to find y== the laſt Term; 
as per Sect. 1, Chap. 6. Then yy Tey g= 2e by the 
16 Step, Page 180. "ef is, yy +yz=210x2==420 &c. Hence 
o the Number of Days required. 


66] 7 aa=44100 


8 


— — 


I ſhall now proceed to give an Example or two of the Me- 
thod uſed in arguing about unlimited Queſtions; wiz. ſuch 
Queſtions which admit of various Anſwers, ſuch as thoſe in AI- 
lization Alternate promiſed in Page 117. 

In order to ſhorten that Work, it will be convenient for the 
Learner to know the two Signs of Compariſon, > and JV. The 
Sign > 1s of Gꝛeater than; as b > ſignifies that 6 is greater 
than a. T he Sign Seis ot Leſler than as“ JJ hgaihes that 
b is leſſer than d, XC. 


ti. 


Dueftion 34. A Tobacconiſt had three Sorts of Tobacco, viz, 
one of 2.5. 8 d. the Pound, another of 20 d. the Pound, and a third 
Sort of 16 d. the Pound; of theſe he would make a Mixture to con- 
tain 56 Pound, that may be ſold for 22 d. the Pound : How much 
of each Sort may he tale! , 


Let a= the Quantity of that worth 32 Pence the Pound, e= 
that of 20 Pence the Pound, and y=that of 16 Pence the Pound; 


mz. each Quantity multiplied 

 Thena+e+y=56 into it's own Price, equals 

And 324 ＋ 292 ＋ 1652 1232 Hors Sum multiplied into the 
mean Price. 


Gg 2 This 
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This Queſtion being thus ftated, it appears by Rule 1, Page 
176, that it is capable of innumerable Anſwers ; becauſe for any 
one of theſe th ee Letters, a, e, y, there may be taken any Num- 
ber at Pleaſure, piovided it be leſs than 56. But although that 
may be truly done, yet there are ſeveral Ways of arguing about 
theſe Sorts of Queſtions, which will limit or bound them to all 
their proper or poſſible Anſwers in whole Numbers. Thus, 


Let] 1 | a+e-+y=56 
And] 2 | $2a+20e-+16y=1232 8 . 
I — 4 3|e+y=5b—a 
2 — 324] 4| 20e ＋ 165 1232 — 324 
3 x 1005 16e 165 = 896 — 162 
4— 500 4288 330— 163 
O 4 l e284 - 42; hence a X 21 
3—7 | $=3a—28; hence a Pf Or 9 5 


From the two laſt Steps it appears, that the Quantity ſignified 
by a, ought to be leſs than 21, and greater than 9 4; that is, 
any Number betwixt ꝙ 3 and 21, may be taken for the Value 


of a: Conſequently there may be eleven Anſwers to this Que- 
ſtion in whole Numbers. 


Suppoſe a=10, then eg 84 - 40g 44, per 7th Step; and 
= 30 - 28 , per 8th Step. Again, if a=11, then e 
284 - 44 = 40, per 7th Step, and 5g 33 - 28 25, per 8th 


Step: and fo on for the reſt, which will be as in the following 
Table. 


MEARABRSRAEY a LEODME 
40:1 44 1-2 14 | 28 | 14 18 | 12 | 26 
11140 5 | is | 24 | 17. 9] 8] 29 
12-126 | 8 16 20 | 20 '20 } 4 | 32 
13132 11 17 1623 | 


Thus it will be eaſy to find out and collect all the limited An- 
ſwers to any Queſtion (of this Kind) wherein there are only three 
Quantities propoſed to be mixed: but when there are more than 
three, then the Work requires a litile more Trouble ; becauſe 
the ſingle Limits of all the Quantities above two muſt be found; 
that is, if there are four Quantities concerned in the Queſtion, 
the Limits of two of them muſt be found ; if five Quantities 
are concerned, then the Limits of three of them muſt be found, 
&c. As in the following Queſtion, | 


Queſtion 
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Queſtion 35. Suppoſe it were required to mix four Sorts of Wines 
together; viz. one Sort worth 7s. 4 d. the Gallon, another Sort 
worth 48. 7 d. the Gallon, a third Sort worth 38. 8 d. the Gallon, 
and a fourth Sort worth 28. 9d. the Gallon : How much of each 
Sort may be taken to make a Mixture of 63 Gallons, ſo as that the 
whole Quantity may be ſold for 5 8. 69. the Gallon, without Loſs, &c. 


Firſt, let all theſe ſeveral Rates, and the mean Rate, be re- 


duced to one Denomination, v:z. into Pence. 


75, 448. =88. 45. J&<=SSE. 2 
Viz. 37. 1 8% 4 94833 and 5s, 6d. = 66. 
Put a the Quantity of that worth 884. the Gallon; e= 
that of 55 d. the Gallon, S that of 44d. the Gallon, and «= 
that of 33d. the Gallon. 


Then] 1]2+e+y+#u=63 by the Queſtion. 
And] 2]38a+55e+443y+33u=4158=63 x66 
1— 4 3] e+y+u=63—a 
2 — 8B a 4]55e+449 ＋ 33284158 — 884 
3 x 33] 5]33e+ 33) + 33% =2079— 338 
4 —5| Gh22ebliy=2079—55G 
6 — 11 7] 2e+y=189—5a; hence a 1 or 374 
3 x 55] £[55e+55y+55$u=3465—55a 
8 — 4| 90h 2222 334 — 693 
9 = 11110 y+2u=3a—063; hence a bg Y Or 21 


From the 7th and 10th Steps it appears, that the Quantity of 


that Sort of Wine denoted by a, mult be leſs than 37 4 Gallans, 
and greater than 21 Gallons: that is, it may be a= any Num- 
ber of Gallons betwixt 21 and 37 . Whence it follows, that 


there may be collected 16 Anſwers to this Queſtion from the 


Limits of à only. 


Next to find the Limits of e, y, and u. 
Suppoſe | 11 | a=22, then will 5a=110, and 34g 66 
But 12| 2e+3z=18%9—5a=79, per 7th Step. 
12—2e|13|y=79—2e; bence e J A ot 39 f 
Again 14] 5 +3 +u=63—a=41, per 3d Step. 

 14—#15|ypumz4tme 

15 —13]116| u=e—38 ; bence e > 38 


From the 13th and 16th Steps it appears, that if a= 22, then 
£=39, }j=79—=2e=1, and a=e—38=1, | 
Again, 


U 
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Again. 


Suppoſe | 17 |a=23, then 5a=115, and 3a=69 
But | 18] 2e-þy=189—$a=74, wy 7th Step. 
18 —2e|19|y=74—22; hence e=If= 37 
Again | 20] ++y+#u=63—a=4o, per 3d Step. 
20 — e 21-4 40 — e 
21 —19]22|14=e—34, hence e234 


From the 19th and 22d Steps it appears, that if a=13, then 
e may be either 35 or 36. 


Once more for a further Illuſtration. 


Let 234 = 24, then 54 = 120, and 34272 
But | 24] 2e+y=189 — 5 g= 6, per 7th beep. 
24 —2e|25] y=bg—2z; hence e or 344 
Again 20] e+y-þu=bz—a=a39, per 3d Step. 
26 — e 27 y+u=39—e 
27 — 25 28] 1 e 30, hence e 30, 


From hence it appears, that if a=24, then e may be either 
31, 32, 33, or 34, viz. it may be any Number betwixt 30 and 


34 + by the 25th and 28th Steps; from whence the Values of y 
and 2 may be eaſily found. 


Wo +3 | then 12 7 And u =1 

Th . if e 32 5 98 
at is, 1 «= 33 « 5723. u=3 
13 36» 1. 8884 


Proceeding on in this manner with all the other ſingle Values of 
a, there may be found above 120 Anſwers to this Queſtion in 
whole Numbers: and if you pleaſe to put a = Fractions, there 
may be found an innumerable Set of Anſwers ; whereas the Rule 
of Alligation in Vulgar Arithmetick affords but only one Anſwer 
in Fractions, to wit, that of a=31 4, e=10o +, y==10 f, 
u=10 £; as may be eaſily tried. per Rule, Page 115, Cc. 
Theſe two Examples being well underſtood Teocialy if the 
la& be thoroughly purſued) may ſuffice to ſhew the Method oi 
limiting the Anſwers to all Sorts of Queſtions of this Kind. T ſhall 
therefore conclude this Chapter of Queſtions with giving a Soiu- 
tion to the Enigma (or Riddle) propoſed (but not anſwered) by 
Mr John Kerſey, in the Cloſe of the Appendix to his Arithmeti-* 
Whic 
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which affords ſeveral pretty Queſtions, the Solution whereof will 
diſcover a certain Sentence conſiſting of three Words, which 


muſt be found by the help of Figures placed (or ſuppoſed to be 
placed) over the twenty-four Letters of the Alphabet. 


1.2.3.4.5. 6. 7 . Cc. called Indices. 
Thus 3 » Þ « of 4. e.. g. Oc. to the laſt Letter. 


8o that if the Index to that Letter be once found, the Letter to 
which it belongs is conſequently known. 


The Enigma, 


1. If the Difference between the Indices of the ſecond Letter 
of the ſecond Word, and the third Letter of the firſt Word, be 
multiplied into the Difference of their Squares, the Product will 
be 576; and if their Sum be multiplied into the Sum of their 
Squares, that Product will be 2336, the Index of the ſaid third 
Letter being the greateſt, 


Leis 
And 


Then 3 


ja the greater Index, or that of the 3d Letter. 
2==the leſſer, or that of the 2d Letter. 


2 —e x aa—eez= 576 N 
e Lern aa+ee=2330 doy the Queſtion, 


aaa -a, -e ee eee 576 

a ·gαο,m ae e eee 2336 
2aae—+2ee =1760 
lagap3aae+3aee+ere=40g6 
a+e=Y 4096=16 


l 
n 18 146 
9 &-*[11 Jaaþ2ae+ere=256 
11 — 1024 - 2ae=110 
10 —12|13|aa—2ae+ee=36 
13 [4a -er N 3686 
9 + 14015 (222 i} 12 hence it appears, that the 3d 


— 


UW 
* 
Err 


E 
| 
JD 

+ 
ny 
© 


15 — 2116] a=11 Letter of the 1ſt Word is 1, and 
g — 16117) e= 5) (He 2d Letter of the 2d Word is e. 


Note, In order to ſet down the Letters (as they become found) in 
their proper Places, it may be convenient to ſupply the vacant Places 
with Stars, | | | 


Firſt Word. Second Word. Third Word. 


41215 * * * K K * * * 
2. The 


Thus 3 


_— 
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he 


2. The Indices laſt found, are the two Extreams of four 
Numbers in Arithmetical Progreſſion, the leſſer Mean being the 
Index of the firſt Letter of the third Word ; and the greater 
Mean is the Index of the fourth and laſt Letter of the firſt Word. 
Viz. 5.7.9. 11 are the four Terms in Arithmetical Progreſ- 
ſion. Whence it appears, that & (whoſe Index is 5) is the firſt 
Letter of the third Word; and that i (whoſe Index is 9) is the 
fourth or laſt Letter of the firſt Word; which being placed 
down, will ſtand thus, | 


* * 1 * © * G42. 


3. The ſecond Letter of the third Word is the ſame with the 
third Letter of the firſt Word; and the fifth Letter of the third 


Word is the ſame with the laſt Letter of the firſt Word: whence 
the Letters will ſtand thus, 


* * li 123 Glas!» 


4. The Sum of the Squares of the Indices of the firſt and ſecond 
Letters of the firſt Word is 520, and the Product of the ſame In- 
dices is ſeven Ninths of the Square of the greater Index, which 
is the Index of the ſaid firſt Letter. 

Let a the greater, and e the leſſer Index. 


Ther] 204 f 3 according to the Data 
2 — 43] e=3Ja | 
3 ©&-*] 4] ee=$#?aa 
1—4| 5| aa=520—4?aa 
5 x 81] 6| 8144a=42120—49aa 
6 + 49 424 7 130aa= 42120 | 
7 ＋ 130] 8a = 
8 w*| 9] = 324 2 18, whoſe Letter is 2. 
3 and cI10| e=ZJa=14, whoſe Letter is o. 


Hence the Letters will ſtand thus, 


Soli "+ Ck Glo ofa 


5, The Difference between the two laſt Indices, is the Index 
of the firſt Letter of the ſecond Word, wiz. 18 — 14 24 being 
the Index of the Letter D. Then the Letters will ſtand thus, 


Set Dre . 
6. The 


8 


r — . 
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eo The third and laſt Letter of the ſecond Word, alſo the 
third Letter of the third Word, are the ſame with the ſecond 
Letter of the firſt Word; hence the Letters will ſtand thus, 


Soli Deo Glo «7 s. 


7. The Sum of the Indices of the fourth Letter of the third 
Word, and the ſixth or Jaſt Letter of the ſame Word, being 
added to their Product is 35 ; and the Difference of their Squares 
is 288; the Index of the laſt letter being the leaſt, 


Put a the greater, and e=the leſſer Index, as before. 


en] 1 = 
we 2: le the Date 
Jlaec+£7=35—a 

3 
2 ＋ 1 
1225 — 70 @ 7 —+ @ 4 a a 


aa+2a+1_ 


1225 — 70a tae 
2 +5 614 42 288 ＋ — AA 
a* ＋ 235 ＋E a 288 44 ＋ 5764 ＋ 288 
+ 1225 — 704-44 
7 8a +24) — 288 44 — 5064 13513 


122 


34 ＋ 4 „ for e x AI Sa e 


4 &*] 5] ee= — 


6xaax&c.| 7 


This laſt Eq uation being reſolved according to the Methotl 
which ſhall be 8 in the next . it will be a=17 it's 


Letter; and from the 4th Step e = —.— 


: - = I, the Index of 


the Letter a. Then theſe two Letters being placed according to 
the Data above, are all that are required by the Enigma to com- 
pleat theſe Words, 


Soli Deo Gloria, 


H h n 


2 „ — — — * — 
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6 


The Solution of Adkected Equations 7» Numbers. 
1122 we proceed to the Solution of Adfected Equations, 


it may not be amiſs to ſhew the Inveſtigation (or Invention) 
of thoſe Theorems or Rules for extracting the Roots of Simple 
Powers, made uſe of in Chapter 11. Part 1. I ſhall here make 
choice of the ſame Letters to repreſent the Numbers both given 
and ſought, as in my Compendium of Algebra. 
always denote the given Reſolvend. 
_— $ any Number taken as near the true Root as 
Viz. Let = T may be, whether it be greater or Jeſs. 
— & the unknown Part of the Root ſought by 
— 0 whichyis to be either increaſed or decreaſed. 
Then if be any Number leſs than the true Root, it will be 
#-+e=the Root ſought. But if be taken greater than the true 
Root, it will then ber - eg the Root ſought. And put D for 
the Dividend that is produced from G, after it is leſſened and 
divided by , &c. (into the Co-efficients of Adfected Equations) 
according as the Nature of the Root requires. Theſe Things 
being premiſed, we may proceed to raiſing the Theorems, 


8 


"EE 


SECT 
I, FO the Square Root, viz. aa=CG. Queære a. 
Let] 1| r4-e=a 
I &*| 2| rr+2rebee=aa=l | 
2—rr| 3| 2re-bee=G—rr, Callit D, viz. D=G—rr 
| D This ſhews the 1ſt Method of 
Then] 4 } => E the Square Root, 
| * Sect. 5. Chap. 11. Part 1. 
3 + 2 „„ 23 
IE 
Which gives this Theorem 3 [ad = 6: 
re 


The Arithmetical Operations of both theſe Theorems, you 
have in the Examples of Section 2. Page 126, to which ! ene 
the 
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the Learner, ſuppoling him by this Time to underſtand them 
without any more Words than what is there expreſt. 


II. To extra&t the Cube Root; viz. ana=CG. Qurre a, 


Let| Ir era, ſuppoſing r leſs than the true Root. 
18 2|rrr +3r7e+3reebeeem=aaa=lT 
2—7rr, 3| 3rre+3reeheee=G—rrr 
: e Nba 
«—- F r | — — = 
5 "4 N 9 33 35 


Let 5 be rejected or caſt off, as being of ſmall Value; then it 
will be, re-ee=D, which gives this following 


Theorem 


— Cf 


r+e 

By this Theorem or Rule, the 1ſt and 2d Examples in Caſe 1. 
Page 132. are performed; the which being compared with this 
Theorem may be eaſily underſtood. 


Again, Suppoſe aaa =, as before, and let - be taken 
greater than the true Root. 


Then| 2} r —e=a 2 being reject- 
I &5] 2| rrr—3rregree=a' = e ed as bales 
2 +| 2] 3rre—3ree=zrrr— 
2 - 3 rr —G 3 
3232 Ann * 
Which gives this Theorem 2 8 


By this Theorem the third Examplein Caſe 2. Page 133. 
performed. 


III. To extract the Biguadrat Root; viz. af =G, Quzre a. 


Let 
18 * 
2 — + 


1'—e=a ſuppoſing r leſs than juſt, 

2 ir *+4rrre4-brree=a*=6G rejecting allthe Pow- 
3|4rrreþbrreez G—r*t ers of e above ee. 

G — rt 


2rrYr 


= Ef 


7.570 ere 


Which gives this Theorem 3 


zr 3e 
H h 2 By 


| 


_——. 
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By th's heren the B.quadrate Root of any Number may 
be extracted. Put, a+ I have already ſaid, Page 134. thoſe 


Extraction may be very well performed by two Extractions of 
the Square Root. Vide Caample, Page 135. 


IV. To extract the Sarſolid Root, viz. a . Quere a. 
If er be take Iefs than juſt, then Tera, as before, and 


6217 . . . D 
— — =D, hich gives this Theorem = :4 By 
357 1722 2e 


this Theorem the Surſolid Root, Example 1. Page 136. is ex- 
tracted. But if r be taken greater than juſt; then r—c=a, and 
13 — G | , 

57 e "Wheat By this 
lat Theorem the Example in Page 137. is performed. 

[ preſume it necdieſs to purſue the raiſing of thoſe Theorems, 
for extracting the Roots of Simple Powers, any further; becauſe 
the Mechod of doing, it is g-ueral, how high ſoever they ate; 
and therefore it may be eaſily underſtood by what is already done. 


[I 


= D, which gives this Theorem: 


„ 


— 
— —— — 


SEC. 


Otwithſtanding I have already ſhewed the Solution of Qua- 
dratick Equations, two ſeveral Ways, viz. by caſting off the 
loweſt Term; and by compleating the Square, wide Section 2. 
Page 195, Cc. Yet it may not be amils to ſhew, how thoſe 

quations may be reſolved into Numbers by this univerſal Me- 
thod of continued Series; wherein, if the firſt y be taken equal 
to the firſt true Root, or ſingle Side of the Reſolvend; and every 
fingle Value of e (as it becomes found) be ſtill added to it, for a 
newer, then thoſe Roots may be extracted without repeating a 
ſecond Operation, as before in the ſingle Powers. 


Caſe. 1. Let aa+2ba=C, It is required to find the Va- 
lue of a. 


Put 1 | 7 Tera 
l& [2|rr+2rebee=aa 
1 x 26, 3| 2br-2be=2ba 
2 + 314 rr +2br +2re+2be+ece=aap2ba=C 
4 —rr KC | 5 | 2re-oþ2bebee=G—rr—2br 
5 —+—2|6|re+be+iee=}tC—irr—br=D 
Which gives this Theorem . = 
„erte 


Su ppoſe 
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\ Suppoſe b= 364, and G= 38692865: If r= 6000, then 
rr = 36000000, and 2br = 4368000. But 36000000 + 


4368000 = 40368000 > 38692865 S f. Therefore the firſt 
x x booo. Let r= 5000, then 


iſt r= 5coo 19346432, 5 218 
2 264 1432000 =Z&rr-+br 
iſt rb = 5304 5020432, 5 =D (Soo e 
＋ 3e= 400 46112 
1 Divifor 5764 41523 (os. 
2d r +b=6164 37164 | 
+ zc= 30 — 
— 4359 Gre 
2 Diviſor 6194) 4359255 — 
3d 1 ＋ = 6224 — — 867 =e 
＋ 2328 (9) 
Z Diviſor6227,5 
Firſt r= 5000 


—+e= 867 j = 58607 Sa as was required 


Caſe 2. If aa—2ba=6, then proceeding as above, there 


IP ; D 
will ariſe this Theorem err r. Se, &c. And in Caſe 3, 
D 
12 


viz. 2a — 44 , you will have this Theorem 
b—r —Le 


&c. as above, 

I think it needleſs to trouble the Reader with the Work of 
theſe rwo "Theorems in Numbers; becaule if the laſt Example 
of Caſe 1. be underſtood, the other will be eaſy. Not but that 
the Method of compleating the Square is very ready and eaſy, 
as you may obſerve by the Work in ſeveral Queſtions of this 
Chapter. 


. 


N the Solution of all Adfected Equations, that are above (or 
higher than) Quadraticks, it will be the beſt way to take r= 
the next neareſt Rout of the Equation : And then it will ber 
Sa, if x be leſs than juſt; or r—e=a it er be greater than juſt 
(az at the beginning of this Chapter). And all the Powers of the 
unknown Part of the Root (viz. e) above it's Square (ee) are to 
be rejected or caſt off, as before in raiſing the Theorems oy the 
Dimple 


— * — 
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Simple Powers. And therefore it is, that to ſupply the want of 
thoſe Powers (above ee in the Theorem) the Operation muſt be 
repeated: as in the Example of extracting the Cube Root, Page 
133. viz, when the Figures in the Root conſiſt of more than 
three Places (vide Page 140 and 141.) 
Suppoſe aaa+ba=CG., Quere a. 
Let| 1 |r +e=@ viz. let r be ſuppofed leſs than juſt, 
I ©] 2|rrr+3rreþ 3ree=aca 
Ixb br +be=ba 


3 
2 + 3] 4| rr7-þbr+3rre+be- Zrec ga bba=G 


: be G 
4—3r R 


5 — Kc. 6 | ee 


238 


UW 


Which gives this Theorem b 8 
3 


But if v be taken greater than juſt, then it will be ren 


G | 
— ee =Lrr + 4b — 7 =D, which produces, this Theorem 


1 + * e 

By either of theſe two Theorems the Value of a may be eaſily 
found. Or rather otherwiſe, as in the following Example. 

Let aaa+24a=587914., Here 5 = 24. Suppoſe the firſt 
r7==90, then r* =729000 587914 without the 24 x 90 being 
added to it: Therefore r go. Again, Suppoſe r =80 then 
73 =512000, and 241 2 1920. But 5 12000192025 13920 
Ts 8791, hence > 70, but nearer to it than go, Therefore 


it muſt be] Ir ea leſs than juſt. 
I 935] 2| rrrþ+3rreb 3ree=aaa 
1X 24] 3| 24r +£24e=24a 
2 in Numb. ] 4| 512000-+19200e--240ee=aaa 
3 in Numb.| 5 1920+ 24e=244 
4 + 5] ©] 513920+19224e-þ240ee= 587914 
5 — 513920] 7| 19224e+240ee=73994 
72 240 8 e 
8449 1 


Operation 
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Operation 80,1 
eg 3, . 


—— 80, =r 
1 Diviſor 83,1) 308,31 ( 3.68 &c, Se 
er 3,6 2493. 83,68 &c. =r-þe 
2 Diviſor 86,7) 59,01 
. +e 567 52,02 
87,37) 0,99 &c. 
Or rather newr = 83,7 for a ſecond Operation, which being in- 
yolved and tryed (as above) will be found greater than juſt: therefore 
it muſt bel 1{r —e=a 
I &| 2,rrr—3grre + 3ree=aad 
1 x 24| 3|24r — 24 2 244 
4 [586376,253—21017,07 e-þ-251,Teem=aaa 
3in Numb.| 5 | 2008.8 — 242828244 
| 6 588385,053 - 21041, 0 25 1, ec 587914 
7 | 21041,07 — 251, lee 471, 5 3 
8 63.7955 — 55 158759577820 


CO 
|. 
\O 


og 83,7955 —e 
2dOperation 83,7955 


——— 83, 00000 ο = 
iſt Diviſor 83,7755) 1,87595778 erer _ 4 
—e= 022 1675510 83 67760669 SA = 
2d Diviſor 83,7535) 52004477 — 4, 
— , 40023 51675070 
3d Diviſor 83,7512) „03294078 
— 2 3 &c. 02812536 
83,751 5007881542 
p<. _ 007 53760 
Here the new Diviſors are 27782 
rejected, as inſigniſicant. 25125 
2057 
2512 
145 
83 


y Wy 


— —— — — 


nn. 


All the remaining Examples of extracting Roots (except Page 260.) are left in the 
Author's own Method; which by this Time, it is preſumed, the Learner will eafily 
know how to correct of himſelf, if he takes due Notice of what has been delivered, 


Page 131, 132, Sc. 
But 
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But if more Exactneſs be re, tired, you may make the new: 
= 83, 6776067, and proceed with it to a third Operation; which 
will afford twenty-ſeven Places of Figures for the Value of a ; 
that is, every Operation will produce triple the Places of Figures 
to thoſe of the Precedent v. And this tripling the Places of Fi- 
gures in the Root, at every Operation, holds good, and is to be 
obſerved in the Solution of all Adfected Equations (how high ſo- 


ever they are) according to this Method of reſolving them. Sie 
Page 141, 


Exampie 2. Suppoſe aaa—dba = 0G. Querea. If r +e 
ihe Li 

= , then 1e — — A2 — + 7 5 — Jr O. 
A r 


D 


— ge . But if: 
7 
7 — — 
r 
2 he 1 G 
2a, then re * e 
WERE 
which gives this Theorem i 2 


+ + e 
r 


which gives this Theorem 


Te 
+ 1er O, 


Or you may proceed otherwiſe, as in the laſt Example. Let 
4244 — 6438 a = 104785683, here þ = 6438. Suppoſe the 
firſt r = 500, rr r = 125000000, and by = 3219000, then 
125000000 — 321900 = 121781000. But 121781000 7 
104785688, therefore r I 500. Again, ſuppoſe r = 400, 
77 r = 64000000, and br = 2575200, then will 64000000 
— 25752.00=6142800. But 61424800 S 104785688, hence 
777 400; conſequently r is betwixt 400 and 500. But 500 is 
the next neareſt ; therefore, let g oO being greater than juſt. 


Then] 1]r —e=a _ 
I &] 2|rrr—3rreþ3ree=aaa 
I'xb| 3|br —be=ba 
2 in Numb. 4 [1250000007 50000eb-150022=aag 
3 in Numb. 5 3219000 — 6438-=6438 4 
4 — 5 6[121781000—743502e+1500ee=104785628 
6 +| 71747502—1500-e=16995312 
7 — 1500| 8 oh TSS ph 
7 97 


5 


Operatio:: 
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Operation 495 85 | | 


— 500,02=r 5 
1 Diviſor 475) 11330 \ 23.8= s | 4 
472 1830 ; 
1416 
414,0 ? 
377-6 


Let new r=476 for a 2d Operation, then 73 =107850156 
and br = 3064488 : but 107850176 — 3064483 = 104785688 
the ſame with the Refolvend, Conſequently «= 470 juſt. | 

Example 3. Let ba—aaa=CG. Quzrea. lir-þe=a, then 


be 
re- ETA b, which gives this 
7 
D ibe 
Se. But if r —e=a, then ro — — 
Theorem 6 O 7 


r 
x 


— ee = + 377 Lb 2 D, which gives this Theorem 


Or otherwiſe as before in the two laſt Examples. Thus, let 
1232456a—aaa=12272861, Here b=122455. Suppoſe the 
fiſt y=2c0, then rr =8000000, and br =24691200 ; then 
24691200 —B000000= 16691202 „but 1669 12002 12272861, 
therefore 7 is here Jeſs than juſt, becauſe the higheſt Power is —, 
or negative. Again, Suppoſe r= 3oo, then r3 =27000000, 
and by = 37036800, then 37030800 — 27000000 = 10030500 
12272861. Conſequently r I 300, and r 200. Let r 


4 
* — 5 
— —— — — 


= 300, being the next neareſt, but more than juſt. x 
Theal lr —e=a : 
18 2 rrrzrre 3reezaae E 
I x i 3j6r—be=ba 4 
2 in Numb | 4 27 000900—— 270000e-+9goOee 
Zin Numb | 5 37036800 - 123456 | 
5 — 4 6{10036800+ 140544e—900ee=12272861 5 
6 — 71405440 —g00ee==2236001 | i 
7 95⁰ 8 e 2484. 909. : 1 
1->& | 9 28 — 4 
: | | IC2 —e 


Ii Operation. 9 


SDSS. A — — 
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Operation 162 FEET: 
— zoo, o r 
Iſt Diviſor 152) 4060 0 16,6=e 


— . , GO 152 2834=r—e=6, 
2d Diviſor 646 964 
876 
88,0 
86,6 


Or new r=283, which being involved, Sc. will appear to 
be the true Root, that is, a=283 juſt. 

Nete, Theſe are uſually called the three Forms of Cubick 
Equations; and in the Solution of the third or laſt Form, viz. 
ba—aaa=C, you may meet with ſome ſeeming Difficulties ; 
eſpecially in making Choice of the firſt x, becauſe this Equation is 
an ambiguous Equation, and hath two Affirmative Roots, viz. a 
greater and leſſer Root. But having once found either of them, 
the other may be eaſily obtained by Diviſion only; as in the 

uadratick Equations. Jide Chap. 8. As for inſtance, in the 
laſt Example, a = 283, and 123456@ —aaa = 12272861. 
Make theſe two Equations o, to wit, let a—283=0, and 
—agaa+123450a—122728601=0, 

Then, a—283) —aaa+123456a—122728661 (—ag 

— 444 ＋ 282234 

— 203 44 234504 (— 2838 
— 2834 ＋ 800894 

＋ 433674 — 12272061 ＋ 43307 
＋ 433674 — 122728061 


1 


Hence it appears that —aa—283a+43367=0. Conſequent- 
ly aa 2834 2 43367 this Equation being ſolved, a 1, 
2722 Cc. which is the leſſer Root of the aforeſaid Equation 5 
—aaa—G, &c. After this Manner all the poſſible and im- 
poſſible Roots of any Equation may be eaſily diſcovered, any one 
of it's Roots being once found. I ſhall therefore omit inſerting 
more Examples of that kind. 

' Suppoſe agaÞbaa+ca=G. Quære a, Let b=74, c=8$729, 
and G=560783. By Trial (as before) it will be found that the 
next neareſt r = 40 being ſomething leſs than juſt, 


— 


Therefore 


a +. OY 
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Therefore] 1] 7 +e=a 
IX c 24 cr +ce=ca 
1G *: x b] 3] rr +2brebee=baa 
1 03] 4] rrr+3rre+3ree=aaa 
2 in Numb. 5] 349160+ 8729e 
3 in Numb. | 6118400 ＋ 5920e+ 74ee 


1 Ow 


4 in Numb. 640c0 + 48008+120e27 
5 +6-+7 5315560 ＋ 19449 e ＋ 194 2550783 
8 — 531560 19449 ＋ 194 ee=29223 
9 — 194.1. es "ons 153,06=D 


* 


WO QC 


10 -H — 

| I100,2-+e 
Operation 100, 2 

2 40,0=r 
1ſt Diviſor 101,2). 153,06 \ 1,5=e 

= »5 101,2 — 
2d Diviſor 101,7) 51,86 41,5 =r-be=a 

| 50,85 


1.01 

Or new r—=41,5 for a ſecond Operation, which being duly 
involved, c. will be found more than juſt, 

Therefore 1er 

er - cer 
Then) 3 | brr—2bre-þbee=baa 
4 Irrr—3rre+3ree=aaa 

Theſe being turned into Numbers, &c. as above, they will be 
20037,75 e - I98,5 ee = 390,375, which being divided by 
198,5 the Co-efficient of ee, will become 100,94be —ee = 
1,966624, &c. =D. 


Operation 100, 946 
I 


8 buy 


— O 5 
1ſt Diviſor 100, 936) 1, 966624 (0194847 | + 
—e= 009 1, 00936 41,4805 153 2 r -e 24 x 
2d Diviſor 100,927) 957204 1 
908343 $ 
* Here I proceed by * 489210 F 
plain Diviſion without 403708 
forming new Diviſors, 855020 { 
807416 ; 
— 5 
476040 4 
403708 ; 
2332 &C, 4 
is Let 1 


. 

| 
0 
| 


} 
' 
| 
| 
pl 
f 
$ 


8 — 
co i ot 


— ́— 


— . ² — n 8 


— — — — — 1 en >. 


1 
| 
| 


— 
_- — ES . * 


—̃  — 


FFF 
Let che laſt Equation in the Enigma, Chap. q. be here pro- 


poſed for a Solution. Vix. aaaa-+baaa—caa—datG; 
5 —= 2, c= 288, 4d = 506, and G=1513, Quzre a, By 


Tryals it will be found, that the next neareſt rx = 20, being 


ſomething more than juſt, 


Therefore | 1 | r—e=a 
1x4\| 2 [ar — de da 
1G * „ 3 |crr—2cre-Fceem=rad 
IS xb| 4 | brrr—3brreq-3bree=baag 
I 0*) 5 Irf—grrre+brree=aaaa 


Theſe being turned into Numbers, and thoſe duly collected, 
according as the Signs of the Equation direct, they will become 
50690 - 22374 e ＋ 2232 ⏑ 1513, which being all divided 
by 2232 the Co- efficient of ee, will be 1oc—ge=22=D. 


Then 


. 


Operation 10 
—e= 3 


— — 20 2 
Diviſor 7) 22 ( _zZ=e 


21 17=r—e=a juſt. 


I Sec the End of Chap. g. 


By what hath been already done about the Solution of theſe 
few Equations (being carefully obſerved) I preſume the Learner 
will eaſily conceive how to proceed in the Solution of all Kinds 
of Equations, be they never ſo high, or adfected; therefore J 
ſhall not here propoſe many various Examples, but only take 
them as they fall in Courſe, when I come to the next Part, 


wherein you will (perhaps) find ſuch Equations with their Solu— 
tions as are not common. 


Chap. 11. Of Simple Intereſt. 
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CHAP; II. 


Of Simple Intereſt, Annuities, or Pensions, &c. 


FE TEREST, or the Uſe paid for the Loan of Money, is 
either Simple, or Compound, 


Sect. 1. Of Simple Jutereſt. 
IMPLE Intereſt is that which is paid for the Loan of any 


Principal or Sum of Money, lent out for ſome Time, at any 
Rate per Cent. agreed on between the Borrower and the Lender ; 
which, according to the late Laws of England, ought to be fix 
Pounds for the Uſe of 1001. for one Year, and twelve Pounds for 
the Ule of 1007. for two Years: and ſo on for a greater or leſſer 
Sum, proportionable to the Time propoſed. 

There zre ſeveral Ways of computing (or anſwering Queſti- 
ons about) Simple Intereſt ; as by the firgle and double Rule of 
Three (See Page 96, &c.) others make u!e of Tables compoſed 
at ſeveral Rates per Cent. as Sir Samuel Moreland, in his Doc- 
trine of Intereſt, both ſimple and compound, al! performed by 
Tables; wherein he hath detected ſeveral mateiial Errors com- 
mitted by Sir 1Jaac Newton, Mr Kerſey upon Wingate, and Mr 
Clavil, &c. in the Buſineſs of computing Intereſt, Sc. by their 
Tables, too tedious to be here repeated. But I ſhall in this 
Tract take other Methods, and ſhew that all Computations re- 
lating to Simple Intereſt are grounded upon Arithmetick Pro- 
greſſion; and from thence raiſe ſuch general Theorems, as will 
ſuit with all Caſes. In order to that, 

Prany Principal or Sum put to Intereſt. 

= R=the Ratio of the Rate, per Cent. per Annum. 

et J the Time of the Principal's Continuance at Intereſt. 

CA—=the Amount of the Principal, and it's Intereſt. 

Note, The Ratio of the Rate, is only the Simple Intereſt of 17, 
for one Year, at any given Rate; and is thus found. | 
Viz. 100:6 :: 1: 0,06=the Ratio at 6 per Cent. per Ann, 
Or 100: 7 :: 1: 0,07 =the Ratio at 7 per Cent. &c. 
Again 100: 7,5:: 1: 0,075 the Ratio at 7 and 2 per Cent. 

And if the given Time be whole Years ; then r = the Num- 
ber of whole Years : but if the Time given, be either pure Parts 
of a Year, or Parts of a Year mixed with Years ; thoſe Parts 


Now 


muſt be turned into Decimals; and then # = thoſe Decimals, c. 


o - 
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Now the common Parts of a Vear may be eaſily turned or con- 
verted into Decimal Parts, if it be conſidered 


Day is the 387 Part of a Vear cg o, oo274 fer?. 
That one J Month is the 22 Part of a Year=0,0833333 &c, 
Quarter is the 4 Part ofa Year , 25 


Theſe Things being premiſed, we may proceed to raiſing the 
Theorems. 

Let R=the Intereſt of 1 J. for one Year, as before. 

Then 2 R=the Intereſt of 1/7. for two Years. 

And 3R=the Intereſt of 11. for three Years. 
4R=the Intereſt of 1/. for four Years. And ſo on 
for any Number of Years propoſed. 

Hence it is plain, that the Simple Intereſt of one Pound is x 
Series of Terms in Arithmetick Progreſſion increafing ; whoſe 
firſt Term and common Difference is R, and the Number of 
all the Terms is ?. Therefore the laſt Term will always be 
tR=the Intereſt o 1 J. for any given Term ſignified by :. 

As one Pound : is to the Intereſt of 11; ;: fo is a 

Then} Principal or given Sum: 10 1. t. 8 * 

That is, 1 J.: R:: P: RPS the Intereſt of P. Then 
the Principal being added to it's Intereſt, their Sum will beg A 
the Amount required: which gives this general Theorem. 

ä Theorem 1. RP PEI 

From whence the three following Theorems are eaſily deduced. 


N ; POR. 


4 | 7— 
Theorem 2. FIT” P. Theorem 3. *** R. 
A—P 
Theorem 4. Rp = 5 


Theſe four Theorems reſolve all Queſtions about Simple Intereſt. | 


Dueftion 1. What will 2561. 10s. amount 10 in three Years, 
1 Quarter, 2 Months, and 18 Days, at 6 per Cent. per Annum. 
Here is given P = 256,5; R=0,06; and t = 3,46599 


For 3 Years=3 Quzre A. per Theorem 1. 
one Quarter o, 25 


2 Months , 16667 =0,08333x 2 
18 Days =0,04932=0,00274 x 18 
Hence 1 = 3,40599 : x 0,06==0,2079594 =? R 
Then 0,2079594 x 256, 5f 2 53, 341580 RP 
And 53, 341586 ＋ 256,5 = 300, 841586 RPA P=A. 
That is, 309, 841586 = 3091. 165. 10d. being the Anſwer 


required, | 
Quſtion 
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Queſtion 2. What Principal or Sum being put ta Intereſt, will 
raiſe a Stock of 309 l. 16s. 10 d. in three Years, one Quarter, 
two Months, and 18 Days ; at 6 per Cent. per Annum ? 


Or the ſame Queſtion otherwiſe ſtated thus, 


I dat is 309 l. 16s. 10d. due 3 Years, 1 Quarter, 2 Months, 
and 18 Days hence, worth in ready Maney ; abating er diſcounting 
6 per Cent. Sic, | | 

Here is given A=309,841586: R=0,06; t=3,46599 
(found as before) thence to find P. Per Theorem 2. Fuſt, 
340599 x 0,06 = 0,2079594 =? R Then ?tR+i= 
1,2079594) 309,841580 = 4 (256,5=P; that is, 256,5 
=2561. 105. the Anſwer required. | 


Quęſtion 3. At what Rate or Intereſt, per Cent. &c. will 
2561. 10s. amount to 309 l. 16 8. 10 d. in three Years, one 
3 two Months, and 18 Days? 

Here is given, P=256,5; A=309,841586; and t=2,46 

to find R Per Theorem 3. Firſt, 309,841586 — A N 
53,341586 = 4 — P. Next 3, 46599 x 256,5 = 889, 026435 
= R. And tR = 88, 026435) 53, 341586 (00,06 = the 
Ratio. Thea 1J.: 0,06 : ; 120: 6=the Rate required. 


Dreftion 4. In what Time will 2561. 10 8. raiſe a Stock of 
{or amount to) 309 l. 16s. 10 d. at b per Cent. &c. 

Here is given, Pg 256, 5 4 == 30, 84 1586, and R=0,06 
to find ft. Per Theorem 4. Furſt, 309, 84 1586 — 256,5 = 
53,341586 2 4 — P. And 256, 5 x 0,06 = 15, 30 = PR. 
Then 15,39) 53, 341586 (3, 46599 t; that is 7 = 3 Years 
and ,46599 Decimal Parts of a Year ; which may be brought 
into common Parts of a Year, thus 


0,46599 And 0,08333) 0,21599 (2 Months, 
o, 25 Sone Quarter 8 „16666 
0,2 I 599 0,02074) 0493 91 18 Pays. 


the Anſwer required. 


It muſt needs be eaſy to conceive, that what is here done at 


6 per Cent. may be done at any other Rate of Intereſt, by form- 
log the Ratid Tur. ) digit 0700 el - 


5 


* 
% w 
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SCHOLIUM, 


Although it be according to the Laws and Cuſtom of England, 
to compute Intereſt at the Proportion of 6 per Cent. (as above) 
yet he that takes up Money at Intereſt for any Time leſs than 
even or compleat Years, pazs more Intereſt than ſeems reaſonably 
due, according to the Rules of Art. As for Inſtance; if 1001, 
be forborn at Intereſt one whole Year, it amounts to 106/, But 
(I ſay) if it be paid at the half Year's End, it ſhould not amount 
to 103; as appears from this following Proportion, 

Let a =the Amounts due at the half Year's End; then it will 
be 100:4::a: 106 the Amount at the Year's End. Ergo, 
aa=1ob0o, and a=v i0600=102,9563=1021. 195. 124. 
which is leſs than 103/. by 107d. And if it be paid in leſs 
than halfa Year's Time, the Error muſt needs be the greater, 


* — 


— — 


5 


Sect. 2. Of Annuities, or Penſions in Arrears, com- 
puted at Simple Intereſt, 


NNUITIEs, or Penſions, c. are ſaid to be in Arrears, 
when they are payable or due, either Yearly, or Halt- 
yearly, &c. and are-unpaid for any Number of Payments, 
Therefore the Buſineſs is, to compute what all thoſe Payments 
will amount unto, allowing any Rate of Simple Intereſt for 
their Forbearance, from the Time each particular Payment be- 
came due: Now in order to that, 
the Annuity, Penſion, or Yearly Rent, Ge. 
t=the Time of it's Continuance, or being unpaid. 
Put J R=the Ratio, or Intereſt of 11. for one Year, as before, 
[= tbe Amount of the Annuity and it's Intereſt. 
Then if u=the firſt Yeat's Rent, due without Intereſt. 
: =O 2 aue at the End of the ſecond Year, - 
hs Rent {due at the End of the third Year, 


g umm Saab L due at the End of the fourth Year, 


a Ru=the Intereſt 
5 che Rent, due at the End of the fifth Year, 


And ſo on for any Number of Years, Hence it is evident, that 


Ru-+2Ru+3Ru+4Ru-+5u=A the Sum of all the Rents 
and theif Interett, being forvorn 5 Years, 


From 


3 > & 
* 
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From whence it follows, that Ru+2Ru-þ-3Ru + 4 Rar. 


Here tg 5. Divide by u, then Rz RL; R＋LA R = 
u 
Next to find the Sum of this Progreffion (See Page 18 5) _ 


Let R+2R+3R+4R &c.=z, then 1-+2-4-3-+4 &c, == . 


Here the Sum of the firſt and laſt Terms are 4+1=5=z, 
and the Numbers of all the Terms is 4=z—1. Therefore 


1—1 111 2 


* xt = the Sum of all the Terms; that is, — 
hence — . Conſequently © * ZE 1285 4 25 


Now from this Equation it will be eaſy to deduce the allowing 
Theorems. 


of Bunce Ro 4 amp _ Hu—tu 
| | 2A Re | 
Theorem 2. =. Theorem 3. — R: 
tt K Rete ttu——tu 


2 2A 
Let Ir, then 1247 5 Tieren 4. 


Quęſtion 1. If 250 l. yearly Rent (or Penſi on, &c.) ow, a 
tr unpaid ſeven Years; what will it amount to in that Time, at 
6 per Cent, for each Payment, as it becomes due? 

Here is given «= 250, t), and R=0,06; to find 4. Per 
Th, 1. Firſt 250x797 =1750==tu. 1750x7==12250 =ttu. 
Again 12250—1750=10520=t1u—tu, and ,o = 315. 
Laſtly 315+1750==2c65=4,; Viz. 2065 l. is the Anſw. requited. 

But if the Annuity, Rent or Penſion, is to be paid by Quarterly 


or Half-yearly Payments, &c. Then ey = 0,04 = R for 


Ealf- yearly Pay ments: and — = 0,015 = or quarterly 3 


or 0,045 K for three- quarterly ae Example of Half- 
yearly Payments. 

Suppoſe 250 l. per Annum, to be paid by Half-yearly Payments, 
were in Arrears, or unpaid for ſeven Years ; what would it araunt 
to, allowing 6 per Cent. per Annum for each Payment, as it be- 
comes due? | 


K k In 


2 
* n 


P Conn ˙———— =o 3 
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In this Example there is given u=125=*52 ; t=14 the Num- 


ber of Payments; and R=0,03 == ; thence to find 4 


Firſt 125 x 14 = 1750 = f; 1750 x 14 24500 ft: 
again 24500—1750==22750=ttu—tu; then*22**=11375, 
and 11375 x 0,03=341,25. Laſtly 341,25+1750=2091,25; 
that is, A 20911. 5s. the Anſwer required. 

N. B. Hence it may be obſerved, that Half-yearly Payments 
are more advantageous than yearly, For 20911. 55. 7 2065 1, 
by 261. 5s. conſequently, quartezly Payments are mote advan- 
tageous than Half-yearly Payments. 

Dueſtion 2. What yearly Rent, Penfion, &c. being forborn or 
unpaid ſeven Years, will raiſe a Stock of 2065 1. allowing 6 per 
Cent. per Annum fer each Payment, as it becomes due? 

Here is given A=2065, t=7, and R=0,06; to find u. 
Per Theorem 2. Firſt 7 x0,06==0,42=tR, and 0,42 x 7 = 
2,04 = t R. Then tt R—tR=2,52. Laſtly tf R RA 
21 2 16, 52) 4130 24 (250 =; that is, 2501. per Annum, 
&c. will raife 2065 J. the Stock required. 

Dueſtion 3. In what Time will 250 l. yearly Rent raiſe a Stock 
* 2065 J. allowing © per Cent. c. for the Forbearance of the 

ayments as they become due? 

Here is given #==250, A=2065, and R=0,06; to find t. 
Per Theorem 4. Firſt == = = 33-3333; and 33,3333 — 

| 506 


158 32,3333 = = —_—_ 1. Then 16,16666 &c. =; x; 


201, 3605 Kc. xx. Again 134 =＋ 275, 333 2 21 ＋— Rn, 
and 273, 3333 ＋ 261, 3605 = 536, 6938 = + Z xx. Then 
536, 6938 = 23,1666, Laſtly, 23,1666 — 16, 1666 = 7 


= the Time required. 
Dueſtion 4. If 2501. yearly Rent, being forborn ſeven Years, 
will amount to 2005 1. allowing Simple Interęſi for every Payment as 
it becomes due; what muſt the Rate of the Intereſt be per Cent. &c. 
Here is given #=250, A= 2065, and f 7; to find R: 
Per Theorem 3. 
ttu 12250 (41302824 
Thus 1 tu 1750 3500=2tu 
ttu—=tu=10500) 630 224-272 (0,06=R. 
Then 1: 0,06 ; ; 100: 6 the Rate required, 


Sc, 


. 


—— 
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Sect. 3. The Preſent Worth of Annuities or Penſions, 
&c. computed at Simple Intereſt. 


HE buſineſs of purchaſing Annuities, or taking of Leaſes, 
Sc. for any aſſigned Time, depends upon the true equat- 
ing of the Principal or Money Jaid out on the Purchaſe, with the 
Annuity or Yearly Rent, by allowing (or diſcompting) the ſame 
Rate of Intereſt to both Parties. Which may be eaſily perform- 
ed by duly applying the reſpective Theorems of the two laſt Sec- 
tions together; as will fully appear by the following Queſtion. 


Dueftion 1. What is 7551. yearly Rent, to continue nine Years, 
worth in ready Money, at 6 per Cent. per Annum Simple Intereſt ? 
1. Per Theorem 1, of the laſt Section, find what the propoſed 


yearly Rent would amount to, if it were forborn 9 Years, at 
b per Cent. | 


Thus #=75, t=9, and R=0,06 : Quzre A, 
ttx—=b6o75 Then 2) 5400 (2700 5 
tu= 675 | R=0,06 | Multiply 

ttu—tu=5400 „„ 
4 2837 . 


2. Then by Theorem 2. Section 1. find what Principal, being 
put to Intereſt for the ſame Time, and at the ſame Rate, will 
amount to 837 1. A. Thus tR=0,54=9x0,06; tR-+r 
=1,54) 837 (543, 5064 2 P: that is, P 543. 10s. 142 4, 
which is the Worth of 75 J. a Year, as was required. 

From the Work of theſe two Operaticns (duly conſidered) it 
muſt needs be eaſy to conceive, how the two Theorems by which 
they were performed, may be combined in one. 


Far 1, 4. and 2. Pt RT PSA. 
ffRu—tRu+2tu 
2 


Conſequently Pt R＋ P And from 


this Equation may be deduced the following Theorems. 
it Ru—tRu+2tu tt R—tr+2t 
Theorem I, | — =P, — X Ll . 
2t R-+2 2t R +2 
By this Theorem all Queſtions of the ſame Kind with the laſt 
(viz. that above) may be eafily and readily anſwered at one 
Operation, 


K k 2 Theorem 


© aw + Fas 


— 


— 


= 


— — r es. en r TIS 
* — ». Woo — - — 3 - <> —— 
— = 
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2PtR+2P "WW 


-_ ==, OT 
tt. Rt RET ttR—tR+zt 


22 — 212 


n — — R. 
ttu—tu—2Pt 


x2 P=x, 


Theorem 3. 


85 22" 8 27. 
Let X — I = x, then will 7: + «2 7 


1 x 
| „ 8 "og fo 

By the ſecond and fourth Theorems, two very uſeful Queſtions 
may be eaſily anſwered, | | 

T. As for Inflance: If it be required to find what Annuity, or 
yearly Rent, &c. may be purchaſed, for any propoſed Sum, to con- 
tinue any aſſigned Time, allowing any Rate of Intereſt ? 

This Queſtion may be anſwered by Theorem 2. 

2. Again: If it be required to find how long any yearly Rent, 
Penſion, or Aunuity, &c. may be purchaſed (or enjoyed) for any 
propoſed Sum, at any gruen Rate of Intereſt ? 

All Queſtions of this Kind are eaſily anſwered by Theorem 4. 

In theſe Queſtions it is ſuppoſed, that the Purchaſe or yearly 
Rent, is to commence or be immediately entered upon. But if 
it be required to find the Value or Purchaſe of an Annuity or yearly 
Rent, Cc. in Reverſion; that is, when it is not to be entered 
upon until after ſome Time, or Number of Years are paft ; then 
=_ muſt firſt find what the Sum propoſed to be laid out in the 

urchaſe, would amount to, if it were put to Intereſt, during 
the Time the Annuity, &c, is not to be put in preſent Poſſeſſion; 


Which gives this Theorem 4. 4/ 


and make that Amount the Sum for the Purchaſe, procecding 


with it as in either of the two laſt Queſtions, &c. 

Note, From the firſt Quęſtion of this Section it will be eaſy to 
conceive how to perform the Equation of Payments, between Debtor 
or Creditor, at any Rate of Intereſt, without doing any Damage t' 
gether Party, © 7. | | | 

That is, when ſeveral Sums of Money are to be paid, at ſeveral 
different Times, to find the Time when all the Payments may 
be truly diſcharged at once: as if one Sum were to be paid at tbe - 
End of two Months, another at ſix Months, and perhaps a third 
Sum at eight Months End, &c, And if it were required to find 


the Time when all thoſe Sums may be truly diſcharged at onc 
Payment without Loſs, cc. | 


CHAP 
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CHAP. XII. 


Of Compound Vero, and Annuities, Oc. 


OMPOUND Intereſt is that which ariſes from any Princi- 
pal and it's Intereſt put together, as the Intereſt ſo becomes 
due; ſo that at every Payment, or at the Time when the Pay- 
ments became due, there is created a new Principal ; and for that 
Reaſon it is called Intereſt upon Intereſt, or Compound Intereſt, 
As for Inſtance ; Suppoſe 100 J. were lent out for two Years, 
at © per Cent. per * Compound Intereſt: then at the End of 
the firſt Year, it will only amount to 1061. as in Simple Intereſt. 
But for the ſecond Year this 1064. becomes Principal, which 
will amount to 1121. 75. 22 d. at the ſecond Year's End, 
whereas by Simple Intereſt it would have amounted to but 112/, 
And altho” it be not lawful to let out Money at Compound 
Intereſt ; yet in purchaſing of Annuities or Penſions, &c. and 
taking Leaſes in Reverſion, it is very uſual to allow Compound 
Intereſt to the Purchaſer for his ready Money ; and therefore it 
is very requiſite to underſtand it. 


Sect. 1. Of Compound z/eref. 


P=the Principal put to Intereſt. 
t the Time of it's Continuance. as before, 
Let 4 A=the Amount of the Principal and Intereſt. 
| Þ bay Amount of 1/. and it's Intereſt for 1 Year, 
at = given Rate, which may be thus found. 


Viz. 100 : 106: 1 : 1,06=the Amount of 11. at 6 per Cent. 
Or 100: 105: : 1,05 =the Amount of 14. at 5 per Cent. 
and ſo on for any AYE aſſigned Rate of Intereſt. 


Then if R =the Amount of 1/. for one Year, at any Rate, 
' © R*==the Amount of 17. for two Years. 
R =the Amount of 1 /. for three Years, 
R* = the Amount of 17. for four Years, 
R' =the Amount of 14. for five Vears. Here t=$ 
For 1: R:: R: RR:: RR: R:: RA: R:: R: Rõ: &c. in . 
As one Pound : is tO the Amount of one Pound at one 
That 12 s End : : ſo is that Amount: to the Amount of 
one Pound at two Years End, ST 


Whence 


* 
— 


2.54. Algebza. x Part Il. 


Whence it is plain, that Compound Intereſt is grounded upon 
a Series of Terms, increafing in Geometrical Proportion con- 
tinued; wherein f (viz, the Number of Years) does always aſ- 
ſign the Index of the laſt and higheſt Term: Y:z. the Power 
of R, which is Rt. 


Again, As 1: Re:: P: PR. the Amount of P for the 
Time, that Re the Amount of 11. 


As one Pound : is to the Amount of one Pound for a 


That is ö given Time : : ſo is any propoſed Principal (or Sum) to it's 
Amount for the ſame Time. 


From the Premiſes (I preſume) the Reaſon of the following 
Theorems may be very eaſily underſtood. 


Theorem 1, PR. = A, as above. 


From hence the two following Theorems are eaſily deduced. 


A A 
Theorem 2. * P, Theren 3. 5 Re. 


By theſe three Theorems, all Queſtions about Compound In- 
tereſt may be truly reſolved by the Pen only, viz. without Ta- 
bles ; tho” not ſo readily as by the Help of Tables, calculated on 
Purpoſe ; as will appear farther on. 


Queſtion 1, What will 2561, 10s. amount to in ſeven Years, 
at © per Cent. per Annum, Compound Intereſt ? 


Here is given Pg 256, 5; t=7; and R=1,06 which 
being involved until it's Index t (viz. 7.) will become K“ 
1, 50363. Then 1, 50363 * 256,5 = 385,68 11 A== 3851. 
135. 7 d. which is the Anf wer required. 


Quęſtion 2. What Principal or Sum of Money muſt be put (or 
let) out to raiſe a Stock of 385 l. 13s. 74d. in ſeven Tears, at 
6 per Cent. per Annum Compound Intereſt ? 


Here is given A==385,6811; R=1,06; and ty; to find P. 
by Theorem 2. Thus RI, 50363) 385, 68 1184 (256,5=P- 
That is, P=2564, 10s, which is the Principal or Sum, as 


was required. . 
Dueftion 


* 
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Dueſtion 3. In what Time will 2561. 10 8. raiſe a Stock of 
(or amount to) 385 l. 13s. 72 d, allowing 6 per Cent, per An- 
num Compound Intereſt f | 

Here is given P=256,5; W R=1,06; to 

: 385,0811 
find t by the third Theorem Ri * 1, 50363, 
which being continually divided by R=1,06 until nothing re- 
main, the Number of thoſe Diviſions will be 57 t. Thus 
1,06) 1,50363 (1, 41852. And 1,06) 1,41852 (1,338225, 
Again 1,06) 1,338225 (1,262477. And ſo on until it become 
1,06) 1,06 (1. which will be at the 7th Diviſion. Therefore 
it will be r / the Number of Years required by the Queſtion, 


Dueftion 4. FJ 2561. 10 8. will amount to (or raiſe a Stock of ) 
3851. 13s. 72d. in ſeven Years Time; what muſt the Rate of 
Intereſt be, per Cent. per Annum ? 


Here is given P=256,5; A=385,6811, and t=7, Quzre 
R. By Theorem 3. = R 1, 50363; as before in the laſt 


Queſtion, And if R'=R” =1,50363, then R V 1,5063, 
which may be thus extracted. 


Irrer R, then 

2 Dei fcemR =1,50363=0 
2 — 1 3] 71 ep2lreeG—r? | 

4 


Operation yr = 1,00 
＋ 3e=0,18 
— Ft, oo er 
Diviſor 1,18) o, 07 19 (des 2 
OB —— 
— J06=r4e=R 
5 11 to be reſected 
Then x : 0,06 :: 100 : 6 the Rate per Cent. required. 
The firſt three Queſtions may be much more eaſily performed 
by the following Table, which is oaly the Amounts of one Pound 
for thirty-nine Years, | 


That 


— . — ß — . ̃ — — n 
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That is, of R. RR. RRR. R. R* and ſo on to R. 

The Amounts of The Amounts | '< The Amounts © 
2 | 1). at b per Cent. | & of I at 6 fer B of 17. at 6 per 
jj | &c. Compound | jj Cent. &c. Com- | 11 | Cen. xc. Com- 
> | Intereſt. > | pound Intereſt | > pound Intereſt, 

. 1]1.06=R 14 | 2-2009039557 | 27 48223459407 
2|1.1236==RR | 15 | 2-3965581931 | 28 5. 1116865971 
3|1.191016=R3 | 76  2.5403516847 | 29 |5-4183878990 | 
4 | 1.20247690 17 | 2.6927727857 | 32 | 5:7434911729 
S 1.3382255770 | 18 2.8543391529| 31 |6.0881006432 
6] 1.4185191122 | 19 | 3.0255995021 | 32 [6.4533866818 | 
71 1-5030302590 | 20 3-2071354722 33 6.8405 898828 
8 1.5938480745 21 3-3995636005 | 3472510252757 
9] 1.0894789590 | 22 | 3:6035374166| 35 | 7-0860867923 

10 12908476965 23 38197496616 36 8.14725 19998 
11|1.8982985583 | 24 4. 0489346413 37 | 8.6360871198 
12 2.0121964718 | 25 | 4.2918707197] 38 9.15425 23470 
1312.1329282601 26 - 4.5493829629 | 39 9.7035074878 | 


The Title of this Table ſhews it's Conſtruction, and it's Uſe 


will eaſily appear by an Example or two, 


EXAMPLE 1. 


What will 3751. 10s. amount to in nine Years, at 6 per Cent. 
per Annum, &c. ? 


The tabular Number againſt ꝙ Years is 1,689479 which being 
multiplied with the Principal 375, 5 will produce 634, 3993 &c. 


viz. 6341. 85. fere, being the Amount or Anſwer required. 


EXAMPLE T 


4 


What Principal (or Sum) muſt be put to Intereſt to raiſe a Stock 
of 6341. 8s. in nine Years Time, at b per Cent per Annum, &c. 

It the propoſed Stock (viz. 634,4) be divided by the tabular 
Number that is againſt the given Number of Years (viz. 9.) the 
Quotient will be the Principal (or Sum) required. Vix. againſt 


g is 1,689479. Then 1,6894 
the Principal (or Sum) required, 


FXL{UMPLE 23.:- 
In what Time will 375 1. 10s. raiſe a Stock of (or amount to) 


Divide 


6341. 8s. at 6 per Cent, &c.? 


79) 634,4 (37555=3754. 105, 
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Divide the propoſed Stock (viz. 634,4) by the given Principal 
(viz. 375,5) and the Quotient will ſhew the tabular Nuviber 
that ſtands over againſt the Time ſought. Thus 375,5) 634,4 
(1,689479 Sc. this Number being ſought in the Table, will 
be found to and againſt 9 Years, which is the Time required. 

But if the Quotient cannot be truly found in the Table of 
Amounts for Years, as above; then take out of that Table the 
neareſt Number that is leſs, and make it a Diviſor, by which 
you muſt divide the firft Quotient; and then ſeek the ſecond 
Quotient in the Table of Amounts for Days (which is inſerted 
a little further on) and it will aſſign the Number of Days: as in 
this Example. 


In what Time will 5631. amount to $601, at 6 per Cent. per 
Annum, Compound [ntereft © 
Anſwer. Ia? Yerrs and 99 Days. 

Thus 563) 850 (1,52753 which ſhews the Time to be note 
(or above) ſeven Vears; for over againſt + Years 1s 1,6C263 
which being made the new Diviſor: Vix. 1,50363) i,52;53 
(1,01589 Cc. this Number is the neareſt Amouiit tro 99 Days. 


Note, If the Stock, Principal, and Time be given; the Pate of 


Intereſt will be bef! found by extra&?ing the Root, &c. as befure in 
the fourth Queſtion, | 


The next Thing that I ſha]! here propoſe, is to make this 
Table (which is only calculated for the Rate of 6 per Cent. ) 
univerſally uſeful for all the Rates of Compound Intereſt, which 
may preſume to ſay, is a new Improvement of my own, being 
well ſatisfied it never was publiſhed befoie ; and not only ſo, but 
I have heard ſeveral very good Artiſts affirm it was impoſſible to 
be done. | 

The Method of performing it is briefly thus, Let x =the 
Difference between 1, b = R the Amount of 1/7. for one Year 
(in the Table) and any other propoſed Amount of 14. for oue 
Year ; which admits of two Caſes. 


Caſe. 1. If the propoſed Rate be greater than the 1,06=R, 


Yay will R+x= the true Amount of 11. for ou, Year at that 
ate, 


Caſe 2. But if the propoſed Rate he leſs than 1,06= R, then 
It w.il be R -& S the Amount of 14. &c. 
| 3 . e. 
Make + 20 „ ; Bens, - 3 : * 8 
itb=g, jeg =m, dm en, /s, XC 


Then 


* 
4 
4 
95 
* 
+. 
Ll 
* 
* 


— 2 — — ͤ—„-— 
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Then will Ref RX g Rex ＋ N Rd &c. the Amount 
of 11. at the given Rate, for any Time denoted by t, in Caſe 
1. And Rti—tRzx+g Rex —m RA &c. = the Amount of 
1]. in Caſe 2. 

Which is no more but this: Let Rx or R- (which ſo- 
ever it is) be involved (as directed in Se. 5. Chap. 2.) to the 
ſame Power or Height as the Index # the given Time in the 
Queſtion denotes : rejecting all the Powers of x above xxx or 
xxxx at moſt, as uſeleſs. Then multiply that Power of R 
or Rx into the given Principal, and their Product will be the 
Amount required, 

An Example or two in each Caſe will render all eaſy, 


EXSAMEFLE 1 


Suppoſe it were required to find what 2561. would amount to in 
fifteen Years, at 81. per Cent. per Annum Compound Intereſt ? 
Here t 15. . 

Firſt 100: 108 :: 1: 1,08 the Amount of x /. at 8 per Cent. 
Next 1,08 —1,c6=0,02=x. And R+x=1,08 as in Caſe 1. 
Then RIS R'*&%-+105R"3 xx-+455 R** xxx &c. = the 
Amount of 11. for 15 Years, at 8 per Cent. 

Here x 0,02 , xx== 0,0004.. and xxx= ,000008 

By the Table R. =2,396558 

C 15R'*s 22, 260904 * I5x,02 =0,078271 
And 105R'* xx 2=2,132928 xI05 x ,0004 =0,089583 
455 K. xxx==2,012196 x455 x ,000008=0,007 324 

Sum =3,17 17 39 


Then 3,171736x256=811,964416=4, 
That is, 8111. 9s. 33d. ferè. Which is the Anſwer required. 


ERA MPLE 2. 


What will 3651. amount to in ſeven Years at four and a half 
per Cent. &c. 


| Firſt 100: 104,35 ;: 1: 1,045 the Amount of 1/7. at 4: 1. 
per Cent, 


Next 1,06=1,c45=0,015=x. Conſequently R=x=1,045 
as in Caſe 2. 


Then R —7R*&+ 21R5xx—35R*xxx &c, = the Amount 
of 11, for 7 Yeats, at 44 per Cent. 


Here 
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Here x=,015; xx==,000225 ; and xxx = 000003375 
By the Table R? =+1,503630 
— 7 N =—0,148944 
Ant) a. R* xx =-+-0,006323 
—35R*;zxx=—0,000141 
| R? —7 R*-þ-21 R* xx— 35 R*xxx=1,360808 
Then 1,360868 x 365 = 496,7 1682 = l. 
That is, 4901. 14s. 34 d. is the Anſwer required, 


If the Reaſon of theſe two Operations be but well underſtood, 
it will be very eaſy to conceive how to find P, the Principal, 


by having A, t, and x given (becauſe R and it's Powers are al- 
ways given by the Table.) 


For K+? K g Kexx +m Kd x P=A (as above). 
ff 
Wen N : tRbx+g Rena in RA ME . 
Or if A, P, and t, be given, x may be found. 


For R. f Rx +g Rex A- Rdxα = 7 This Equation 


being ſolved (as in Chap. 10.) the Value of x will be found; 
and then either Rx, or K—z will ſhew the Rate of Inte- 
reſt, &c. | 

But I ſhall leave the numerical Operations to the Learner's 
Practice, ſuppoſing enough done to ſhew how all Queſtions of 
this Kind that are limited by whole Years may be computed. 

And if the Time given or ſought be not terminated by whole 
Years, but by Weeks, Months, Quarters, or Half- Years, &c. 
for reſolving ſuch Queſtions, the beſt way will be to reduce thoſe 
Parts of a Year into Days; that done, find an Anſwer accord- 
ing to the Demand of the Queſtion (and agreeing to 11. as be- 
fore) for that Number of Days; and in order to that, it will 
be requifite to find the Amount of 17. for one Day (as in my 


Compendium of Algebra, Page 110.) which I ſhall here inſert, 


Put a=the Amount ſought, then it will be 
I :4::0:aa::40:; aac: :; ac: aaa => to 


As one Pound is to it's Amount for one Day:: ſo is that 

That is Amount : to the Amount of two Days :: and ſ is that 
of two Days: to that of three Days. And ſo on in == 
to 365 Days. 


LI 2 Then 
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Then the laſt of the Terms wil! be a** * 22 $309 
Put] 1] r+e=a. And let r=1 
1 6:35] 2| r3*5 + 365 r3**2+604307r)*3Ivema?*5=1,06 
2 in Numb. 3 14 765% 664307 1.06 
3— 14365 664 3O e S0, ob 
4 64300 5 eee, eee 


—_ e 

4 1 | „00549 ＋e 

Operation ,00549 
Ter ,0001 


——— e e vat 
Iſt Diviſor ,00559) 0,00000099022 \n.0001598 De 
= 00015 559 __ 1,0001598 =re=a 
2d Diviſor ,00574 3442 true to the 7th Figure 
| =+e= norco? 2870 and only too much by 
3d Diviſor „ 579y 57200 2 in the Sth, at one 
&c. Ke. Operation. 


New -=1,00016 for a ſecond Operation. Then 
2 m Numb. 7| 1,06013401407 + 380,887 8+ 70402,172e4 
= 1,06. Hence it appears that y—e=4. 
Therefore] 8 1,06013401407 — 38, *87 e+70402,172e0 
=.1,00- 
8+[9 386, 8876-7042, 172 e =, 00 13401407 
9 —j10| ,0054953—ee-=,000000001903550Z3 


10 1 B 
20054953 
Operation ,005495 3 | 
— = 3 
———— % Ä > £LOM1020Y 
1ſt Diviſor ,0054950) ATE $4 4h 25 000000340417=t 
34 164850 4,0001596535Þ3=7 
| »005 49466 92550503 =} 
—e= 4. 4197864 
2d Diviſor- 2005494614. 5352053390 
— 2 Ba: 7 32967684 
3d Diviſor; ,00549400 | 2296210 
2 7 | 22197840 
983700 
8404 
r "My 


Which being further purſued to a third Operation will give 
= 7089683887453 &c. 
This 


— 
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his Value of à is the Amount of 11. for one Day, from 
which, if 11, be ſubſtracted, the Remainder , oo 059053587 
&c. will be the Intereſt of 1 J. for one Day. Conſequently, if 
any propoſed Principal be multiplied into either of theſe, the re- 
ſpective Product will be the Amount or Intereſt of that Princi- 
pal for one Day, at 6 per Cent. &c. 

And that the Amount (or Intereſt) of any Principal or Sum 
may be eaſily computed for any Number of Days lets than a 
Year; I have here inſerted the following Table, which with a 

reat deal of Care (and I believe Exactneſs) is calculated from 
the laſt found (1,000159653587453) Amount of 11. for one 
Day. To which alſo is annexed a Table of the Amounts of 14. 
for Months, 


6 Amounts ot 14. amounts of 14.| © Auountsot 1/, | 
Bo. &Cc. = &c. 3 
1 1. 0015965 360 2661 0941592879} 5 N. 0081749166 
| 2[1.0003193326| 271.43 196055 52 1 0083358753 
| 311.0004790372| 281. 0044799487] 53,1.0934968597 
| 4|1 0506387673] 291 0046403175] 540985578699 
5 1.007985 229 30 1.0048007 1 20 55 1. 088189097 
6 1.0009583039| 311. 0049611320 55, 1.0089799673 
| 7 1. 011181106 32|1.0051215776| 571. 009140545 
| $|1.0012779426| 331. 0052820488] 58/1.0093021675 | 
| g9g[1-0014378002| 34|1.0054425457] 5911.92094033002 
| 16[1.0015976834| 35 1.00560 30082 _bo 1.00962 44707 
| 7 10017575920 36 10057636164 61 1.00978 56608 
121.00 19175262 37. 0059241901 62 1.0099468767 
131.0207748 59 381. 0060847893 63 10101081184 
| 14|1.0022374712 39 1.0062454140] 64{1.0102693858 
| 15|1.0023974820 40 1. 0054050653 65 1 0101306789 
16|1.0025575184| 41 | 10065667416] 66|1.0105919978 
17]1.0027175803| 42 1.v967274436] 6710107533424 
18|1.,0028776677| 43 1.co68881712] 68[1.0109147128 
19]1.0030377808 | 44 1.0070889245] 691.0110700 
20|1.0031979193| 45|1-0072097035] 221232899 
21 1.0033580850| 46|1. 0073705082] 71 10113989788 
22 1.0035182732 4710075313385 72 10115604521 
231 0036784885 48 1 0070921945] 73|1-9117219513 
| 24] 1.0038387294| 49[1.0078530762] 74 1.0113834704 
 25|1.00399899581 50| 1.00801 39835 _75 [1:01 20450272 


— 


Days 


Algebza. 


Part 11. 


85 


87] 


97 
| 


99 
2 


Amounts of 1/. 
&c. 


1.0 12206603 
10123682002 


1.0125 398344 


1.012691 488; 
1.0128531683 


1.01301438739 
1.0131766054 


1.0133383027 
1.0135001458 
1.0130619547 
1.0135927895 
1.0139850501 
1.0t41475365 
1.0143094488 
1.014471386g 
1 0140333511 
1.014795 3403 
1.9149573505 
1.0151193981 
1015281465 5 
10154435589 
10156056781 
1.015767 9232 
10159299941 
10160921910 
1.0102544138 
1.01594 166624 
1.0165789370 
1 0167412375 
10169035638 
10170659761 
10172282944 
1.0 173906985 
10175513086 
1.017715 5845 
10178780665 
10180405744 
1.018203 1083 
1. 0183656680 


110188282578 


” 


N 
; 


Amounts of 1/. 
&C. 

1. 018690865 5 

10188535031 

t. 0190161667 

10191788563 


1.0193415719 


10195043134 
1. 0190070809 


10198298745 


10199926934 
1. 0201555389 


1020318410 
1.02048 13084 
1. 0206442319 
10208071814 
1. 0209701569 
10211331585 
10212961861 
10214592397 
10216223193 
10217854250 


10219485 507 


1 0221117144 
10222748982 
1 0224381081 
1 0226013440 
1.0227646060 
1.0229278940 
1.02 30902081 
1.0232545483 


1.0234179146] 


1.0235813069 
1.0237447253 
1.0239081699 
1.0240716405 
1.02423 $1372 
1 0243986600 
1.0245022089 
1.0247257830 
1.02458893851' 


1.0250530124 


Amounts of 1/. 
&c. 
1.0252166658 
1.0253803453 
I 0255449509 
1. 0257077827 
1.025815 406 
10260353247 
1.0251991349 


1.0265 268338 
1. 0266907225 
10208546374 
10270185784 
10271825450 
1.027 3465 389 
15225105 555 
1.0270746045 
10278386764 


1 0281668989 
1.0283310494 
1.02849 52262 


11 0280594291 


1.0288236583 
1.0289879137 


1.0263629713 


[.0291521953 


1 0293160231 


1 0294908 372 


1.0290451975 
1.0298095841 


I 2997 39909 
1.0301384359 


1.030407 3928 
1.03063 19206 
1.0307904557 
10309610251 


1.0311256216 


1.0312902445 
10314548937 


| 


1,02380027746 


10303029012 


10316195602 


Days 


| 


_— 
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S Amounts of 14. S Amounts of 1/. | &| Amounts of 1/. 
= | Kc. * &C. = &c. 

196]1.0317842709[236]1 0383933484]276|1.0450459680 
| 19711.0319439990]23711.0355597318 [277 10452128133 
198]1-0321137534|238]1.03372354151278|1.045379685 3 
199|1 03227853411239 t.0388913778 279|1.0435446534 
200 |1-0324433+410124011-0390572405328011.0457135092 
2011.03 608 17422411 0392231298281 15884671 
202 1.03277 30339242 1.0393890454 282 146474397 
2031 0329379168243 1039554987283 10462144449 
204 10331028321 244 10397209563 284 10463814768 
205 1033206772062451.0308869515[ 28; 11.0465 434353 
2061. 0334327355 2461. 0400529732 286|1.0467150200 
2071. 0335977258247 0402190214 | 287 1. 0468827325 
208 1.033 76274442481. 0403850961288 10470498711 
2091 0339277883249 1 0405511973 291.042 170363 
210 I 0340925586 2501 0407173250 290, 1 0473842283 
211[1.0342579552[251{1.0408834793]291|1.9475514469 
212 1.0344230782|252 1. 41049601292 | 1.9477 186923 
213|1.0345982275{253;1r.0412158674|293}1.04783859643 
214 |1-0347534033|254|1.0413821012|294 1.04305 3 2631 
2151834186054 2 183015 295 ,1.0482205885 
2161.03 508383380 2561.9417 146485 | 296 1. 0483879407 
2171. 0352490887257. 0418809620297 1.0485 553196 
2181.03 54143699258 1.04 204730210298 1.048 227252 
2191 0355796775 259} 1-0422136687 1299 1.0488901576 
2201.03 574501152601. 0423800618300 10490576166 
2211.0359103719 201 16425464815 301 1.049225 1025 
222 1.03607 575872621. 0427129278302 1.04939 26150 
223 1.036 24117192631 1.042879 4007 303 1. 0495601543 
224 1.0364066 11612641 0430459001 304 1. 0497277204 
225 1.0365 710776 265 0432124261305 10498953132 
2261 0367375701 2661 0433789787 306 1. 05629327 
2271 0369030889 2671 0435455579 397 1.0502 30579 
2281. 0370686342 268 1. 0437121637308 1. 0503082521 
229 1.0 372342059 2691. 043 8787961 3091. 0505559519 
2301323098041 270 1.04404545511310|1.0507336786 
2311 0375654287 27111,0442121407|311 1.0509014320 
| 23211 .0377310798|2721}1.0443788529[312{1.0510692121 
233|1.0378907573127311 04454559181313{1.0512370191 
| 234|1.0380624612[274{1 0447123572[314|1.0;514043529 
1_ 2351 03822419101275 11 0448701493{315!1 0515727134 


Days 


The Uſe of this Table is in all reſpeAts like that of whole 
Years, in finding the Amount of any given Sum for any pio— 
| poſed Number of Days leſs than a Year. 
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S1 Amounts of 1/. | O Amounts of 1. O Amounts of 12. 
= &c. <=] . &c. $8 9. 
316}1.051 7406008| 339 1.05 559465 362 I 1 0594924636 
317] 1.0519085150[240|1 0557779484 1363] 1.0596016154 
318]1 03207604559 341 1.0559465071 | 364 10598307942 
3191 0522444237 |34211.0561150927 365 1 06 
320 1 0524124183 J % 
3211.0525804397344 6564523448 > 
322|1.0527484880{[345 1.0566210112 . 888 
3230529165631345/1.0; 557897045 The Amounts 
3241.05 308466503471 0:69: 84248 Sof 1/. at 6 per 
| 1225 2 | ©S 
325] 1-0532527937|348|1.0571271720| 8 | Cert. N 
326]1.0534229493 [349 19572959594 e. 
327|1.05358913171350|[1-0574047472| 11 0048675505 
3281.053757340351 10576335753 2 1.00975 87942 q 
| 329} 1-053923577"|3521[1.0578024303] 3 1.0140738462 N 
33014993840! 3531 1.0579713122| 410196128224 b 
3311.054262 1300 3541.058 1402211 _5|1-0245758394 q 
332|1-9544394407|355 1.0583091570 611.0295630141 
333] 1-0545987903]|356}1.0584781199! 7110345744041 : 
334] 1-0547071608| 32-411 .0586471097 | 1.0396103076 : 
335|1-295493553®2[358|1 0588161265} 910446706634 N 
3361.05 510398240359 1.058985 1703 12 1.0497550507 } 
337 | 1.c352724336| 360[1.0591542411; 11j1.0548653894 ; 
' 3381.05 54409116 361 1 — 7932 233389 1211.06 y 


ET MPLE” Tr. 


3 it were required to find the Amount of 3750 for 210 
Days, at 6 per Ceut. 


i The Amount of 17 for 210 Days is 1, 340928 &&c. per Table, 
Then 1,0340928 x 375 =387,7848 Sc. 2387 1. 814. 

which is the Amount required, And the reſt of the Variations 

may be performed juſt as in the Examples of whole Years. 

But if the T1me given conſiſts of Years, and Parts of a Year; 
as Quarters, Months, Sc. Then reduce the odd Time or Parts 
of the Year into Days; and the Anſwer may then be found at 
two Operations; 4s in the following Example. 


| | E XAMPLE 
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Example 2. Suppoſe it were required to find what 265 l. would 
amount to in five Years and 135 Days at 6 per Cent. Cc. 


1 | 5 Years is 1, 338225, Cc. 
Firſt, the Amount of 1 /. for Þ 135 Days is 1,82 1785, Sc. 

Then 1, 338225 X 1, 021785 Xx 265 J. = 362, 355232, Cc. 
being the Amount or Anſwer required. 

Or, if the Amount and Time are given, to find the Principal: 
Then multiply the Amount of 1 1. for the Nears, and the Amount of 


17. for the odd Days together: And by their Product divide the 
given Amount, the Quotient will be the Principal required, 


Example 3. I bat Principal will raiſe a Stock of 3621. 75. 14 d. 
Or 362,355232 l. in 5 Years and 135 Days, at 6 per Cent. &c. 


5 Years is 1, 338225 Sc. 
The Amount of 1 for 3 135 Days is 1.521785, De. 


Then 1.338225 X 1, 021785 = 1, 367378, &c. the Diviſer. 
Next 1, 367378) 362, 355232 = A (2651. the Principal re- 


quired. 


Again, if the Principal and its Amount are given, to find the 
Time, at 6 per Cent. &c. you muſt divide the Amount by its 
Principal, and then proceed as in the Third Example, Page 256, 
for the Anſwer required. 

But if the Amount and its Principal, with the Time of its being 
at Interęſt, are given, to find the Rate of [ntere/? : Then proceed 
as in the Fourth Puz/tion, Page 255, Cc. 

Now in order to make this Table of Amounts for Days uſeful 
for all Rates of [ntere/t (as before in that for Years) you muſt firſt 
find the Simple Intereſt of 1 J. for one Day, both at the given 
Rate, and alſo at 6 per Cent. And call their Difference x. 

Thus, ſuppoſe the given Ratio were 8 per Cent. per Annum, 
Firſt 130:8::1:0,08 And 100: 6: : 1: 0,06 the Two Sim- 
ple Intere/ts for one Year, 

Then 365) 0,08 (0,00021917, Sc. the Simple Intereſt of 1 l. 
for one Day, at 8 per Cent, 

And 365) 0,06 (0,00016438, c. the Simple Intereſt of 10. 
for one Day, at 6 per Cent. 

Their Difference 0,00005479 = x, which may do indifferently 
well. for ordinary ſmall Duejtions : But where Exactneſs is requir- 
ed, it will be convenient to make Uſe of this Proportion : 


Mm 5 
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5 the Simple Intereſt of 11 for one Day at 6 per Cent.: 
Viz. 


— ro 


Is to the Tabular Intereſt of 1 J. for one Day:: So is the 


Simple Intereſt of x J. for one Day, at any given Rate: 
To a Fourth Number. 


That is, 0,000164.38 : 0,0001 5965 :: 0,00021917 : 0,00021286 
Then 0,00021286—0,00015965 = 0,00005321 = x. 


This x being involved with the reſpective Amounts for Days, in 
the ſame Manner as was done with thoſe for Years (vide Page 258) 
the Reſult will be the Anſwer to the Quęſtion. 


Sect. 2. Annuities or Penſions in Arrear, computed at 
Compound Intereſt. 


When Annuities, &c. are ſaid to be in Arrear, ſee Page 248. 
And I ſhall here make Uſe of the ſame Letters to repreſent the ſame 
Things as before in that Page, ſave only that R is here equal to 
the Amount of 1 l. as in Section 1. of this Chapter. 


5 on u = the Firſt Year's Rent of any Annuity without In- 
tereſt. 
: ſ the Amount of the Firſt Year's Rent, and 
Ten wil 2s + n= | its Intereſts; More the 2d Year's Rent. 
| the Amount of the 1ſt and 2d Years 
And RRu + Ru ＋ 4 = Rents, with their [ntere/ts ; More the 
 C 3d Year's Rent, &c. 

Here RRu + Ru + u = A, the Amount of any Yearly Rent or 
Annuity, being forborne Three Years, And from hence may be 
deduced theſe Proportions : 

Viz. u: Ru: : Ru: RRu:: RRu: RRRu, and ſo on in = for 
any Number of Terms or Years denoted by t, wherein the laſt 
Term will always be aR'—: 
Conſequently, 4—uR'— — the Sum of all the Antecedents 


And A = the Sum of all the Conſequents in the Series. 


And therefore it would be 2: uR:: I - R-: A — u, Vide 
Page 188. 


Ergo Au—uu = RuA—uuR', which, being divided all by u, will 
become I - u = RA—ukR, 


From this laſt Æguation it will be eaſy to raiſe the following 


Theorems : 


Theorem 1, } — = A. Theorem 2. , 5 — 2 


2 
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Theorem 44 <R — R = i 
into Numbers, according to the Method propoſed in Sec. 3. 


— 


mmm FRF TIEE—_—_ 


Nun 3. AA = R. If this Equation be continu- 


ally divided by R, until nothing remain, the Number of thoſe Di- 
viſions will be t. See Page 255. | 


EQS: if eds A quation be reſolved 


Chap. 10. the Root will ſhew the Value of R. 


QuesTIon 1. If 8 J. Yearly Rent, or Annuity, &c. be forborne 
(i. e. remain unpaid) Nine Tears; what will it amount to, at 6 per 


Cent. per Annum, Compound Intereſi? 


Here is given 2 = 30, #=9, and R = 1,06; to find A. per 
Theorem 1. 


R) = 1,689479 By the Table of Amaunts for Years 
30 = u 


Non = 50, 684370 - 


— 4 = 30, 


R- 1=0,06) 20, 684370 (344,7 395 = 3441. 145, 9 1d. = A, 


the Amount required, 


QueEsTION 2. hat Yearly Rent or Annuity, &c. being forborne 
or unpaid Nine Years, will raiſe a Stock of 3441. 145. 91 d. = 
344.7395, at © per Cent. &c. 

Here is given A = 344,7395,t = 9, and R 1, o6; to find . 
per Theorem 2. | SN, 

AR = 34437395 X 1,06 = 365,42387 
— A = 3447395 


R'— 1 = 1,689479 —1 = 0,689479) 20,68437 (30 u. 


QUESTION 3. In what Time will 30 l. Yearly Rent raiſe @ 
Stock or Amount to 3441. 145. 94d. allowing 6 per Cent. for the 
Forbearance of Payments? Me: 


Here is given 2 = 30, A = 344,7395, and R=1,06; to 
find t. per Theorem 3. | 

Firſt AR+u—A4=365,42387 + 30— 3447 395 50, 68437. 
And u = 30) 50,68437 (1,089479 = R. Then 
RK = 1,06) 1,689479 (1,593848. And 1,06) 1, 593848 (1 50363; 
and ſo on until it become 1,06) 1,06 (1. Which will be at the 
Ninth Divifun ; therefore t = 9. 


M m 2 Or 
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Or K =. 1,689479, being ſought in the Table of Amounts for 
Years, will be found to ſtand over-againſt g Tears, which is the 
Time required. | $3 9917s 


— —_——— — ß 


QpESTION 4. If zol. per Annum, being unpaid Nine Years, 
will amount to 3441. 145. 91d. allowing Compound Intereft for 


every Payment as it becomes due, Mat muſt the Rate of Intereft be 


per Cent. c. 
Here is given u = 30, A = 344,7395, and t g q; to find R 
by the aſt of the Four quations, Viz ; ER—R ES” Ca, 


ge 1 
Fir 5 = 141298 = 11,491317. And == — 10, 491317. 


Hence there is this Zquation; 11, 491317 R — RO 10, 431317. 
Let]!jr +e R, and ſuppoſe r = x 
I ©: 9]2]7? + gre + 36 e = RY 
IxX-> in Numb. 3011, 49131) + 11,491317e = 11,491317 R 
2 in Numb 1,000000 + 9,000000e + 36 ee = RY 


3 
4 
| 3—415]10,491317 + 2,491317e— 3bee=10,491317 
 Whence|[6] 36ee = 2,491317e 

6 — 30 e 7 e = 0,00, Oe. 


Fi — © (A. may be eaſily try'd by invol- 
1 ws . 63 = 1,06 = 2 Ying it, and ordering it, as the 
Ml” oY Equation above diretts. 


* 


Section 3. To find the Preſent Worth of Annuities, Pen- 
ſions, or Leaſes, &c. at Compound Intereſt. | 


Let P = the preſent Worth of any Annuity, or Leaſe, &c. and 
the relt of the Letters as before. 

Then, from what has been ſaid in Section 3. Chap. 11. about 
Purchaſing of Annuities, &c. at Simple Intereſt, it will be ealy 
to form the like Theorems here at Compound Intere/t, vis. by Com- 


hining Theorem 1. Page 266. and Theorem 1. Page 254. into one 
Theorem. 5 


The Amount of any Yearly Rent being urfaid 
For = 4) Are Zing od 


.- 


F any Number of Years. Per Theorem 1. of 
"WY { the laſt Section. Page 266. 

The Amount of any Principal or Sum being put to 
And PR = A Intergſt, for the ſame Number of Years. Per The- 
Coorem 1, Page 254. | 


3 Hence 


* 
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Hence it follows, That PR = So 5 


Viz. PRX'—PR=nuR— u being the very ſame Equation 
with that in my Compendium of Algebra, Page 112. which is there 
raiſed from the Conſideration of purchaſing Annuities, or taking of 
Leaſes, &c. to be grounded upon a Rank or Series of Geometri- 


cal Proportionals continually decreaſing, Thus 5 is the Firſt and 


Greateſt Term; R the common Ratio of all the mr! 3 and P is 
the Sum of all the Series. | 
* wa 3 * * 4 at ad 


That is, & nn Mn Mi . &e. in — 
until the laſt Term 5 Then will ? — = be the Sum of all 


the Antecedents, and ? — 2 the Sum of all the Conſequents. 
— it will be 
17 | 1 1 
＋ Th Or (in the ſame Ratio) 2: * 228 N 2 <— Ji 
which produces PR l—iR=PR—y As above. 

From this Æguation may be deduced the following Theorems : 


— — 


Theorem 1. 55 oY Ms. PRO'XR: PR. 
R—1 = Theorem 2. — — 1. 


* 2 ———z 2 80 Which, being 3 divided 


by R, wil give t. 


Therem 4. 5, =; K+ R Rx", The Reſolving of 


which Z£quation will diſcover the Value of R. 


Queſtion 1. Nhat is gol. Yearly Rent, to continue Seven Years, 
worth in ready Maney, allowing 6 Tur Cent. Compound Intereſi to 
the P urchaſer ? 


Here is given 1 30. 1 =7. And R = 1,06 to find A. 
per Theorem I, Viz. == —_— — 19,9517. 


And 30 — 19,9517 T6493 8 c—_ 1 —_— 1. 


—— 
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Then K— 1 —0,06)10,0483{167,4716 = P= 167 l. gs. 54. 
being the Anſwer required. 


Queſtion 2. Nhat Annuity or Yearly Rent, to continue Seven 
Tears, may be purchaſed for 1671. 9s. 5 d. allowing 6 per Cent. 
Compound Interęſt to the Purchaſer ? 


In this Quęſtian there is given P = 167,4716.t = 7 
And R = 1,06 to find w. By the Second Theorem, 
Fit PR. X R = 251,8153 x 1,06 = 266 9242 
And — PR'= 167,4716x1,50363) = 251,8153 


Then R' — 1 = 0,50363) : 15,1089 (20 ='e 
That is 2 = 301, the Anſwer required. 


Queſtion 3. Hůoto long may one have a Leaſe of zo l. Yearly Rent, 
for 1671. 9s. 5d. allowing 6 per Cent. Compound Intereſt to the 
Purchaſer ©. | 

Here is given P = 167,4716.u = 30. And R = 1,06 to 
find r. By the Third Theorem. 

Firſt P+u=167 4716+ 30 = 19%. 4716 

And — PR=177.5199 


Then 1 97595 17030 1,5036322 KN 


If this 1, 50363 = R' be either continually divided by 1,06 = R 
until nothing remain (As before in Page 255.) Or if it be ſought 
in the Table of Amounts for Years, &c. it will diſcover t = 7 which 

is the true Anſwer required. 


Queſtion 4. Suppeſe one ſhould give 1671, gs. 5 d. for the Pur- 
chaſe of a Penſion, or Annuity of 30 l. per Annum, ts continue Seven 
Tears At what Rate of Intereſt, per Cent, would that Purchaſe be 
made, allowing Compound Intereſt io the Purchaſer ? 


In this Queſtion there is given, P = 167,4716 . uv = 20 and 
t == 7 to find R. Per Theorem 4 in this Æquation 75 — — 
R + R'— Rx", which being brought into Numbers, and its Ret 
extracted, as in the fourth Queſtion of the laſt Secian; the Value 
of R will be four.d 1,06, and then it will be 1 ; 0,06 : : 100: 6, 


the Rate per Cent. as was required. 


Theſe 


———_— 
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| Theſe Four Quęſtions include all the Varieties that can be pro- 
poſed about purchaling Annuities or Leaſes, &c. which are to be 
either immediately enter'd upon, or in Poſſeſſion at the Time 
when the Purchaſe is made. 

But ſuch Quęſtions as relate to Annuities, or a taking of Leaſes, 
&c. in Rever/ion, muſt be parted or divided into two diſtines Duef- 
tions, each to be ſeparately conſider'd by itſelf (See Page 252.) 
As in the following Examples : 


Example 1. Suppoſe it were requir'd to compute the preſent Worth 
of 75 l. Yearly Rent, which is not to commence or be enter'd upon, un- 
til Ten Years hence; and then to continue Seven Years after that Tune 


at 6 per Cent. &c. Compound Intereſt ? 
The Firſt Work in this Que/?72n is, to find what 751. per Annum, 


to continue Seven Years, is worth in ready Money ; as if it were 
to be immediately enter'd upon: Apd to perform that, there is 
given u 75. KR = 1,06. and t = 7. to find P. as in the Furſt 
Queſt ion of this Seftion, | 


a 4 — , — — 
Thus, It = rgb c = 49.8793 And 75 — 49.8793 252 
2 — 2. 
Then, R— 1 = o, o6) 25,1207 = 418.6783 418. 145. 64. 
the Anſiver to the Firſt Part of the Quel ion. 

Then the next Work will be, to find what Principal or Sum 
being put out Ten Years, at 6 fer Cent. &c. will amount to 4184 
145. 644, Here is given 4 = 418,6783, K = 1,006, f = 10, 10 
find P. Per Theorem 2. Page 254. | 


Thus Ri = 1.590847) 418,6783 = A (233.7884 = 2331 
15 5. 94. the preſent Morth of 7551. per Annum in Reverſo, &c. 
As was required. | 


Example 2. Nhat Annuity or Yearly Rent, to be enter'd upon 
Ten Years hence, and then to continue Seven Years, may be purchaſed 


fir 2331. 155. 9 d. Ready Aauey, at b per Cent. &c. Compound 
Intereſt ? 


In the 1& Work of this tion there is given, P = 233.7884 
R=1,06. And t = 10 (the Time which the Annuity is not to be 
enter d upon) to find A. Per Theorem 1. Page 254. 

Thus, PR. = 233,884 K, 700847 = 418, 6783 = A the 

Amaunt 


** 
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Amount of 2331. 155. 9d. put to Intereſt Ten Years, at 6 per 

Cent. &c. Then, for the Second Work of the Quęſtion, there is 

given P = 418,6783. R = 1,06 . And f = 7 (the Time that 

the Annuity is to be enjry'd) to find u. Per Theorem 2. of this 

Section. 

Thus PR'XR= 418, 6783 Xx 1, 50363 1,6 = 667, 3095 
PR. 418.6783 x1, 50363 = 629,5372 


R'—1=0,50353) 37,7723(75=% 

That is, « = 757. the Yearly Rent required by the Quęſtion. 
Theſe Two Examples of finding P and u do fully ſhew the Me- 
thod that muſt be uſed in Reſolving the two General, and indeed 
the moſt uſeful Queſtions about Annuities or Leaſes in Reverſton: 
And if there be Occaſion, either the Rate, or the Time, viz, R or 
t, may be found by a due Application of their reſpective Theorems. 


Note, That which hath been done in the tws laſt Seftions about An- 
nuities or Yearly Rents, &c. at 6 per Cent. may alſo be done for any 
Rate of Intereſt, by applying the Difference of the Rates (viz. x.) A. 
directed in the Firſt Section of this Chapter. 


Now becauſe that Rents and Annuities, &c. are uſually paid ei- 
ther by Quarteriy or Half Yearly Payments, and the Method of com- 
puting them by the Pen may be thought a little troubleſome ; 1 
have inſerted the following Tables of the Amounts of 1 l. for each, 
at 6 per Cent. 


— 


— 


4 MT} Annuities of = Annuities of | m3 | Annuities of 
=|1/. at 6 per |1/. at 6 per = [1] at 6 pe- 

Il 2|c gol %mil 1c 
| Cent. Com- Cent. Com < | Cent, Com- 
8 | pound Intereſt, | 5 pound Intereſt. | -* g | pound Intereſt. 


— —— 


1,0295030141 11j1.3777875592 | 21 | 1.8437005523 


I 

2 | 1,06 i2 |1,4185191122 22 | 1,8982985 583 
3 1,0613367949 13 1,4604548 127 231,95 4479853 
4 1.1236 141, 5036302590 ] 24 | 2,0121964718 | 

5 1,1568 170026 15 1.54808 21017] 25 [2.07 16830644 

6 1,191016 16 [1,5938480745 26 | 2,1329282601 

7| 1,2262260228 17 [1,6409670276 | 27 | 2,195984048;3 
| 8 | 1,2624765g06 18 [1,0894789; 89 28 2. 2609039557 
3 1.290795 842 19 1,7394250403 29 | 2,3277430912 

10| 1.3382255779 20 |1,7908476965 | 30 |2,3965581001 | 


— 


Quar- 


* 


Chap. 12. Of Compound Intereſt, &c. 


— — — — 


—— 
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Quarterly Amounts, 


1 


| 


; ur 
40 s, 


1 


O © 0 


Amounts of 7 | 
at 6 per Cert. 
&c. Compounc 
Intereſt, 


t,0146738461 
1,0295030141 
1,0446700034 
1,06 


„0755742769 


t. 0913367949 


1, 1073509032 


1,1236 rf 


1, 1400875337 
1,1568 170026 


11737919574 
1,191016 
1, 2084927856 


12262260228 


12442194748 
1, 26247696 
1,28 100235 27 
1. 2997995842 
13188726433 
1.33822 5776 


| 


Amounts of 1/ 
at 6 per Cent 
&c Compound 
[ntereſt, 


_ 


1.35785249438 


13777875 92 


1,398 9050019 
154185191122 
154393342435 


—— ———— cw 


1,4604 348127 


1.481585 3020 
I, 6030302590 
1,53250942978 
1,5450821017 


- 00 — 


1,5707984203 
1,5938480745 
1,0172359557 
1,64096702 76 
1,60650463253 


1, 6894789539 
17142701133 
1,7394250493 
17610491048 
1,79084 70995 


1 = 4091 v 
Jo $492120T) 


Amounts of 1/. 
at 6 per Cent. 
&c, Compound 
Intereſt. 


1,8171263 99 
1845790723 
1, 870840509 
1, 8982985583 
19261538989 
„9544179853 
1,98 30965140 
2,012196718 
2,0417231330 
2,07 16830044 


—U — _—_— — — 


2, 1020826228 
2, 1329282601 
2, 1642265211 
2, 1959840483 
2, 2282075801 
, 2509039557 
2, 2940801123 
2, 3277430912 
2, 3619000349 
2,3965 581931 


— 


Either of theſe Tables may alſo be made uſeful for any propoſed 


Rate of Intere/t, by making the + 


Rate = x, &c. 
As for Inſtance, ſuppoſe any of the aforeſaid 
Annuities or Rents, &c, were to be computed at 8 per Cent. per Ann. 
Then 1,08 — 1,06 = 0,02 = x for Yearly Payments ; as before. 
Conſequently 2) 0,02 (0,01 = x for Half Yearly Payments, 
Or 4) 0,02 (0,005 = & for Quarterly Payments, 
Now theſe Values of x, although they are not really true, yet 
they may ſerve indifferently well for ſmall Rents ; as I have alrea- 
dy ſaid, Page 265. But if you would work exactly; 
Then / 1,08 = 1,0392 304845, &c. 
— y/ 1,06 = 1,0295680141, Vide Table, Page 272. 


Difference = 0,0096624704 = # for Half Yearly Payments. 
\ i | 


or + of the Difference of the 


Ducrſtions about 


And 


— — 
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And : 1,08 = 1, 0194263092, &c, 
: „1,06 = 1, 0140738461. See the Laſt Table. 


— * 


Their Difference 0,0047 524631 = x, for Quarterly Payments, 


Theſe are the true Values of x, which being involved with their 
reſpective Amounts (as before for Years, &c.) according as the 
Durſtion requires, the Reſult will be the Anſwer at 8 per Cent. 
&c. The like may be done for any other Rate, either Greater 
or Leſs than 6. 

Now, although the Method uſed here (and in Page 257 and 
258, &c.) be really true (by which the Tables calculated only for 
6 per Cent, are made effectual for all Rates of Compound Intereſt ) 
yet it was rather propos'd te ſhew what may poſſibly be perform- 
ed by the Pen, without a great many Tables of ſeveral Rates, than 
intended for common Practice, 

For it muſt needs be confeſs'd, that Tables, calculated on Pur- 
poſe for any deſigned Rate of Intere/t, are much more ready and 
uſeful in common Practice. And therefore fince the Legiſlative 
Power hath thought fit to reduce the Rate of Intereſt, and hath 
ſettled it by an Act of Parliament, at 5 per Cent. I've therefore 
been at the T rouble (which was not à little) to calculate the 
following Tables for that Rate; but don't think it convenient to 
take the Tables at 6 per Cent. out of the Book, becauſe the Ex- 
amples are all ſuited to them; and not only fo, but they may be 
found uſeful in the taking of Leaſes for Houſes, c. For in thoſe 
Caſes, the Purchaſer is allowed more Interęſt for his Purchaſe Mo- 
ney, than the common Kate paid upon the Loan of Money. 


Here 


. 2 8 »„— 
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Here follow New Tables of the Amounts of one Pound at the 
Rate of 5 per Cent. per Annum Compound Intereſt. For Years, 
Half Years, Duarters, Months, and Days. 


I. The Table of the Yearly Amounts of 11. &c. 
+. FFF 
| &'| Amounts of [| 5 | Amounts of [| = | Amounts of 
* 1J. &c. i &c. n ts. 
11, =R_ 14 | 1,97993160 27 | 3-73345632 
2 | 1,1025 = RR 15 | 2,07892318 28 | 3,92C12914. 
3 | 1,157625=R3 — 29 | 4,11013599 
4 | 1,2 1550625 16] 2,1828-459 30 4.32194239 | 
5 | 1,27628156 17 | 2,29201832 — 
3 182. 40001923 31453803949 
61, 34009564 19 | 2.52595019 32 | 476494147 
7 | 1,40710042 20 | 2, 65 329770 3315. 00318854 
8 | 1,47745544 5 34525334797 
9 | 1,55132822 21| 2,78590259 35 | 5-51601536 
10 | 1,628894t3 22| 2,92526072 — ] -- 
— — — 23 3,0715 2375 365. 79181613 
11 1.71033036 24/3.22509994 3700140594 
| 12 | 1,79585633 2 | 338035494 38 |0,38547729 
| '3 | 188564914 26 | 355507209 | 39 [970475115 
| II. The Table of the Half Yearly Amounts of 11. &c. 
TCW 
|| Z | Amounts of [ll =} Amounts of | [| = | Amounts of | j 
[=] 1. &c. i.. &. "4.24 &c. 
— — — = 
1 | 1,02469507 11 1,30779943 211,609 2030 
2 | 1,05 121, 34009564 221. 71033936 
| 3 | 1,07592983 13] 1,373158940 23 [175257932 
| 4 | 1,10z5 I4 | 1,40710042 24 [1,79585033 
| 5 | 1,12972632 15 | 1,44184887 25 1.840205 13 
| 6|1,57625 161,47745544 26 | 1,88564914 
7 | 1,18621204 I7]1,51394132 27 1 1,93221539 
| 8] 1,21550625 | 18] 1,55132822 23 | 1,97993160 | 
j 9 1,24552327 19 1,58903838 29 2,02882616 
10 127628156 2 1,62889463 30 2,7892818 
Nun 2 III. The 
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III. The Table of the Duarierly Amounts of 11, &. 


The | Pl The | The * 
15 Amounts of ' | 7 Amounts of [ - Amounts of 
5 11. &c, . 1 J. &c. 9 1 /. &c. 

1] 1,01227223 21 }1 29194439 4 | „64 88485 

241, 02409507 221,39779943 2 | 1,66912c31 

| 3] 1,03727037 231, 3238490; 4311.089604 14 
4| 1,05 24 | 1,340095"'4 44 | 171033930 

5] 1,06288585 25 [1,35654101 45 | 1.73132904 

6} 1,07592983 265.3731894 46 | 1,75257632 

| 7j 1,08913389] | 27] 1,39c04is! 47 | 177408435 
j - 8] 1,10z5 28 | 1,407 1004 2 48,7958 5053 
91 1,1603014 29142435869 4911. 78 549 

10 1,12972622 30 1,4484887 50 1 84020513 

11] 1,14359c509 311145954358 511, 86278856 
1211157025 3214774554 521,88 64914 
113117183164 33 11,4955 727 53 | 190879027 
14478621264 341,5 1394122 54 | 1,93221539 

15] 1,20077012 3511, 5325 20% 5 1. 95592799 

1661, 21550625 361.5513282 65 | 1,97993160 
17] 1,23042323 37 [1,57 3604 57 | 2,0042 2978 
18] 1,24552327 38 | 1,589638 3: 68 | 2,02882616 
19129080862 391, 60914680 592.05 372439 

201, 27628150 40 1,6288940 to | 2,07 592818 


— 
. — — 


| IV. The Table of the Monthly Amounts of 11 &c. 
El The | 1, &1 The , The 
| 5 Amounts of 5 | Amounts of S | Amounts of 
gk 4 1 J. &c. - 1/. &c, . TY 
x [1,00497412] | 5 | t,02953728] | 9 | 1,03727037 
2 1,0081645 6 | 1,02469507 10 | 1,04149634 
3 1.01227223 {| 7 | 1,02886081 | 11 | 1,04573953 
4 | 1,01639630 | 8 | 1,03306155 - 18-4] $05 


NOTE: The Amount of one Pound, for one Day, is 
1.0001236807225, Cc. (found as that in Page 260) but, in the 
following Table, I take only Nine of thoſe Figures, as being ſuf- 
ficient in Practice, for computing the Intergſt of any Sum not ex- 
ceeding One Hundred Millions of Pounds. 
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V. The Table of the Daily — of 11. &. 
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| oo The > The 9 The 
>< | Amounts of * = | Amounts of * 5 Amounts of 
Ii 11. &c. 1 J. &c. [! | J. &e. 
111,000 13368 36100482370 -1 i 1 oog; 3-87 / 
2 | 1,000207 ; 371, 0495810 72 „0967082 5 
3 | 1,00040' o 381, 0509245 7311 cog805-9 43 
4 | 1 09053483: 39 | 1.09522 8: 74 | 1,90994079 | 
| r. ooo C6858 401,005 36119 75 161097579 
6 | 1,00080235. 41 | 1,99549355 | | 79] 1,01021083 4 
7 | 1,0009 ,614 42 | 1,00563000 77 | 1,01034587 s 
& | 1,00106994 43 | 1,9057 443 78 | ',01048093 4 
911, 00120377 441. 00589888 79 1, 01061602 1 
10 1,00133701 45 1,0090 335 80 | 1,01075112 1 
11] 0014747 46 | 1,00010784 £1 | 1,01088623 1 
12 | :,cO100535 47 | 1,00630234 921501102137 f 
131100173924 481, 00643587 83 1,0115552 
1411.001873 15 491, 00657141 841101129169 
15 | 1,00200708 50 1500670597 85 [1,1142688 
1611 00214103 51 | |,co68405; 86 | 1,01156209 
17 | 1,00227500, 52 , 06978144 87 | 1,01169732 
18 1, 0240899 1 531] 1,09710975 |. 88 | 1,01133256 
19 | 1,00254299 54 | 1,00724438 89101196783 
20 | 1,0026770 55 | 1 05737:.03 go | 1,01210311 
211, 0281105 5611, 00751370 9111012238571 
22 | 1.002945 10 571100764839 92 | 1,01237372 
23 | 1,99039791) c8 | 1,00778309 93 1,0125>400 
4 24| 1,00321327 59 | 1,00791781 94 | 1,01 204441 
] 25 | 1,00334738 ay 1,00505255 95 118127798 
| —— — — 3 | 5— * 
1 26 100348151 611,008 18731 | 96 l,oI2gIg17 | 
2711, 0361555 621, 832208 97 | 1,01305058 
| -£8 | 1,00374982 63 | 1,00845687 98] 1,013186c0 
| 29| 1.00358400 641, 0859168 99 | 1,01332145 
| 30] 1,00401320 6; | 1,00872651 too | 1,01343691 
| 31] 1,00415242 66 | 1,0886136 101 | 1,91359239 
l 
32 | 1,00428665 67 | 1,0089902 3 102 | ,01372788 
1 33] 1,00442091 681.0913111 103 1,0 1386340 
N 3400455518. 6g | 1,009 20601 104 | 1,01399893 
| 35 | 1,00468947 | | 70] 1:99940093 | | 13 | 1,91413448 | 


Day: 
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Tue D S The 
* = | Amounts of *= {| Amounts of **$ | Amounts of 
| | +7. &. | I} | 127. Ke. Il | 17. &. 

105 | 1,01427005 146 | 1,01970775 | 186 1,02517459 
107 | 1,014405 64. 147 | 1,01984400 1871, 02531164 
108 | 1,01454125 148 | 1,091990039 188 | 1,02544870 
109 1,01407587 149 | 1,02011675 189 | 1,02558578 
110|1,01481252 | 1501, 2025312 190 | 1,02572288 
111] 1,01494818 151 | 1,02038950, 191 | 1,025800c0 
11211, 01508386 1521, 2052591 1921, 02599714 
113 | 1,01521955 153 | 1,02066234 193 | 1,0261 3430 
114 | 1,01535527 15411, 02079878 194 | 1,0262714 
I15 | 1,01549100 155, 2093524 195 | 1,0264080 
116 | 1,01562675 155] 1,92107172 196 | 1,02654 53: 
117 | 1,01570252 157 | 1,02120822 1971, 026683 10 
1181, 01589831 158 | 1,02124473 198 | 1,02682015 
119| 1,01603412 591 102148127 | 199 | 1,02695762 
120 1,0616994 160 1,0261792 200 | 1, 270949 
121 | 1,01630578 161] 1,02175439 | 201 | 1,02723221 
122| 1,01644164 1621, 02189098 2021, 02736953 
1231101657752 1631, 2202758 203 | 1, 2750086 
124 | 1,0167349 164 | 1,C2216421 * 204 | 1,02704422 
1251101684933 165 1,022 30085 2051, 2778 160 
126 1,01698527 16611, 02243751 206 | 1,2791899 
127{ 1,01712122 167 | 1,02257419 207 | 1,02805040 
128] 1,01725719 168 | 1,0227108g 228 | 1,0281938 
129] 1,01739317 169 | 1,02284761 209 1,02833129 
130|1,01752918 170 | 1,02298434 210 | 1,028408 75 
121 [| 1,01765521 171 | 1,0231210G 211 | 1,02860624 
132| 1,0178012z5 172 | 1,0232578 212 | 1,02874375 
133 | 1,91793731 173 } 1,02339460 2131, 02888127 
134 | 1,0180338 174 | 102353147 2141, 02901881 
135 | 1,01820948 175 | 1,02306829 215 „02915637 
1361.018345 59 176 1,0238095 14 216 1,02929395 
137 | 1,01848173 177 | 1,02394200 217| 1,02943154 
138 | 1,01861788 178 | 1,02407888 218 | 1,02956916 
139 | 1,01875405 179 | 1,02421578 219 j 1,02970079 
140 | 1,0188g024 180] 1,02435270 220 | 1,029*444 7 
141 | 1,01902044 131 | 1,02448964. 221 | 1,02998212 
142 | 1,01916267 182 | 1,02462659 2221, 03011980 
143 | 1,01929891 183 | 1,02470350 223 1,0302575 
144 | 1,01943517 184 | 1,02490055 224 | 1,03039524 
145 | 1,01957145 185 | 1,02503756 225 | 1.03065 3299 


— Days 


{ 
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&| The | S]| The 1 
> | Amounts of *'5 | Amounts of 7 | Amounts of 
[| 11. &c. U I /. Kc. Il 1 3.4 &E> 
226 | 1,093067074 266 | 1,03619636 306 | 1,04175160 
227 | 1,030808;2 267 | 1,03633488 307 | 1,04189086 
2281, 3094632 268 1,3647342 3081. 04203015 
2291,03 108414 269 | 1,03661 197 309 | 1,04216944. | 
| 230 | 1,03122197 270 1,0367505 5 3101, 04230876 
2311, 03135983 27111, 03688914 | 311 1, 042448 10 
2321, 03149770 272 1,0370277 3121, 04258245 
233 | 103163559 | | 273] 103716638 313 | 1,04272683 | 
234 | 1,03177350 274 | 1,03730503 314 | 1,04286622 | 
235 | 1,03191143 275 1 1,03744370 315 | 1,04300563 
236 | 1,03204938 276 | 1,03758239 316 1, 4314506 
237 | 1,03218734 277 | 1,03772109 3i7 | 1,04328451 | 
| 238 | 103232533 278 | 1,03785982 318 | 1,04342397 
| 239 | 1032460333 279 | 1,93799856 319 | 1,04350346 | 
240 | 1,03260135 280 | 1,03813732 320 | 1,c4370297 
241 | 1,03273939 281 | 1,03827609 321 | 1,04384249 
242 | 1,03287744 2821, 03841489 3221, 4398 203 
243 | 1,03301552 283 | 1,03855371 323 | 1,04412159 
244 | 1,03315361 284 | 1,03869254 324 | 1,04426117 
| 245 | 103329173 285 | 1,03883139 325 | 1,04440077 | 
246 | 1,03342986 286] 1,03897027 326 | 1,04454038 
247 | 1,03356801 287 | 1,03910916 327 | 1,04468002 | 
248 | 1,03370617 288 | 1,03924817 328 | 1,04481967 
249 | 193384436 289 | 103938699 329 | 1,04495934 | 
250 | 1.03398 157 290 | 1,03952594 330 | 1, 4509903 
251 | 1,03412079 291 | 1,03965491 331 | 1,04523874. | 
252 | 1,03425903 292 | 1.03980389 332] 104537847 | 
| 253 | 1-23439729 293 | 103994289 333 | 104551822 
254 | 1,03453557 294 | 1,04008191 334 | 194505798 , 
_255 | 1293407387 295 | 1:04022095 | | 335 | 1124579777 
256 | 1,03481218 296 | 1,04036001 336 | 1,04593757 | 
257 | 1,0349505 2 2971, 4049908 3371, 4607739 
258 | 1,03508887 298 | 1,04063818 338 | 1,04621723 | 
259 | 1903522724 299 | 104077729 339 | 1,04635709 | 
260 | 1,035 36563 300 | 1,0409164.2 340 | 1, 4649697 
261 | 1,03550404. 301 | 1,04105557 341 | 1,04663686 | 
262 | 1,03564247 302 | 1,04119474 342 | 104077678 
2631, 3578091 303 | 1,04133393 343 | 1204091671 
204 | 1,03591933 304 | 1,04147314 344 | 1,04705667 
265 | 1,036005786 | 395 1,04101230 345 | 1,04719664 


Days 
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%% OW wil” The | 
>= ; Amounts of > < | Amounts of >= | Amounts of 
[| 11. &c. | 1/. &c Il 1/. &c. 
346 1,04733063 3:3] 1,04831708 350 | 1,04929845 
347 1.047 7 64 354 1,0484522 361 | 1.0494 3*72 
348 1.04 76166 355 | 1,048 59738 362 | 1,04957901 
349 1,0477567 356 | 1,04873756 353 | 1,04971932 
359 | 1.04 89077 3571 1,04-87775 354 | 1,0495955 
351 1,0480386 358 | 1,049017%7 3fs | 1:04999999 | 
352 | 1,04817695 | 359 | 1,044;15820 | 260 | 1,05 | 


I think mi ne:dicis to fay any Thing of the Uſe of theſe Tables, 
becauſe I take it lor granted, that whoever underitands the Work 
of the foregoing Examples, at 6 per Cent, cannot but know how to 
make Uſe of theſe Tables at 5 her Cent. as Occaſion requires. 

Thus far concerning Amuzties, or Leaſes. &c. that are limited 
by any aſſigned Time; and tis only ſuch that can be computed by 
Theorems or certain Rules, However, it may not perhaps be unac- 
ceptable to inſert a brief Account of ſome E/{imates that have been 
rcaſonably made, by two very ingenious Perſons, about the Propor- 
tion or Difference of Mens Lives, according to their ſeveral Ages; 
which may be of good Uſe in computing the Values of Annuities, 
or taking of Leaſes for Lives, &c. 

Sir Miiliam Petty, in his Diſcourſe made before the Royal Society 
(Anno 1674) concerning the Uſe of DupLicaTE PROPORTION, 
in the Life of Man and its Duration, faith, that it's found by Expe- 
rience there are more Perſons living of between 16 and 26 Years 
Old, than of any other Age or Decade of Years in the whole Lite of 
Aan (vix. 70 or 80 Tears.) His Reaſon for that Aſſertion 1 ſhall 
omit ; but ſuppoſing it true, he thence infers, that the Roots of every 
Number of Mens Ages under 16 (whoſe Root is 4) compared with 
the ſaid Number 4, doth ſhew the Proportion of the Likelihood of 
ſuch Mens reaching the Age of 70 Years. 

As for Example, tis 4 Times more likely, that one of 16 Years 
Old ſhould live to 70, than a New-born Babe : *Tis 3 Times more 
likely, that one of ꝙ Years Old ſhould attain the Age of 70, than 
the ſaid Infant, &c. 

On the other Hand, *tis 5 to 4, that one of 25 Years Old will die 
before one of 16: And 6 to 5, that one of 36 will die before one 
of 25. And fo on according to the Roots of any other declining 
Age, compared with the (4, 6) the Root of 21, which is the Year of 
Perfection according to the Senſe of our Law, and the Age for 
whoſe Life a Leaſe is moſt valuable. | 

; 2. The 


— ä r 
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2. The ingenious and great Mathematician, Doctor Edmund Hail-y 
(in Philſoph. Tranſact. Numb. 1965) doth, with great Induſtry and 
Skill, draw an Eſtimate of the Proportion of Mens Lives, from che 
Monthly Tables of the Births and Funerals in Breflaw, the Capital 
City of the Province of Silaſia; or, as the Germans call it, Schleſia. 
Whence he proves that it's 80 to 1, a Perſon of 25 Years Old will 
not die in a Year That it is 5+ to I, that a Man of 40 will live 7 


Years: That a Man of 30 Years Old may reaſonably expect to live 
27 or 28 Lars, &c. 


U 


Now from theſe and the like Proportions (he juſtly infers) that 


the Price of Inſurance upon Lives ought to be regulated, there be- 
ing a great Difference between the Life of a Man of 20, and one 
of 50. For Example Tis 100 to 1, that a Man of 20 dies not 
in a Year, and but 38 to 1, for a Man of 50 Years of Age. And 
upon theſe alſo depends the Valuation of Annuities for Lives; for 
it is plain, that the Purchaſer ought to pay only ſuch a Part of 
the Value of any Annuity, as he hath Chances that he is living. 

And for that Purpoſe he hath taken the Pains (which was not 
a little) to compute the following Table (that ſhews the Value of 
Annuities) for every Fifth Year of Age to the 7oth. 


— - — 
Age. | Year's Purchaſe.) Age. [Year's Purchaſe. Ze. Year's Purchaſe 
I 10,28 25 12,27 - 50 9.21 
e 11,72 55 8,51 
10 13,44 35 11,12 60 7,60 
is| 1333 4% 197 Es] 6.54 
20 12,7 45 | 9.91 | 70 5532 


The ſame ingenious Gentleman proceeds on, and ſhews how to 
eſtimate or find the Value of Two Lives, and then of Three Lives, 
which being too long a Diſcourſe to be. recited here, I have, for 


Brevity's Sake, omitted it; and ſhall only add this ſerious Obſer- 


vation, 

Viz, How unjuſtly we repine at the Shortneſs of our Lives, and 
think ourſelves wrong'd if we attain not to Old Age; whereas it 
appears, that the One Half of thoſe, that are Born, die in Seven- 
teen Years Time. For by the aforeſaid Bills of Mortality at Breflaw, 
it was found, that 1238 were in that Time reduced to 616. 80 
that, inſtead of murmuring at what we call a Short Life, we ought 
to account it as a great Bleſſing that we have ur viv d, perhaps by 
many Years, that Perid of Life whereat the one Half of the whole 
Race of Mankind does not arrive. 


Oo Seck. 4. 


&. 
A 2 — * 
ö 0 — 


* 2 — N wo. x» xj <td b =" 4 * 
0 
8 . 4 2 


282 Algebra. Part Il. 


— — 


unn. 


Sec. 4. Of Purchaſing Free-hold, or Real Eſtates ; a 
Compound Intereſt. 


All Free- hold or Real Eſtates, are ſuppoſed to be purchaſed or 
bought to continue for ever (viz, without any limited Time); there- 
fore the Buſineſs of computing the true Value of ſuch Eftates is 
grounded upon a Rank or Series of Geometrical Proportions continually 
decreaſing, ad Inſinitum. 

Thus, let P, , R, denote the ſame Data as in the 
laſt Setiom. Then the Series will be, I. 55, =, =, =» and 
ſo on in — until the laſt Term = Oo. Then will P — o (viz, 


P) be the ſum of all the Antecedents, And P— z vill be the Sum 


of all the Conſequents ; therefore it will be 1: Þ „ — 7 
which produces PR — u = P. 
This Equation affords the following Theorems, 
Theorem 1. PR — P = u, Theorem. 2. 1 — P. 


. R —1 
Theorem, 3. ; 4 4 "= R, 


Example. Suppoſe a Free hold Eſtate of 75 l. Yearly Rent, were 
to be fold; what is it worth, allowing the Buyer 6 per Cent. &c, 
Compound Intereſt for his Money? 


In this 2ueftion there is given u = 75. R = 1,06 to find P. 
Per Theorem 2. Thus R — 1 = 0,006) 75 =u (12501. = P. 
the Anſwer required. And ſo on for any of the reſt, as Occaſion 


requires. But if the Rent is to be paid, either by Quarterhh or 
Half Yearly Payments; 


Then R= V 1,06 for Half Yearly 
And R=y : V1, ob for Duarterly 5 Payments at 6 per Cent. 


R = 1,08 for Nearly | 
Or ö R 1, o8 for Half Hark Payments at 8 per Cent. 
R g V: 1, o8 for Quarter 


The like is to be underſtood for any other propoſed Rate of In- 
tereſt, either greater or ſs than 6 per Cent. 
The Application of theſe Theorems to Practice is fo very eaſy, 
that it's needleſs to inſert more Examples. N 
A 


* 
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INTRODUCTION 


1 


Mathematicks. 


PART III. 


HI. 
Of Geometrical Definitions, &c. 
Se. 1. Of Lines and Angles. 


PoinT hath no Parts: That is, a Geometrical Point is 
not any Quantity, but only an aſſignable Place in any 
Þ SPrantity, denoted by a Point: As 4 B 
at A, and B. j 

Such a Place may be conceived ſo infinitely ſmall, as to be void of 
Length, Breadth, and Thickneſs ; and therefore a Point may be ſaid 
to have no Parts. 

2. A LiNE is called a Quantity of one Dimenſion, becauſe it 
may have any ſuppoſed Length, but no Breath nor Thickneſs, 
Fine made or repreſented to the Eye, by the Motion of a 

ont, 8 | 
That is, if the Point at A, be moved (upon the ſame Plane) to 
the Point at B, it will deſcribe a Line either right or circular (viz. 
crooked) according to its Motion. 

Therefore the Ends or Limits of a Line are Points, 

3- A RicnT LINE, is that Line whigh lieth even or ftraight 
| betwixt thoſe Points that limit its Length, being the Horteſt Line 
that can be drawn between any Two A B 
Points. As the Line A B. 15 i 


Therefore, between any two Points, there can lie or be drawn but one 


(2 02 | 4. A 


right Line, 


— : _ 
F 


1 , 
22 ” 
— — 4 44 


a6. „ 8 „ ſh „ 8 oy _—y * 


284 Elements of Geometry. Part III. 


. ah — 


4. A CIRCULAR, crooked or OBLIQUE Line, is that which 
lies bending between thoſe Points 


which limit its Length, as the Lines . 
CD or FC. &c. c 
Of theſe Kinds of Lines there are D 


various Sorts ; but thoſe of the Circle, | * 6 


Parabel Ellipfis, and Hyperbola 


are of miſi general Uſe in Geometry; of which a particular Account ſhall 
be given / urther cn, 


5 PARALLEL LiNEs, are thoſe 


that lie equally diſtant from one another 4 — 
in all their Parts, viz. ſuch Lines as be- © __ ———-b 
ing infinitely extended (upon the ſame LD. —— 

Plane) will never meet : As the Lines "ora 9 
AB and ab: or CD and cd, 1 % 2 


6. Lines not PARALLEL, but INCLINING (viz. leaning ) one 
towards another, wheiher they are 1 


Right Lines, or Circular Lines, will 4 
(if they are extended) meet and make 
an Angle; the Point where they 
meet is called the Angular Paint, as 
at A. And according as ſuch Lines d_— 
Rand, nearer or further off each o- R 
ther, the ingle is ſaid to be leer or 4 F 

greater, wheiner the Lines that in- 

clude the Angle be long or ſhort. That C 

is, the Lines Ad and Af include is 
the ſame Angle as AB and AC doth ; notwithſtanding that A B 
longer than Ad, &c. 


7. All ANGLEs including between Right Lines are called Right- 
lin'd Angles; and thoſe included between Circular Lines are called 


Spherical Angles, Bit all Angles, whether Right-lin'd or Spherical, 
fall under one of thele Three Denominations. 


[A Right Angle. 
Liz. 4 An Obtuſe Angle. 


An Acute Angle. 


8. A R1GcnuT-ANGLE is that which is included bet wixt Two 
Lines, that meet one another Perpendicularly. A 
hat 
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That is, when a Right Line, as 
DC, meets with another Right- D 
Line, as AB, fo directly as that | 
it neither inclines nor declines to | 
one Side more than the other, 
but make the Angles on both Sides 
of it equal, as at x, x; then are 
thoſe Angles called Right. Angles; _4 — 2 — 
and the Lines ſo meeting ate ſaid | C 
to be Perpendicular to each other. 

That is, AC, and CB, are Perpendicular to DC, as well as 
D, C is to «ther or both of them. 

9. An OBTusE ANGLE is that which is greater than a Right 
Angle. Such is the Angle inclu- | - 


ded between the Lines AC and 
CB. . 
* 5 


10. An AcuTE ANGLE is C 
that which is 4% than a Right 
Angle : As the Angle included between the Lines CB and CD. 


Theſe Two Angles are generally called OBL 1 Que Angles, 
FSef,2, Of a Circle, &c. 


Before a Circle and its Parts are defined, it will be convenient to 
gide a brief Account of Super fictes in general. 

I. A SUPERFICIES or SURFACE is the Upper, or very Out. fide 
of any viſible Thing. But by Syperficies in GEOMETRY, is meant 
only ſo much of the Out-ſide of any Thing as is cloſed within 
a Line or Lines, according to the Form or Figure of the Thing 
deſigned ; and it is produced or formed by the Motion of a Line, as a 
Line is deſcribed by the Motion of a Point; thus: 

Suppoſe the Line A B were 
equally moved (upon the ſame Plane ) === 
to CD; then will the Points at A DE 
and B deſcribe the zwo Lines AG CC 
and BD; and by ſo doing they 
will form (and incloſe) the SUPERFICIES or Figure A BCD, be- 
ing a Quantity of Two Dimenfions, viz. it hath Length and Breadth, 
but not Thickneſs, Conſequently the Bounds or Limits of a Super- 
ficies are Lines, 

Note, 


— 8 ” a 


<P bits — — 2 
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Note, The Super ficies of any Ra is uſually called its AREA, 


2. A CIRCLE is a plain regular Figure, whoſe Area 1s bounded 
or limited by one continued Line, called the CI x CUMFERENCE 
or PERIPHERY of the Circle, which may be thus deſcribed or 
drawn. 

Suppoſe a Right Line, as CB, to have one of its Extream 
Points, as C, ſo fix'd upon any Plane, as that 
the other Point at B may move about it; then 
if the Point at B be moved round about (upon the 
fame Plane) it will deſcribe a Line equally diſtant 
in all its Parts from the Point C, which will 
be the Circumference or Periphery of that Circle; 
the Point C will be its CENTER, and the con- 
tained Space will be its Area, and the Right Line C B, by which the 
Circle is thus deſcribed, is called Rapivs, 


Conſectary. 


From hence tis evident, that an infinite Number of Right Lines 
may be drawn from the Center of any Circle to touch its Periphery, 
which will be all equal to one another, becauſe they are all Radius's. 
And with a little Conſideration it will be eafy to conceive, that no 
more than two equal Right Lines can be drawn from any Point with- 
in 5 to touch its Periphery, but from the Center only. (9. 
e. 3. 

3. EQUAL CiRCLEs are thoſe which have equal Radius's ; 
for it's plain by the laſt Definition, that one and the ſame Radius 


(as CB) muſt needs deſcribe equal Circles, how many ſoever they 
are. | 


4. The Diameter of a Circle, is twice 
its Radius joined into one Right Line 
as AB drawn through the Center C, 
and ending at the Periphery on each 


D 
Side. 4 — B 


That is the Diameter divides the Cir- 
tle into Two equal Parts. | 


5. A Semicircle (viz. Half a Circle) is a Figure included between 


75 ers and Half the Periphery cut off by the Diameter; as 
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6. A QUADRANT is Half a Semicircle, viz, one Quarter of a 
Circle; and 'tis made by the Radius 
(as DC) landing Perpendicular upon 
the Diameter at the Center C, cutting 
the Periphery of the Semicircle in the 
Middle, as at D. Therefore a Qua- 
drant, or half the Semicircle, is the 
Meaſure of a Right Angle, 


7. A Cnofp Line, or the Sublerſe 
of an Arch, is any Right Line that cuts 
the Circle into Two unequal Parts, as the Line S G; and is always 
leſs than the Diameter. 

8. A SEGMENT ofa Circle, is a Figure included betwixt the 
Chord and that Arch of the Periphery which is cut off by the 
Chord : And it may either be greater or leſs than a Semicircle ; as the 
Figure S DG, or SMG. 

9. A SECTOR is a Figure included between Two Radius's of the 


Circle, and that Arch of its Periphery 2 is 
where they touch, as the Figure ACB: 
And the Arch A B is the Meaſure of the \/ 

ngle at C, included betwixt the Radius's 
ACand BC, | EW - 

L 

Note, All Angles of Sectors are called S=- 

Angles at the Center of a Circle. 1 


10. An ANGLE in the Segment of a Circle is that which is in- 
cluded between Two Chords that flow from one and the ſame Point 
in the Periphery, as at D, and meet with the Ends of another Chord 
Line, as at F and G. 

That is, the Angles at D, at Fand at G, are called Angles at 
the Periphery, or Angles ſtanding on the Segment of a Circle, 


Se, 3. Of TRIANGLES. 


There are two Kinds of Triangles, viz. Plain and Spherical ; but 
4 ſhall not give any Definition of the Spherical, becauſe they more im- 
mediately relate to Aftronomy, | 
I. A PLAIN TRIANGLE is a Figure whoſe Area is contained 
within the Limits of Three Right Lines called Sides, including T hree 
Angles: And it may be divided, and takes its Name, either accord- 
ing to its Sides or Angles. 
. 1. By 
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1. By its SIDES, 2 
2. An EQUILATERAL TRIANGLE is 
that which hath all its Thres Sides equal; as 
the Fieure ABC. 
That is, AB = BC= AC. is SN 
3. An Is0sCELEs TRIANGLE, is that which D 


hath enly Two of its Sides equal, as the Figure® 
BDG: That is, BD = DG; but the Third 


Side BG may be either greater or leſs, as Occa- 
ſion requires. 


\ 

\ 

B G 
4. A SCALENE TRIANGLE, is 
that which bath all its Three Sides 


K 
unequal; 
ſuch as the Figure I K 17. 

H 1 


2. By its ANGLES, 
5. A RIGHT-ANGLED Triangle, is 
that which hath one Right Angle; that 


C 
is, when Two of its Sides are Perpendi- 
cular to each other, as CA is ſuppoſed 
to be to B A. Therefore the Angle at 
A, is a Right Angle, per Defin. 8. A 


Sect. 1. 


Note, The longe/# Side of every Right- angled Triangle (as BC) 
is called the Hypothenuſe, and the longeſt of the other Two Sides which 
include the Right Angle (as B A) is called the Baſe : The Third Side 

(as CH) is called the Cathetus or Perpendicular. 
6. An Oprvst-AnGLeD Triangle, is that which hath one ct 


its Angles Obtuſe, and it's called an Amblygonium Triangle. Such is 
the Third Triangle H K M. 


7. An AcuTE ANGLEeD TRIANGLE, is that which hath all 
its Angles Acute, and it's called an Oxygonium Triangle ; ſuch are 
the Fir/? and Second Triangles ABC and BDG. | 

Note, All Triangles that have not a Right Angle, whether tht) 
ere Acute, or Obtuſe, are, in general Terms, called Oblique From: 

I 5 2 435 


(ner 


* 


Chap. 1. Of Definitions, &c. 289 


gles, without any other Diſtinction, as before. And the longeſt Side of 
every oblique Triangle 1s uſually called the Baſe ; the other two are 
only called Sides or Legs. 

8. The ALTITUpEg or HreiGcnrT of 
any Plain Triangle, is the Length of a 4} a 4 
Right Line let fall perpendicular from any 8 
of its Angles, upon the Side oppoſite to 3 
that Angle from whence it falls; and may — 
be either within, or without the Triangle, 
as Occaſion requires, being denoted by the 


Two prick'd Lines, in the annexed Tri- 
angles. 


$22. 4. Of Four-lided Figures. 


1. A SQUARE is a plain regular Figure, 
whoſe Area is limited by Four equal Sides, — 
all perpendicular one to another. 

That is, when B BC C D == DA. 
and the Angles A, B, C, D are all equal, 
then it's uſually called a Geometrical : 3 4 
Square. LD, 7 C 

2. RHomBUs, or Diamond. lite 4 
Figure, is that which hath Four equal 
$:4es, but no Right-angle, That is, 
a Rhombus is a Square moy'd out of its 
right Poſition, as the annexed Figure. 


3. A RECTANGLE, or a Richt-angled Parallelagram (often 


called an Oblong, or long Square) is a B 3 C” 
Figure that hath four Right-angles _ 

and its two oppoſite Sides equal, vis, 

—::. ß 11— vTK1 *. 
4. A RHOMBOIDES, is an Oblique aug led Paralleingram; that 
is, it is a Parallelagram moved out of 2 OY 

its right Poſition, like the annexed 8 CURE * 
Figure. OP N 


5. The ALTITUDE or Height of any Oblique angled Parallele- 
gram, viz, either of the Rhombus or RH N | 

boides, is a Right line let fall perpendicular : 
from any Angle upon the Side o eſite to 
that Angle; and may either be within or 
without the Figure As the pric#'d Lines 
in the aunexcd Figure, 


P þ &. Every 


— — 
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6. Every Four-fided Figure, diffe- 
rent from thoſe before- mentioned, 
is called a TRAPEZ TUN. 

That is, when it has neither op- 
poſite Sides, nor opgo/ite Angles equal; 
as the Figure AB CD. | 


7. A Right-line, drawn from any Angle in a Four-fided Figure 
to its pP te Angle, is called a DiaGonarL Line, and will divide 
the Area of the Figure into two Triangles, being denoted by the 
prick'd Line AC in the laſt Figure, 

8. All Rrght-lin'd Figures, that have more than four Sides, are 
call'd Polygons, whether they be regular or irregular, 

9. A REGULAR POLYGON is that which hath all its Sides 
equal, ſtanding at equal Angles, and is named according to the Num- 
ber of its Sides (or Angles). That is, if it have five equal Sides, it 
is called a PENTAGON ; if fax equal Sides, it is call'd a HEXAGON 
if ſeven, tis a HEPTAGON 3; if eight, 'tis an OCTAGON, &c. 


Note, All Regular Polygons may be inſcrib'd in a Circle; that is, 


their Angular Points, haw many ſoever they have, will all juſt touch 
the Circle's Periphery. 


10. An IRREGULAR POLYGON is that Figure which hath many 
unequal Sides ſtanding at wnequal Angles 
(like unto the annexed Figure, or other- 
wiſe); and of ſuch Kind of Po/ygons there 
are infinite Varieties, but they may all be 
reduced to regular Figures by drawing Di- 


agonal Lines in them; as ſhall be ſhew'd 
farther on. 2 


Theſe are the moſt general and uſeful Definitions that concern 
plain or ſuperficial Geometry, | | 

As for thoſe which relate to Solids, I thought it convenient to 
omit giving any Account of them in this Place, becauſe they would 
rather puzzle and amuſe the Learner, than improve him, until he 
has gain'd a competent Knowledge in the moſt uſeful Theorems con- 
cerning Supefſicies; for then thoſe Definitions may be mare ecaſily 
underſtood, and will help him to form a clearer Idea of their Ve- 
ſpective Solids, than *tis poſſidle to conceive of them before; ard 
therefore I have reſerv'd thoſe Definitions until we come to the 
Filth Part. 


— 


Sei. 


e 
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Seck. 5. 07 ſuch Terms as are generally uſed in Geometry, 


Whatſoever is propoſed in Geometry will either be a PROBLEM 
or a THEOREM. 

Both which Euclid includes in the general Term of Propoſition, 

A PROBLEM is that which propoſes ſomething to be dane, and 
relates more immediately to practical than ſpeculative Geometry; 
That is, it's generally of ſuch a Nature, as to be performed by 
ſome known or Commonly-receiv'd Rules, without any Regard had 
to their Inventions or Demonſtrations. 

ATHEOREM is when any Commonlyereceiv'd Rule, or any New 
Propoſition is required to be demonſtrated, that ſo it may from 
thence forward become a certain Rule, to be re/'d upon in Practice 
when Occaſion requires it. And therefore ſeveral Rules are often 
call'd Theorems, by which Opsrations in Arithmetick, and Concluſions 
in Geometry, are perform'd. 

Note, By DEMONSTRATION is underſtood the highe/f Degree 
of Proof that human Reaſon is capable of attaining to, by a Tram of 
Arguments deduced er drawn from ſuch plain Axinms, and other 
1 Truths, as cannot be denied by any one that conſiders 
them, 

A CoroLLARY, or CONSECTARY, is ſome Conſequent Truth 
drawn or gain'd from any Demonſtration, | 

A LEMMA is the Demonſtration of ſome Premiſes laid down or 
propoſed as preparative to obviate and ſhorten the Prout ef the 
Theorem under Conſideration. | 1 85 

A ScHoLIUmM is a brief Commentary or Olſer vation made upon 
ſome precedent Diſcourſe. 


N. B. I adviſe the young Geometer to be very perfect in the Dofini- 
tions, viz, Not to re/t ſatisfied with a bare Remembrance of them; 
but, that he endeavour to gain a clear Idea or Underſtanding fte 
Things defined; and for that Reafon I have been fuller in every Defi- 
nition than is uſual, ET 

And, that he may know from whence maſt of the following Problems 
and Theorems contain'd in the Tus next Chapters are cellecled, I have 
all along cited the Propoſition and Book of Fuclid's Elements where 
they may be found. N 

As for Inſiance; at Problem 1. there is (3 e. 1.) which heros that 
it is the Third Propoſition in Euclid's Firſt Book, Tye lite muſt 
be underſtood in the Theorems. 


F p23 CHAP. 
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The Firſt Kudiments, or Leading and Preparatory 
Pꝛoblems, in Plain Gtometry. 


N order to perform the following Problems, the young Geometer 

ought to be provided with a thin flreight Ruler, made either of 
Braſs or Box. wood, and two Pair of very good Compaſſes, viz. 
one Pair call'd Three- pointed Compaſſes, being very uſeful for 
drawing of Figures or Schemes, either with Black Lead or Ink; 
and one Pair of plain Compaſſes with very fine Points, to meaſure 
and ſet off Diſtances ; alſo he ſhould have a very good Steel Draw- 
ing-Pen: And then he may proceed to the Work with this Caution; 
that he ought to make himſelf Maſter of one Problem before he under- 
takes the next : That is, he ought to under land the Deſign, and, as far 
as he can, the Rea ſan of every Problem, as well as haw to ds it; 
and then a little Practice will render them very eaſy, they being all 
grounded upon theſe following Poſtulates. 


Poſtulates or Petitions, 


1. That a Right-line may be drawn from any one given Point 
to another. 


2. That a Right- line may be produced, increaſed, or made longer 
from either of its Ends. 


3. That upon any given Point (or Center) and with any given 
Diſtance (viz. with any Rap Ius) a Circle may be deſcribed, 


PROBLEM I. 


Two Righl-liaes being given, to find their Sum and Difſe- 
rence (3. e. 1.) | 


Let the given Lines be £ PB * 

Make the Horte Line, as CB, 55 
Radius, and with it deſcribe @ ; oy 7 
Circle: From its Center C ſet of ER © I; 
the other Line AC, and join 7; D. C” 
ACB with a Right line. Then . > 


will AB = AC + CB; and 
AD = AC —CB,; as was re- 
guired, | - 


PRO 


ꝙ— 
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PROBLEM I. 


To biſeft, or divide a Right-line given (as A B) into two equal 
Parts (10. e. I.) 


From both Ends of the given Line (viz. Aand B with any 
Radius greater than half its Length, TY 
deſcribe Two Arches that may croſs £ 


each other in two Points, as at D and 4 

F; then join thoſe Points DF with 1 

a Righi-line, and it will bie the _ —— E 
Line AB in the Middle at C; viz. CS 

it will make AC=CB; as was re- * 

quired, * 

. Fa ths” 


PROBLEM III. 


To biſect a Right-lin'd Angle given, into two equa! Angles. 
(9.8, 1.) 


Upon the Angular Point, as at C, with any convenient Radius, 
deſcribe an Arch as A B; and from , 
thoſe Points A and B, deſcribe two 3 


equal Arches croſſing each other, as C OA : 
at D; then join the Points C and e 


D with a Right-line, and it will bi- 


ſect the Arch AB, and conſequently 3 
the Angle; as was required. 8 


PROBLEM IV. 


At a Point A, in a Right. line given A B, to male a Rigbt-lind 
Angle equal to a Right: lin d Angle given C. (23. e. I.) 


Upon the given Angular Point C de- 


ſcribe an Arch, as FD, (making CD any 

Radius at Pleaſure) and with the ſame 

Radius deſcribe the like Arch upon the C 
A 


RI” 


given Point A, as Vd; that is, make 
the Arch fd equal to the Arch FD; 
Then join the Points A and F with a 
Right line, and it will form the Angle 
requir'd. 8 


F. 
0 55 
3 


: 
5 
_ 


-— 


* 
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e 8 8 1 *. 


2904 Clements of Geometry. 


Part III. 
PRUBLEM--Y, 


To araw a Right-line, as F D, parallel to a given Ripht-line A B, 
that ſhall paſs thro' any aſſigned Point, as at x, viz. at any Diſ- 
tance required, (31. e. 1.) FRE 


Take any convenient Point in the given Line, as at C, (the 


farther off x the better ;) make 1 A 

C x Radius, and with it upon 7 ge. — 
the Point C, deſcribe a Semi- 4 F; J 
circle, as H Mx N; then make — — — 2 
the Arch H M equal to the Arch 11 C N 


x N; thro' the Points M and x draw the Right- line FD, and it 
will be parallel to the Line AC, as was requir'd. 


PROBLEM VI. 


To let fall a Perpendicular, as C x, upon a given Right-line A B, 
from any afſign'd Point that is not in it, as from C. (12. e. I.) 


Upon the given Point C deſcribe ſuch an Asch of a Circle as 
will croſs the given Line A B in two C 
Paints, as at d and 7; Then biſe#? ? 
the Diſſance between thoſe tw Points | 
4 f (per Probl. 2.) as at x. Draw 
the Rzzhi-line Cx, and it will be the * 
Perpendicular tequir'd. ff OW 


PROBLEM: VI, 


To eret er raiſe a Perpendicular upon the End of any given 
Right-liie, as at B; or upon any other Point aſſign'd in it. 


(11.6, 1.) 

Upon any Point (taken at an Adventure) out of the given 
Line as at C. deſcribe ſuch a Circle ay 
as will paſs through the Point from P 4 JD 
whence the Perpendicular muſt be 35 5 
raiſed, as at B, (viz. male CB Ra- - RP 7: 
&us): And from the Point where the : pe by 
Circig cuts the given Line, as at A, wan Nt KY 
araw the Circle's Diameter A CD; A I — 


then from the Point D draw the 
. Keght-line DB, and it will be the Perpendicular as was requir'd. 
PROs 
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PROBLEM VII. 


To divide any given Right: line, as A B, into any propoſed Number of 
equal Parts. (10. e. 6.) 

At the extream Points (or Ends) of the given Line, as at A and 
B, make two equal Angles (by 
Prob. 4.) continuing their Sides 
AD and BC to any ſufficient 
Length ; then upon thoſe Sides, 
beginning at the Points A and 
B, ſet off the propoſed Number 
of equal Parts (/uppoſe em 5.) If 
Right-lines be drawn (croſs the 
given Line) from one Point to 
the other, as in the annexed 
Figure, thoſe Lines will divide the given Line A B into the Num- 
ber of equal Parts required, | 


PROBLEM IX. | 


To deſcribe a Circle that ſhall paſs (or cut) thro any Three Points 
given, not lying in a Right line, as at the Points 


b ABD. 
Join the Points A B and BD with Right-lmes ; then biſe& 
both thoſe Lines (per Problem 2.) the A 


Point where the biſecting Lines meet, x © 7 1 
as at C, will be the Center of the Circie . . 
required. | „ > 
ö 25 BY... £ 
The Work of this Problem being well „ I 
underſtood, *twill be eaſy to perform tbe : * . 
two following, without any Scheme, viz. 3 


1. To find the Center of any Circle given, (1. e. 3.) 


By the laſt Problem 'tis plain, that if three Points be any where 
taken in the given Circle's Periphery, as at A, B, D, the Center of 
that Circle may be found as before. 


2. If a Segment of any Circle be given, to compleat or de{cribe 
the whole Circle. 


This may be done by tiking any three Paints in the given Szg- 
ment's Arch, and then proceed as before. 
PRO- 
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PROBLEM X. 


Upon a Right-line given, as 4 B, to 38 an Equilateral Triangl:, 
I, e. I. 


Make the given Line Radius, and 
with it, upon each of its extream Points 
or Ends, as at A and B, deſcribe an 
Arch, viz. ACand BC; then join the 
Points AC and BC with Right. lines, 
and they will make the Triangle re- 


quir'd. 4; 
PROBLEM XI. 


Three Right-lines being given, to form them into a Triangle, (provis 
ded any two of them, taken together, be longer than the Third) 
(22. e. I.) 


Let the given Lines be 


Make either of the ſhorter 
Lines (as AC) Radius, and up- 
on either End of the /onge/# 
Line (as at 4) deſcribe an Arch; 
then make the other Line C B Radius, and upon the other End of 
the longe/? Side (as at B) deſcribe another Arch, to croſs the Firſt 
Arch (as at C): Join the Points CA and CB with Right-lmes, 
and they will form the Triangle required. 


ROTE u . 
Upon a given Right-line, as AB, to form a Square. (46. e. 1.) 


Upon one End of the given Line, as at B, erect the Perperdi- 


cular B D, equal in Length with the C; D 
given Line, viz. make BD = AB; SIE | 
that being done, make the given Line Y "as. 
Radius, and upon the Points A and D * 1 
deſcribe equal Arches to croſs each other, *, | 
as at C; then join the Points C A and * 5 
CD with Right lines, and they will Al. 1 


form the Sguare required. 


. 
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PROBLEM XIII. 


Two unequal Right - lines being given, to form or make of them a Right- 
angled Parallelogram. 


Let the given Lines be 1 = = B 
Upon one End of the Lnge/? . 3 Rey 
Line, as at B, ere a Perpen- 
dicular of the fame Length with | 
the /horte/t Line B C; then from 4 5 


the Point C draw a Line parallel 


and of the ſame Length, to AB; viz. make DC = AB. Join 


DA with a Right-line, and it will form the Oblong or Parallelo- 
gram required. 


As for Rhombus's and Rhomb2ides's, to wit, Oblique-angled Paral- 
lelograms, they are made, or deſcrib'd, after the ſame Manner 
with the two laft Figures; only inftead of erecting the Perpendi- 


| culars, you muſt ſet off their given Angles, and then proceed to 
| draw their Sides parallel, c. as before, 


PROBLEM XIV. 


| In any given Circle, to inſcribe or make a Triangle, whoſe Angles ſhall 


be equal to the Angles of a given Triangle; as the Triangle FD G, 

(2, e. 4) | 

Note, Any Right-lin'd Figure is ſaid to be inſcrib'd in a Cirele, 
when all the Angular Points of that Figure do juft touch the Circle's 


| Periphery, 


Draw any Riobt-line (as H K) ſo as juſt to touch the Circle, 


as at 4; then make the Angle 
KAC equal to any one Angle 


of the given Triangle, as DFG; 


D ye 4 
and the Angle HAB equal to -C | 
another Angle of the Triangle, 
as DEV; then will the Angle 

7 
2 
F 


B AC be equal to the Angle 
FDG. goin the Points B and 
C with a ight-line, and "twill 
form the Triangle required. 


Q q PRO 
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PROBLEM XV. 


In any given Triangle, as ABD, to deſcribe a Circle that ſhall 
touch all its Sides. (4. e. 4.) 


Biſect any two Angles of the Tri- 
angle, as A and B, and where the 
biſecting Lines meet ( as at C) will be 
the Center of the Circle required ; and 
its Radius will be the neareſt Diſtance 
to the Sides of the Triangle. 


PROBLEM XVI, 
To deſcribe a Circle about any given Triangle, (5. e. 4.) 


This Problem is perform'd in all Reſpects like the Ninth, ws. 
by biſeting any Two Sides of the given Triangle; the Point, 
where thoſe biſecting Lines meet, will be the Center of the Citcle 
tequired, 


PROBLEM XVI. 


To deſcrtbe a Square about any given Circle, (7, e. 4.) 


Draw two Diameters in the given Cir- 
cle (as DA and E B) croſſing at Right 
Angles in the Center C; and, with the 
Circle's Radius C A, teferibe from the 
extream Points of thoſe Diameters, viz. A, 
B, D, E, croſs Arches, as at F, G, H, X; 
then join thoſe Paints where the Arches 
croſs with Right-lines, and they will form 
the Square required. | 


PROBLEM XVIII. 


In any given Cirele, to deſcribe the largeſt Square it can contain, 
(0- e. 4.) 


Having 3 the Diameters, as D A and E B, biſecting each 
other at Right angles in the Center C, (as in the laſt Scheme! 3 
then join the Points A, B, D, and E, with RNigbt.-lines, vil. 
A B, BD, DE, E A, and they will be Sides of the Square le- 


quired, 


ll 


in 
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PROBLEM XIX. 


Upon any given Right-line, as A B, to deſcribe a regular 
Pentagon, or Five, ſided Polygon. 


Make the given Line Radjzs, and upon each End of it de- 


ſcribe a Circle; and through thoſe 
Points where the Circles croſs each 
other (as at G x) draw the Right- 
line G e x : Upon the Point G with 
the ſame Radius deſcribe the Arch 
HAeBD, and laying a Ruler up- 
on the Points D, e, mark where it 
croſſes the other Circle, as at F. A- 
gain, lay the Ruler upon the Points 


H, e, and mark where it cro//es the 
other Circle, as at C : Then from 


the Points F and C (with the ſame Radius as before) deſcribe 
croſs Arches, as at K. Join the Points 4 F. FK, KC, and CB, 
with Right-lines, and they will form the Pentagon required, viz, 
JF = FK ACS CB = A; and the Angles at A, B, 


C, K, F will be equal. 


PROBLEM XX. 


In any given Circle, to deſcribe a regular Pentagon. 


(11. e. 4. & 10. 4 3.) 


Gr, in general Terms, to deſcribe any regular Polygon in 4 


Circle, 


Draw the Circle's Diameter D A, and divide it into as many 
. Cv 


equal Parts as the propoſed Polygon bath 


OS 


Sides; then make the whole Diameter 
a Radius, and deſcribe the two Arches 


CA and CD. Ha Right-line be drawn 


from the Point C, through the Second 
of thoſe equal Parts in the Diameter, as 
at 2, it will aſſign a Point in the oppo- 
ſite Semicircle's Periphery, as at B. 
Join D B with a Right-line, and it will 
be the Side of the Pentagon required. 


2 3 
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Theſe Twenty Problems are ſufficient to exerciſe the youn 
Practitioner, and bring his Hand to the right Management of a 
Ruler and Compaſſes, wherein I would adviſe him to be very ready 
and exact. N 

As to the Reaſon why ſuch Lines muſt be ſo drawn as directed 
at each Problem, that, I preſume, will fully and clearly appear 
from the following T hecrems ; and therefore [ have (for Brevity's 
Sake) omitted giving any Demon/irations of them in this Chapter, 
deſit ing the Learner to be ſatisfied with the bare Knowledge of 
doing them only, until he hath fully conſidered the Contents cf 


the next Chapter; and then I doubt not but all will appear very 
plain and eaſy. 


HA P. III. 


A Collection of moſt uſeful Theorems in plain Geometry 
| Demonſtrated, 


Note, In order to ſhorten ſeveral of the following Demonſtrations, 
it will be neceſſary to premiſe, that 


I. F H E Periphery (or Circumference) of every Circle (wh-- 
ther great or ſmall) is ſuppos'd to be divided into 360 equal 


Parts, called Degrees ; and every one of thoſe Degrees are divided 
into EO equal Parts, called Minutes, &c. 


2. All Angles are meaſured by the Arch of a Circle deſcrib'd 
upon the Angular Point (See Defin. 9. Page 287.) and are efteem's 
greater or leſs, according to the Number of Degrees contain'd in 


that Arch, 


3. A Quadrant, or Quarter-part of any Circle. is always 90 
Degrees, being the Meaſure of a Rigbt-angle ( Defin. b. P. 283.) 


and a Semicircle is 1890 Degrees, being the Meaſure of tus 
Right-angles." 


4. Equal Arches of a Circle, or of equal Circles, meaſure equal 
Angles. 


To thoſe five general Axioms already laid down in Page 146. 
(which I here ſuppoſe the Reader to be very well acquanted with) 


it will be convenient to uncerſtand theſe following, which begin 
taeir Number where the other ended. 


Arioms, 
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Axioms. 
6. Every whole Thing is Gx EAT E than its PA Rr. 
That is, the whole Line A B is c 
greater than its Part Ac, &c. IA - — B 


The ſame is to be underſtood of Superficies's and Solids, 


7. Every Whole is EQUAL to all its PARTS taken together. 
That is, the whole Line A B is equal . 
to its Parts AC + cd + 4.777 A—| — | —- | -B 
The ſame is alſo true in Superficies's and Solids, 


8. Thoſe Things which being laid one upon another, do agree 
or meet in all their Parts, are equal one to the other. | 


But the Converſe of this Axiom, to wit, that equal Things 
being laid one ypon the other will meet, is only true in Lines 
and Angles, but not in Superficies's, unleſs they be alike, viz. of 
the ſame Figure or Form: As for Inſtance, a Circle may be egual 
in Area to a Square; but if they are laid one upon the other, tis 
plain they cannot meet in all their Parts, becauſe they are unlike 
Figures. Alſo, a Parallelegram and a Triangle may be equal in 
their Area's one to another, and both of them may be equal to 
a Square; but if they are laid one upon the other, they will not 
meet in all their Parts, &c. | 


Note, Beſides the Characters already explain'd in Part I, and in 
other Places of this Tract, theſe following are added. 


Viz, I denotes an Angle in general, and r ſignifies An- 
gles; A ſignifies a I'riangle ; O fignifies a Square, and D de- 
notes a Parallelogram. And when an Angle is denoted by any 


three Letters (as, ABC) the middle Letter (as B) always 


denotes the Angular Point; and the other two Letters (as A B 
and Z C) denote the Lines or Sides of the Triangle which includes 
that Angle. 

Theſe Things being remiſed, the young Geometer may proceed 
to the Demon/trations of the following Theorems ; wherein he ma 
perceive an abſolute Neceſſity of being well verſed in ſeveral Things 
that have been already deliver'd : And alfo it will be very advanta- 
gecus to ſtore up ſeveral uſeful Carollaries and Lemma's, as ther 
become diſcever d Truths : For it often happens, that a Propoſition 
cannot be clearly demonitrated d pricri, or of itſelf, without a 
great Deal of "Trouble ; therefore it will be uſeful to have Recour/c 
to ow Truths that may be aſſiſting in the Demon/tratizns then 
in Hand. 
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THEOREM I. 


If a Right-line land upon (or meet with) another Right-line, and 
make Angles with it, they will either be two Right-angles, or two 
Angles equal to two Right-angles. (13. e. 1.) 


Demonſtration. 


Suppoſe the Lines to be AB and DC, meeting in the Point 
at C: Upon C deſcribe any Circle at 
pleaſure ; then will the Arch 4 D Fir ol 
be the Meaſure of the I b, and the . 
Arch DB the Meaſure of Te; NW 
but the Arches FD + DB = 1809, oy 


viz, they compleat the Semicircle. | 
Conſequently the of b = = #.5z 1800. Which was to be prov'd. 
Corollaries. 


1. Hence it follows, that if the T 2 99? then . — 90 
but if I þ be obtuſe, then the I e will be acute, &c. 

From hence it will be eaſy to conceive, that if ſeveral Right- 
lines ſtand upon, or meet with any Right-line at one and the ſame 
Point, and on the ſame Side, then all the Angles taken together 
will be = 180), viz, Two Right-angles. 


THEOREM II. 


| If two Angles interſect (i. e. cut or croſs) each other, the two oppoſite 
| Angles will be equal. (15. e. I.) | 


Demonſtration, 


Let the wo Lines be A B and 
D E, interſecting each other in the 
Center C. 
Then x b + x e = 180? 

And Wb + Ca = 180? ( perlaſt. 
Conſequently Wb + e == 
Ta, per Axiom 5. | 

Subtract T on both Sides of 
the #guation, and it will leave S 
N. 

Again, x b + Se 1809, as before; and we + < C= 
280, conſequently we + C = we. Subtra Se, and 
thin e E. D. 8 

| grol- 


C 


ä 


— 


Chap. 3. Of Theorems, 303 


Cor ollary. 


From hence it is evident, that if two Lines interſect each other, 
they will make four Angles ; which, being taken together, will 
always be equal to Four Right-angles, 


THEOREM III. 


If a Right-line cut (or croſs) two parallel Lines, it will make the appoſite 
Angles equal one to another, (29. e. 1.) 


Suppoſe the two Lines AB and H K to be parallel, and the 
Right- line D to cut them both 
at C and n Upon the Point C (with 
any Radius) deſcribe a Semicircle; 
and with the ſame Radius, upon the 
Point at u, deſcribe another Semi- 
circle oppoſite to the firſt, as in the 
Figure. Then ' tis plain, and I ſup- 
poſe very ealy to conceive, that if 
the Center C were mov'd along upon 
the Line D G, until it came to the 
Center at , the two Lines A B and HK would meet and concur, 
vi. become one Line (for parallel Lines are as it were but one broad 
Line.) Conſequently the two Semicircles would alſo meet, and 
become one entire Circle, like to that in the laſt Demon/tration. 


And therefore the y == x = Wa Ce) Cas before, per 
And m = C = 117 Theorem. 
Q. E. D. 


Corollary. 


Hence it follows, that if three, four, or ever ſo many Parallel- 
lines, are cut or croſs'd by one Right-line, all their oppoſite Angles 


- 


will be equal, ; : 


THEOREM IV. 


The three Angles of every plain Triangle are equal to tius Rigbt- angles. 
(32. e. 1.) 
Conſequently, any two Angles of any plain Triangle muſt needs be leſs than 
tt Right- angles. (17.6. 1.) 
Demon⸗ 
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Demonſtration, 
Let the A ABC be propos'd ; draw the Right- line H & pa- 
rallel to the Side A B, juſt touching . a 
the Vertical Angle C; and upon the YO, © 


fame Angular Point C deſcribe any Se- H *-* b*a X 
micircle, and produce the Sides AC OOO | 
and BC to its Periphery. Then will 

S = B. K = I A, and 
Ter I C, per laſt Theorem. A 
But x b + Ra + T = 180%, or © 
two Right- angles: Conſequently T B +R 4+ = C= 189? 
Per Axim bY Q. E. D. 


Corollary. 


Hence it follows, that the two acute Angles of every Right - angled 
Triangle are equal to a Right-angle, or go?. 

Conſequently, if one of the acute Angles be given, the other is 
alſo given, viz. 90*—the given I leaves the other T. 


THEOREM V. 


JF one Side of any plain Triangle be continued or produced beyond, or out 
of the Triangle, the outward Angle will always be equal to the t1w9 
inward oppoſite Angles. (32. e. 1.) 


Demonſtration. 


Let the Side 4 B of the A A BC be produced out of the A, 
ſuppoſe to D, &c. as in the Fi- 


* 


gure. Then SX = K 4+ * 
O,. obe B+ Iz= 1 \ 
180? per Theorem 1. and the 2 N. Z 5 


S nee 
per laſt Theorem. Therefore V 
B+Rz=RB+RKA+RC, per Axiom 5. Subtraf? S 
B on both Sides the Æquation, and it will leave w z = x 4+ 
< C (per Axiom 2.) Q. E. D. 

Conſequently, the outward Angle (at z) of any plain Triangle, mul 
needs be greater than either of the inward oppoſite Angles, viz. greater 
than X 4, or KC (16. e. 1.) 


Cerellary. 


Hence it follows, that if one Angle of any plain Triangle be 
given, the Sum of the other two Angles is alſo given; for 180"— 
the given = the other two =. | 


THE O- 
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THEOREM VI. 
In every plain Triangle, equal Sides ſubtend (viz, are oppoſite to) equal 
Ales. (5. e. 1.) 
Conſequently, equal Angles are ſubtended by equal Sides (6. e. 1.) 


Demdnſtration. S ; 
| Suppoſe the A BCD to be an Thſceles &; /. \ q 
| that is, let BC = CD. Biſect the & C, or : j 


| hy” is all one) make C A perpendicular 
| to BD; then will the WV I oneach Side of 
it (viz, I BACand & DAC) be Right : * l 
angles. I ; 
by 8 = 00* | | 

Therefore ; 255 8 By S 52 ook oer Corol. to Theorem 4. | f 
Conſequently, 1 C++ B= C SD, per Axiom 5. N 
Subtract TC from both Sides of the AMęguation, and it will leave. | 
IBZ=ID, per Axiom 2. Qi E. D. | 


Corollary. 


From hence it follows, that the three Angles of an Equilateral 
Triangle are equal one to another, 


I — —_ my —_— 
* * » 1 4 * 


THEOREM VII. ö 
In every plain Triangle, the longeſt Side ſubtends the greate/? Angle. 4 
Oe): | | 

Conſequently, the greateſt Angle of any plain Triangle is ſubtended by 

the longeſt Side. 

| This Theorem is evident by Inſpection only : For, let one of the j 
| Sides of any plain Triangle (as C B) be pto- e 1 
| duced, ſuppoſe to E; join DE with à 3 
| ; Right-line; then *tis evident, that becauſe | | } 
: | CE is now made longer than the Side B C, > GD 1 
| therefore the Sat O is become larger than 5 —_ D 


it was before by the = BD E. And it's * 

plain, the longer the Side C E had been 3 

made, the Sat D would have been be ü 
5 | Mofe enlarged; | xe 1 


R r THEO 
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THEOREM VIII. 


If the Sides of two Triangles are equal, the Angles oppoſite to thiſe 
equal Sides will be equal. (8, e. 1.) 


The Truth of this Theorem is evident by the two included Tri- 
angles in the Eth Theorem, for they have their reſpective Sides 
equal, vis. BC=CD, BA= DA, and CA common to both 
Triangles, And it is there prov'd, that the I oppoſite to thoſe 
equal Sides are equal, c. which needs no further Proof. 


Note, The Converſe of this Theorem holds not true for the Argl: 
of two Triangles may be equal, and their oppofete or ſubtending Sides 
unequal; as will appear at Theorem XII. 


Corollary. 


Hence it follows, that Triangles mutually equilateral are alſo mu- 
tually equiangular; and, 

Tat Triangles mutually equilateral are equal one to another, 
(4. & 26. e. 1.) 


THEOREM IX. 


An Angle at the Center of any Circle is always double to the Angle at 
the Periphery, when bath the Angles ſtand upon the ſame Arch, 
(20. e. 3.) This Theorem hath three Varieties or Caſes, 


Demonſtration. 


Caſe 1. Let the Diameter D A, and 
the Line D B, be the two Lines which 
form the S D at the Periphery; draw 
the Radius BC, then B C Ais the T 
at the Center, But = BCA= <= D + 
TB, per Th 5, and becauſe DC = BC, 
therefore = D = I B, per Tleorem 6. 4 
conſequently = BCA = 2 I D. * 


Caſe 2. Suppoſe the & BCP at the 
Center to be within the W BD Fat the 
Periphery, (as in the annexed Figure.) 


—— 44, 
20 , 
* 


Draw the Diameter DA; f 9 _— 4 
then the < BCA =2< BDAJ os 
and the x FCA =2WFDA ber ſel. . F 


add theſe rwo Equations together. 


* . 
* . 
„„ „„ 


. Then 


—_——  — 
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— 
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Then will BCA += FCA=2 = BDA+2< FDA, 
per Ax. 1. But : BCA +I FCA= < BCE, and 2 < 


BDA+2= FDA=2VBDF. Conſequently BC 
=2<BDF. | 


Chap. * 


Caſe 3. Again, ſuppoſe the x BC F ee. | 


| at the Center to be out of the = BD F 


at the Periphervy. From the Angular 5 N 
Point D at the Periphery draw the Dia- Di E 
meter DA. F 


Then = FCA =2R FD 41 ' — N 
and TBC = JBl Nr Catel. 3 TA 


| Subtraf? this laſt Afquation from the OD 2 


other, and it will leave x FCA — IBCA=2V FDA — 
2 B D A. per Axiom 2. But < FCA — BCA 


FC B, and 2 S FDA —- 2 BDA=2 FDB: Conſe- 
| quently T FCB =2 ( FDE. QE. D. 


Corollary. 
Hence 'tis evident, that all Angles at the Periphery, which 


ſtand on the ſame Segment or Arch of a Circle, or upon equal Ar- 
ches, are equal one to another. (21. e. 3.) 


THEOREM X. 


As Angle in a Semicircle is a Right angle. (31. e. 3.) That is, if 


the Diameter of any Circle be the Side of a Triangle, and the Angle 


oppoſite to that Side be any where in the Circle's Periphery, it will 
be a Right- angle, 


Demonſtration, 
Let DA be the Diameter, and DB A 


| the Triangle, then, = B = go?. Draw Ps 
the Radius BC, then is the YDB A = Dn 


SD+SA For x CBD = „ \, 
D, and x CBA = I A, per Theorem "a 

6. Therefore DBA = CBD \ 

TF CBA, per Axim 5. Again T Ne 


DB4+<D+=RIA= 180, per 
Theorem 4. Conſequently,  D BA = 9 or a Right- angle. 


QE. D. 


Rr 2 Corol- 
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Corollaries. 


1. Hence it will be eaſy to conceive, that an Angle made in any 
Segment leſs than a Semicircle will be obtuſe, or greater than a 
Right-angle. 


2. And an Angle, made in any Segment greater than a Semi- 
circle, myſt conſequently be acute, 


THEOREM XL 


In any Right-angled Triangle, the Square which is made of the Hypo- 
thenuſe, or Side ſubtending the Right angle, is equal to both the 
Squares which are made of the Sides including the Right-angle, 
(47+ e. 1.) . 

There are ſeveral Ways of demonſtrating this noble and uſeful 
Theorem,” but, I preſume, none more eaſy to be underſtood by 2 
Learner than that which I ſhall here propoſe : And, in order there- 
to, 'twill be neceſſary to premiſe the following Lemma's. 


Lemma r. 
A Right-line is ſaid to be multiply'd with a Right-line, when ei- 
ther a Sguare, or other Right-angled Parallelggram, is made of the 
two Lines, | 
That is, the Area of any Right-angled Parallelgram is equal to 


the Product of thoſe Numbers which expreſs the Meaſure of its 
Sides, | 


Thus, if AB = 6 Inches and 40 A 1 
= 3 Inches: Then AB X AC = 6 EZ 
X 3J = 18 ſquare Inches; which is 3]: | ELI 
the Area of the Parallelogram AB CD. Cc HAS. 


Lemma 2. 


If a Right-line be any way cut into tw Parts, the Square of the 
whole Line will be equal to the Squares of each Part, and a double 
Rectangle or Parallelggram made of both the Parts, (4. e. 2+) 
that is, if the Line & be cut into the 8 
two Parts B and C; then is $S=B +C; — 

But if both the Sides of the Aquation be in- | © 


vely'd, it will be SS =BB-+2BC+CC. 


Lemma 


- 
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Lemma 3. 


The Area of every Right-angled Triangle is half the Parallels- 
gram made of its Baſe and Perpendicular. | 

For BXC = the Area of the whole Pa- 
rallelogram, by the firſt Lemma. And A 
BCH+—+ Abc H = the Parallelagram; but 
B = 3, and & = < Therefore B * C'= — 
A of each A, VIZ. BNE + 1bxcBXC. 

Theſe Things being premiſed, let us ſuppoſe the Tr angle BC 
H to be a Right-angled Triangle, viz. the Side C perpendicular to 
the Side B ; then will B B T CC H H. 


Demonſtration. 


Make a Square whoſe Side is = _._.._._... en 
B + C, and draw the included : @ b . 
Square whoſe Side is = H, as in I, _— 2 
the Scheme: Then will the Area 2 
of the great Square be equal to tbe AH 
Area of the four Triangles HH; 

but the Area of each A=3i BC, 1 5 
or BX C, per Lemma 3. There- b 2 CC 
wre-the 4 A = 32 BUN&4 = e B 

2BC, conſequently, RS: 

the great Square is AH + 2 BC. : 

Invalve B + C, and it will be BB : BB 
+2BC+CC= the Area of i 

the great Sguare; per Lemma 3. : 
Conſequently, HH + 2 BC = | 3 

3B T2350 ＋ CC, per Axiom 5. SubtraR + 2 BC C from both Sides 
of the Æguation, and there will remain H H=B B + CC; 


- 
0 
4 ” 
« 
+ * 
40.767 0, 1 


To illuſtrate this We by Numlers, let us 


Suppoſe C = 3. B = 4. and H= 5. 
Then will CC=9. BB D 16. and H H = 25. 
Conſequently, BB +CC= HH = 16 +9 = 25: 


Conſectary. 


From this admirable Theorem (ſaid to be fir/t inuented by Pytha- 
goras) is deduced the Method of adding and fubtraCting SQUAICS, 
Parallelograms, Circles, Ec. 


THEO- 
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THEOREM XN. 


In any Right-arg'ed Triangle, a Perpendicular being let fall from the 
Right-argle upon the Hypothenuſe will divide the Triangle into 
two Right angled Triangies, which will be both ſimilar (or alike) 
to the firſt Triangle, and to each other. (8. e. 6.) 


Note, All plain Triangles are ſaid to be ſimilar (viz. alike ) «when 
each ſingle Angle in one of the Triangles is equal to each ſingle 
Angle of the other; but if any two jingle Ang le: of one Triun- 
gle are equal to two ſingle Angles of the ather, the third Angle 

will be equal, Per Theo. 4. 


7. In the Right-angled A BAC, let | A 
AP be ſuppoſed perpendicular to the Hy- nn 
pothenuſe BC; then = BAP = RC. 
Fr < BAP + <= B —= 9g, and. 
B+RIC= go?, per Cordllary to The- 
rem 4. Therefore the BAP Y B Vu 
2 


C, per Axiom 5. again, x PAC + KR 

C = 90, and T B + IC = 90% Therefore js PA 
B, &c. Conſequently the A BA is alike to the AACP; 
each i is like to the whols ABAC. 


— 


c 
and 


2. Or if a Right line be drawn parallel to one of the Sides of a- 
ny plain Triangle, (viz. within it) 
it will cut off a Triangle ſimilar 
or alike to the whole Triangle. 
Thus: 

In the A ABD draw the Right- 
line a b parallel to the Side AB; 
then will the included Aa D be | 
like the A 4 DB: For Ra F Aand < b= = B, per The- 
orem 3; and SO is common to both the Triangles; Ergo, &c. 


THEOREM XII. 


If two Triangles are alike, their like Sides will be proportional. 


That is, thoſe Sides which ſubtend the equal Angles, as alſo 
thoſe Sides which are about the equal Angles, will be proportional 
to each other; and conſequently, if any two Tr wares have their 
Sides proportional, their Angles are equal. (4, 5, 6, 7. e. 6.) 


Demon⸗ 
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Demonltration. 


Let the ſimilar Triangles in the Scheme of the laſt Theorem be 
here propoſed again, 


Then it will b BP: AP:: AP:CP, eee 
orem. Ergo BPXCP=APxXAP. 


Fifl. 
Let us ſuppoſe the aforeſaid Right-angled AB A C cut through 


the Perpendicular A P, and there 


open'd until the Sides BA and CARAT ORE — even, C 
C A become one Right-line, Let f : 

the Sides B P and CP be conti- 
nued until they meet in E; then 
compleat the Parallelograms by 
drawing the parallel Lines G LC, 
HAP, GHB, and LAP, as in 5 8 „ 
the Figure. P E 

Then it is evident, that the A BHA= AB PA,. and the 
ACPA=ACLA; alſo that the ABEC = A BGC, becauſe 
all their reſpective Sides are equal. 

But the ABHA+ACLA + DB HGL A=ABPA, + 
ACPA+ QAP EP, Now it from both Sides of this Aqua- 
tion there be ſubtracted the equal Triangles, there will remain D 
HGLA = DOAPEP. Bu HGCGLA = BP x CP, and 
OIFEP = 4GPX 4P. Is BF: SP3: 83; 
CP. Which was to be prov'd. 


Oc otherwiſe, thus : 


Suppoſe the A BAC to be 
Right-angled at A: Upon the & 
Point C, with the Radius 07 
deſcribe a Circle, and continue 
the Hypothenuſe B C to Z; join 
Z A and AD with Right-lines ; 
then will the A BAD be like to 
the G B Z J. For < DAB+ B 
K DAC = o', by Conſtruction. And S ZAC + I DAC 
= 90?, by Theorem X. Therefore D 1B + DAC < 
ZAC + x DAC. By Axiom 5. ſubtract _- DAC from borh 
Sides of the Fquation. and there will remain = DAB = 2 240. 
Bat ZAC==<I CZA, by Theorem 6. And < - Þ is common 


[9 
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to both Triangles. Therefore = BDA = I B AZ, by Theo- 
rem 6, conſequently A BAD is like to AB Z A. 


BA = J Then bb + cc = hh, by Theorem 11. 
Let the Sie) C:= 1) { Confquentiy nnn 

CAS ) which gives the following Analogy, 
Viz. b: b +c::h—c:6; that is, BA: BZ :: BD: BA. 


Q. E. D. 


21 
— 
V 


Corollaries. 


1. Hence it is evident, that, in any Right - angled Triangle, a 
Perpendicular, being let fall from the Right. angle upon the Hypo- 
thenuſe, will be a Mean proportional between the Segments of the 
Hypathenuſe : That is, BP: PA:: PA: PC. 


2. The Baſe (BA) is a Mean pro- A 
portional between the FHypothenuſe e 
(BC) and that Segment of the Hypo- 
thenuſe next to the Baſe, (viz. BP) 
that is, BCG: BA::BA: BP. 


3. The Cathetus (AC) is a Mean ” | 
proportional between the Hypothenuſe (B C) and that Segment of 
the Hypothenuſe next to the Cathetus, (viz. PC) : That is, BC: 
AC:: AC: PC, | 


Scholium. 


I have been more large upon this moſt excellent Theorem, in 
giving a double Demen/tration of it, becauſe it is ſo univerſally uſeſut 
in all Parts of the Mathematichs : For the Buſineſs of Triganometry 
(both Plain and Spherical) wholly depends upon it ; and therefore 
one may truly ſay, that A/tronomy, Dialling, Navigation, Surveying, 
Optics, &c. depend upon a due Application of it. 

And of its Uſe in Geometry, Des Cartes takes particular No- 
tice ; as you may find in Dr. Pell's Algebra, Page 65, whoſe 
Words are theſc: 


Des Cartes, in a Letter not yet printed, writes thus: “ In 


« ſearching the Solution of Geometrical Queſtions, 1 always make 
e uſe of Lines parallel and perpendicular, as much as is poſſible, 
«* [he means as many Lines as are uſeful] and I conſider no 
other Theorems but theſe two, [the Sides of like Trian- 


« gles have like Proportion], And [in Rettangle 7 riangle 
; 2 « 10 


” R ear tc. : 
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6 the Square of the greateſt Side is equal to the Squares of the two other 

« S$ides.] And I am not afraid to ſuppoſe many unknown Quanti- 

« ties, that I may reduce the propos'd Queſtion to ſuch Terms, as 

« to depend on no other Theorems but theſe Two.” 9 
This I thought convenient to inſert, that the young Learner may f 

ſee how the great Des-Cartes eſteem'd theſe two Theorems, wiz. f 

the laſt, and Theorem 11; for, in Truth, all the precedent Theoreme 

are only (as it were) Preparatives to theſe Two. | 


This laſt Theorem demonſtrates the Reaſon of the Nlethed uſed 


in finding out Proportional Lines; as in the Three following Pro- 
blims. | | | 


PROBLEM I. 


Two' Right-lines being given, to find a Third in Proportion to thems 
ap (11. e. 6.) 


: A w— 
Let theſe Lines be K . a F 


Set the Two given Lines at any 


Angle in the Point A, and pro- D- * 
duce the Line A to C, making RS * 
{ BC= AD; join the Points B > © AN N 
3 


D with a Night- line, and draw 

CF parallel to BD ; then will 

the AAB D be like the A AC F. Therefore 4 B: BC(= AD * | 

WW ::4D DF, which is the third Proportional required. 


; 
E PROBLEM II. 
Tos Right-lines being given, to find a Mean Proportional Line betwe:n | 
1 ; them, (13. e. 6.) ; 
ſe | | : h 
. | Let the given Lines be 17 
4 | Join the two given Lines into one, q 
* | viz. make BC BP PC, and f 
899 B C, as Diameter, deſcribe a 

= Semicirele 3 then upon the Point P, 

: Where the two Lines meet, erect a Perpendicular to touch the 


885 ir- 
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Circle's Periphery, as P A, and it will be the Mean Proportional 
requir'd, viz. BP: AP:: AP: PC. 
By this Problem tis eaſy to conceive how to make a Square equal 
to any given Parallelogram. (14. e. 6) 
For if BP be the Length. and PC be the Breadth of the given 
Parallelzgram, then will 4 P be the Side of the Szua e, equal in 
Area to that Parallelogram. 


PROBLEM III. 


Three Right-lines being given, to find a fourth Proportional Line 
(12. e. 6.) 


A 
Suppoſe the three Lines -— I : 
Upon the longeſt Line A B ſet off 
the next longeſt Line 4 D; vix. 
make DB AB - AD; then AA 
upon the Point O ſet the other Line | 
D C at an Angle, either right or oblique, and draw the Right-line AC 
continuing it a ſufficient Length; make B F parallel to DC, and it 
will be the fourth Proportional required; that is, AD: DC:: AB: BF. 


THEOREM XIV, 

If any Angle of a plain Triangle be biſefted (viz. divided into two equal 
Angles) with a Right-line, (viz. as C A is ſuppos'd to do the Angle 
BCD) it will cut the oppoſite Side (viz. B D) in Proportion to the 
other tius Sides of the Triangle (3.e.6.) i.e. BA: BC:: AD: CD. 


Demonſtration. 
Produce the Side DC, until CZ - 
= CB: join the Points Z B with a 22 
Right line, and draw the Line FC ED? 
parallel to B D; whence the < Z 
= C pet Theorem 6. and Z 
+ ICBZ, or 2X CBZ — I 
BCD, per Theorem 5 or, dividing 
both Sides of the ¶quation by 2, 
CESS == I BCD. But 2 B 
CD s by the Hypotheſis, therefore A CB 
= CB per Axiom 5: Whence AC is parallel to B Z per Theorem 
3» and the Triangles BDZ, ADC, and FCZ are ſimilar by the 
ſecond Figure to Theorem 12. conſequently B A (= FC): BU(= 
ZC)::AD:CD. Q. E. D. 
| | T HE O- 


16 166 * 
25 14 


% 4 


i - 


- 


E 


| and x AxC= Bx D. by Theorem 2. e 
| Therefore it will be x: D:: CX: Bx. by Thecrem 13. Conſe- 
| quently Ax x BA Dx XT Cx. Q. E. D. 


; DB be continued unto the Point 
23 then will AZ Xx CZ DZ 
XZ. 


| then will A CZ D be like to the 
324A; for A= D, and S is common to both Triangles 


| conſequently, ABZ SDC, bv Theorem 4. therefore A Z 
Z:: DZ:: CZ. Ergo, AZXCZ = DZXBZ, 
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THEOREM XV. 


If two Right lines (howſoever drawn) within a Circle d cut each other. 
the Rectangle made of the Segments (or Parts) of the one Line, will 
be equal to the Rectangle made of the Segments (or Parts) of the other 
Line. (35. e. 3.) 

That is, if two Lines (as A B and CD) do cut each other in any 

Point, as at x, then will \xx Bx = XK Cx. 


Demonſtration. 


Join the Points of AC and BD with 
Right-lines, then will the A C x A be like 
to ABK D: For TB - CC and A 
== D. By Corollary to Theorem q. 


THEOREM XVI. 


If two Right lines are ſo drawn within a Circle, as, being continued, 


they will meet in a Point out of the Circle's Periphery, the Rectangle 
made of the one whole Line, and its Part out of the Circle, will be 
equal to the Rectangle of the other whole Line, and its Part out of the 
Circle, (36, 37. e. 3.) 

That is, if the Lines AC and 


Dementtration. 
Draw the Lines AB and CD, 


THEOREM XVI. 


| If from any Angle of a plain Triangle inſcribed in a Circle there be let 


fall a Perpendicular upon the oppoſite Side, as DP; as that Perpen- 
8 8 2 dicular 


n 


ä * 
83 q * * — „r * LE ER . - 
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dicular is in Proportion to one of the Sides including the Angle, ſo it 
the other Side including the Angle to the Diameter of the Circle. 


TDemonffration. 


Let BCD be the propoſed Triangle. 
From the Tat D draw the Diameter 
DA; then will A = IB, becauſe 
they both ſtand upon the ſame Arch DC, 
and x DCA = 90), by Thecrem 10. 
conſequently the ADC B DP, 


by Theorem 4. Therefore A DCA is 5 * 2 
like to the ADPB; and therefore, DP: 3 
DB:: DC: DA; or DP: DC:: CT: 


DB: DA. Q. E. D. 


THEOREM XVIII. 


1f any Duadrangle (that is, a Trapezium) be inſcrib'd within a Circle, 
the two oppoſite Angles, taken together, are equal to two Right- Angles, 
Viz. 18". (22. 6. 3.) 


That is, in the Quadrangle ABCD the x A +=C= 180, 
And the BT D = 1899, 


Demonſtration. 


Draw the two Diagonals 4 C and B D; 
then will the BDA = x BCA, 
and the BDC = I BAC by Co- 
rollary to Theorem 9g. But R ABC + 
IBCA +I B AC = 180% by 
Theorem 4. and the = BDA + < BDC 
=wADC. Therefore the ABC + x ADC = 180" 


and by the ſame Way of arguing it may be prov'd, that the V 
BAD +I BCD = 180% Q. E 


THEOREM XIX. 


F in any Quadrangle inſcribd within a Circle there be drawn t 
Diagonals, as AC and B D, the Rectangle made of the two Diago- 


nals will be equal to both the Reftangles made of the oppoſite Side of 
the Duadrangle. | 


That is, ACXBD=ABXCD+ADXBC. 
Pemon⸗ 


—c 
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Demonſtration. 


Make the Arch DG = Arch BC, 
and from the Points A G draw the Line 
A f, and it will form the A Af D, like 
to the A ABC: For the xf AD = 
T BAC, becauſe the Arches DG and 
BG are equal. 

Again, the ff DA = I BCA, be- 
cauſe they both ſtand upon the Arch AB: 
Conſequently, the  AfD= I ABC, 
by Theorem 4. Therefore it will be AC: BC:: AD: Df, by 

BCXAD _ ,, 
780 2 .. 


%%% 


Theorem 13. Ergo 


Again, the A BAf and AAC D are alike: For & ABf 


= ACD, and BA = < CAD, becauſe the = f AD 
= I BAC, and the x C Af is common to both Triangles. 
Conſequently, the AFB ADC. Therefore AC: CD 
: AB: Bf, by Theorem 13. Ergo CON — „ 
Df + Bf=BD. Conſequently, B CX ADT C DIA 
=BDXAC. Q. E. D. 


THEOREM XX. 
All Parallelograms (whether Right or Oblique angled) that ſtand upon 


the ſame Baſe, or upon equal Baſes, and betwixt the ſame Parallels, 


are equal to one another. (35. & 36. e. 1) 
That is, g ABC DS Da CD. 


Demonſtration. 


Becauſe AB = CD =ab, by Suppoſition, therefore 4 a = Bb; 
for Ba is common to both. And be- 4 2 ä 
cauſe AC = BD, and the A — 
B, therefore the A ACa = A BDb: 
And if from both Triangles there be 
taken the AB xa common to both, | 
there will remain the Trapezium ABxXC OTH non 
=absD, per Axiom 5. | 


: 
aA 


But 


r Ea « Foot © 


"3 +I 
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But the Trapezium ABxC4+- ACz#D = D ABCD, and the 
Trapeziumabx D + ACxD = S2 CD, conſequently 5 
ABC DS 50D. Q. E. D. 


Corollary. 


Hence it will be eaſy to conceive, that all Triangles which ſtand 
upon the ſame Baſe, or upon equal Baſes, and between the ſame 
Parallels, (viz. having the ſame Height) are equal one to another, 
(37 & 38. e. 1.) 

For all Triangles are the Halfs of their circumſcribing Paral. 
lelagrams; and therefore, if the Wholes be equal, their Halfs will 
allo be equal. 


THEOREM XXI. 


Parallelograms (and conſequently Triangles) which have the ſame 
Heighth, have the ſame Proportion one to another as their Baſes 
have, (T. e. 6.) | | 


Demonſtration. 


Draw A F parallel to BG, and draw 4 C F 
AB, CD, FG Perpendiculars to them. A 
Then will BDI AB = D ABCD. % 20 | 
And becauſe CD = AB, therefore DG . 
x es, DD: do |. 
:: BDXAB: DGX AB. And con- B D G 
ſequently AAB D: ACDG::BD: DG, &c. 


Q. E. D. 


THEOREM XXII. 


Like Triangles are in a duplicate Ratio to that of their homolrgous 
Sides. (19. e. 6.) 


That is, the Area's of like Triangles are in Proportion one to 
ancther as are the Squares of their like Sides, 


Demonſtration. 

Suppoſe the A BCD and Þ/: 
Abe d to be alike, and their FI 4 
like Sides to be thoſe mark'd 2 a 
with the ſame Letters. d 


* 
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Let A and à be Perpendiculars to the two Baſes D and d. 


1 ad 


Then + DA = the Area of A BCD 
And i da = the Area of Abe d 157 Lemma 3, Page 303» 


But 
And 
Conſeq. 


2 
4X3 Dd 
5, Hence 


O8 - 


4 vhw $3 1,0 By Theorem 13. 

EF ESP EY 

Da = dA 

2 DD Ada D Add A. By Axiom 3. 

DD: dd: : 1 DA: Ida. And ſo for other Sides. 


Q. E. D. 
THEOREM XXIII. 


In every Obtuſe-angled Triangle (as BCD) the Square of the Side 
ſubtending the obtuſe Angle (as D) is greater than the Squares of 
the other two Sides (B and C) by a double Rectangle made out of 
one of the Sides (as B) and the Segment or Part of that Side pro- 
duced (as a) until it meet with the Perpendicular (P) let fall up- 
on it. (12. e. 2.) 


That is, DD=BB+CC+ 2 Ba. 


Firſt]!'DD = PP + aa +2 Ba + BB 
And 2. CC = PP -+ aa 
DD —CC=2Ba+8BB 


1 — 243 
i+CC|4|DD = BB +CC +2 Ba 


Demonſtration. 


Corollary. 


Hence it is evident, that, if the Sides of any Obtuſe- angled Tri- 
engle are given, the Segment (a) of the Side produced (or the Per- 
pendicular P) may be eaſily found. | | 


THEOREM XXIV. 


If a Perpendicular (as P) be let fall into any Auute-angled Triangle 
(as BCD), the Square of either of the Two Sides (as D) is leſs 
than the Squares of the other Side, and that Side upon which the 
Perpendicular fails (viz. C and B) by a double Refangl: made of 
the Side B, and that Segment or Part of it (viz. a) which lies 
next to the Side C. (13. e. 2.) 


That is, DD +2 Ba=BB-þ CC, 


Demon- 
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mm 


Demonſtration, 
Firſt 1 DD PPT ee 
And 2 Se PP TB Thu. 11. 
But 3B — a = ?, by Figure. 
3 & 24] BB 2 Ba 4 e ee 
4 — 445 BB—2Ba= ee — ads 
1 — 26] DD—CC = ze — aa. 
5, 6];|P D-CC = BB— 2 Ba, 
7 + [8]PD+2Ba= BB+CC. Q. E. D, 
Corollary, 


Hence it follows, that, if the Sides of any Acute-angled Triangle 
be known, the Perpendicular P, and the Segments of the Side 
whereon it falls (viz. a, e.) may be eaſily found, 


HAP. IV; 
The Solution of ſeveral! Eaſy Problems in plain Geometry, 
whereby the Learner may (in Part) perceive the Application 


or Uſe of the foregoing Theorems. 


OTE, when a Line, or the Side of any plain Triangle, is any 

Way cut into two or more Parts, either by a Perpendicular 
Line let fall upon it, or otherwiſe, thoſe Parts are uſually call'd Seg- 
ments; and ſo much as one of thoſe Parts is longer than the other, is 
call'd the Difference of the Segments. 

And when any Side of a Triangle, or any Segment of its Side is 
given, tis uſually mark'd with a ſmall Line croſs it, thus : 
and thoſe Sides or Parts of Sides, that are ſought, are marked with 
four Paints, thus | 


PROBLEM I. 


To cut or divide a given Right-line (as 8) into Extreme and Mean 
Proportion, (II. e. 2.) 


That is, to divide a Line ſo, that the Square of the greater Seg- 
ment (or Part) a, may be equal to the Rectangle made of the whole 
Line &, and the leſſer Segment e. | 
8 
Viz. | 1 | Se = aa, by the Problem. — — 
And 28S —a=e, for S Sa + e. a TOM 
| | 1 * 


— 


ww 1 ä 
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1 — $ n. 
| _ 
2 and 2 4 = 8—a By Axiom 5. 
4 Xx SI SI = S$S8 - $a 
5 + $a Ie =CS 
6, ſolved 8 = S8 +1 8: 2 88. See Be 195 ah 


——— 


| at C; upon the Point C deſcribe ſuch 


— 


Mow, The laſt Problem connet be truly einen by Numbers, but 
Geometrically it may be performed, thus: 


1. Make a Square whoſe Side is = $ the yup: e agg biſect 
one of its Sides in the Middle, as 6 


a Scmicircle as will paſs through the 
remoteſt Points of the Square, and 
compleat i:s Diameter. 


2. Then will either Part of the Diameter, on each End of the 
Side 8, be = a, the greater Segment ſought. 


But a + S: S:: S: 2. By Therrem 13. 
Ergo, aa + Sa = Ss. Which was to be done. 


PROBLEM II. 


The Baſe of any Rigbt-angled Triangle, and the Difference between the 
Hypothenuſe and Cathetus being given, to find the Cathetus, Cc. 


113 = 72 
Let 42 


And] 31a = Cathetus ſought 


Then bb + aa = dd + 24a -þ- aa 
By Theorem 11, 
bh = dd + 24a 
24a = bb — dd 
bh — dd. 
2d 


: d ＋ 2a::d:b. By Theorem 13. 
= dd T 24. As before at the 5th Step. 


5 


3 


Mr. «A 


a 
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Here you ſee that either Way raiſes the ſame Aquation ; neither 
is there any conſtant Method or Road to be obſerved in ſolving 
Geometrical Problems, but every one makes Uſe of ſuch Ways and 
Theorems as happen to come firſt into their Mind, the Reſult be- 
ing every Way the ſame. : 


PROBLEM III. 


The Difference between the Baſe and Hypotheruſe of any Right. angled 


Triangle, and the Difference between the Cathetus and Hypothenuſe 
being both given, to find the Triangle. 


1114 = 32 
1 2 S 25 
And] Za + x+a= the Hypot. 
Then ; 3 c by the Probl, 


xx ＋ 2xa + aa = ee 


4d + 24x + 2da + 2xa + xx +aa= 0 Hypothenuſc. 
dd + 24a + 2xa+ xx + 2a = yy + te. 


The two laſt Steps are equal, by Theorem 11, Conſequently, if 


thoſe Things that are equal in both be taken away, the Remainders 
will be equal. By Axiom 2. 


That is|10|aa = 2dx = 1600 

10 w'jilla=4 2dx = 40 
1 + 11|i2|4d +a = 72 = y The Baſe. 
2 —+ 111j13]x +@ = 65 = e The Cathetus. 
i1+2+11]14|4 + x + a = 97 The Hypothenuſe. 


3 
4 
5 * 
4 S 6j]dd + 2da + aa = yy 
9 


PROBLEM IV. 
The Hypothenuſe, and the Sum of the other two Sides, of any Right- 


4 angled Triangle, being given, thence to find the Sides. 
Let| x}H = 97 _ 
And] 2jJa F = S = 137 6 L 
1— at : q 
By Fig.| 3]aa + ee = HH 4 293 
2 G 4 aa + 2ae + ee = 88 base — 5 re 
4 — 3 51248 = S&S -H S 
3 — 6% — ade + ve = 2HH 88 
0 wt 71a —e=4 2HH—SS 


— „ 
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4 i 
o| 8][24=$+v/ 2HH<SS = 144 
2: 9ja —'? 22 fam = 72 The Baſe required. 


| 2 
2 — AT = 4. 1. — SS — 65 The Cathetus. 


| PROBLEM-V, | 
4 The Hypothenuſe, and the Difference of the other two Sides of any 
Right-angled Triangle being given, to find the Sides. 


&© D 


nm. 


Let 1% = 97 As before. 
And GE ee Quere a 
By Fig. 31as + te = bh f 
2 ©* 4] aa — 2e + ee = dd 
þ 3 — 41 5 2ae = bh — dd 
3 + 5] Glaa+2ae+ee = 200 — dd 
6 w | 7ja+e=v D D 
2 + 782 ＋ 20h — dd = 144 
331 2 2 72 | 
7 — 2100 = 2bb—dd: —d= 130 
1 — 21165 


_— 


| 


n 


PROBLEM VI. 


In any Right-angled Triangle, either the Baſe, or Cathetus, and the 
alternate Segment of the Hypothenuſe made by a Perpendicular let 
fall from the Right-angle, being given, to find the other Segment. 


Let 1e = 45 The Cathetus 
And] 2|b = 48 The alternate Segm. 


. ——— 


e: 1 1 Querea 
ba = ee 

ec — aa ee. By Theor, 11, 
ba = cc — aa 

aa + ba = cc 

aa + ba ＋ AU cc +4bb 
a+zxb=y/ cc+bb 
a=v cc +jibb:— i4b=27 Andſoon fore, &c. 


TO 
2222 


n 


* 


O O 0 0 


N 


— 


T ez I halt 


223 „„ om 
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I ſhall now ſhew the Geometrical Conſtruction (or Solution) of the 
three Caſes of Quadratick Aquations promiſed in 202. Let the 
firſt Example be that above, viz. aa ＋ ba = cc. Caſe 1. 

Make the Co- efficient ö, and the Rost of the Reſolvend (which 
is here) c, into a Right-angled Pa- 
ralleligram. And upon the middle ORE 
Point of the Side = &, deſcribe ſuch Oy 
a Semicircle, as will paſs through the 
remoteſt Points or Angles of the 
Parallelogram, compleating its Dia- 
meter, as in the annexed Scheme. 
Then will either Part of the Diameter, on each End, be equal to a; 
the other Part will be a ＋ , and the Side c will be a mean Pro. 
portional between them: That is, a +6: c::c:a. By Theorem 
13, conſequently aa + ba = cc. Which was to be done. 


PROBLEM VII. 


The Difference between the Baſe and Cathetus of any Right-angled 
Triangle, and the Perpendicular let fall from the Right-angle upon 


the Hypothenuſe, being given; thence to find the Hypothenuſe, 
Tc. 


Let] 1]4 = 15 The Difference of the Sides 

And] 2 $=-30 Y 2 
Quere a| 30a = The Hypothenuſe. F 
By Fig. Ad þ+e:p::a:e — 8 
4 5% ＋ ee =pa | 
Again, | 6{| dd + 24de + 2e2 = aa. By Theorem II. 
5 X 2 7; dde + 202 = 2pa 
6 — 7 81/dd = aa — 2pa. Caſe 2. 
8 C al gla—z2pa+#=dd+p =1521. 
9 u My ME | 
Io +p III =p + wv ad + pp = 75, Cc. for e. per Step 5- 
The Geometrical Conflrudtion of this Caſe 2, viz. aa — 2þa = dt 
may be performed in the very CT ta > _ 
ſame Manner as the 4% Caſe 2 5 


angled Parallelogram of the Co- 


was ; that is, by making a Right- - , q 2 
| TE d} * 
efficient 2p and the dd, viz, 2p 


4, &c. As in the annexed Fi- J 
gure. 12 ENTITY % „ „ „„ 


3 . W ae tel. Mk ano 


a MC gone. ans. a> ea i. . oo 
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Then will the greater Part of the Diameter to one End of the 
Parallelzgram be = a, and the Ir Part will be a — 2p. For a: 
d::d:a— 2þ by Theorem 13. Conſequently, az — 2þa = dd. 
Which was to be done. h 


PROBLEM VII. 


The Hypothenuſe of any Right-argled Triangle, and the Perpendicu- 
lar let fall from the Right-angle upon the Hypothenuſe, being given, 
to find the greater Segment of the Hypothenuſe, Ec. 


Let] 11h = 75 The Hypothenuſe 

And] 2|p = 36 

Then] 3a TS == Querea 
per Fig.] 4a: p:: p: e 8 

Cl ICE 

4+ 7 3 5 
Kl 
57 617 h—a = 
7 X al 80% — 4 = pp Caſe 3. 
8 a 2 O aa — ha = — 
9 C Oos —ha 2 = 1 h — 5p =110, 25 
100 [11 a —2 5 — A1 — pp = 10, 5 
11 +ihþ[i2Ja=2b+ V abb —pp = 48. Or, a = 27. 


The Geometrical Conſtruction of Caſe 3, viz. ha — aa = pp, 
may be thus performed: Draw a Rrght- 
line (of any convenient Length at Plea- 


a» 405 
V 
* 
* 2 6 


ſure) and near its Middle erect a Per- r * 
— = p, viz. of the ſame © 42.4, 
ength with the Root of the Reſolvend. : A—a a: 


From the top Point or upper End of.. „ 
that Perpendicular, ſet off Half the OE 


5 ; h 
Length of the Co-efficient, viz. = and upon the Point where — 


Juſt touches the firſt Line (with the ſame Diſtance) deſcribe a Se- 
micircle; then will its Diameter h be cut by the Perpendicular p 
into two Segments, which are the two Values of the Root a, viz. 
the greater and leſſer Roots, both taken together, being always equal 


to the Co- efficient: (vide Page 201.) For þ—a:p::p:a by 
Theorem 13. Ergo, ha—aa =fp. Which was to be done, 


PRO- 


1 = ” * — 2 Q 
8 — 
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PROBLEM IX. 


The Perimeter, 7. e. the Sum of a'l the three Sides of any Right-angl:d 
Triangle, and its Area, being given, thence to find each Side, 


Viz. Let 
Anc 


Again, 


wa oO KH Own 
* 


II + 13 


4j2ae = 4A 

gia +207 + = + 44 
e 25 —y 

| 7] aa + 2e + ee = 55 — 25y + yy 

8/9 + 44= iS — 25y + 


6,a + 


11 
12 


13 
14 


15 


116 


* 


9 2 
410 


6c 


29 


2 pe 22. — 7 — 137 
Temzy—44t49 
2 — e 2 49=7 

24 = 137 + 7 144 


aa — 24e 


2 
— a 4 — 


3.40 + ee = yy By Figure 


* 
5y = 5s — 4A = 45396 


2A 


* 


11% e ANN = 234 The Sum of the Sides. 


2, e = A The Area = 2340 


123 — — 97 The Hypothenuſe. 


a = 72 The Baſe. 


e =137 — 72 = 65 The Cathetus. 


PROBLEM X. 


In any Right-angled Triangle a Perpendicular being let fall from the 
Right angle upon the Hypothenuſe; if the Sum of each Segment, 
when added io its adjacent or next Side, be given, thence to find each 
Side, and the Segments. 


Vrz. If 
And 
To find 
1 — 32 
3 2 
4 — aa 
2 — '& 
6 .* 
75 0 
5 8 
By Fig. 
13 6,9 
5 11 


1 


46 = Pp 


u — 4 
uu = 5s — 25a + aa 
uu — aa = $5 — 25a = þþ 
* — 7 
rue 

XZ — 22e =yy — ee = pp 
22 — 220 — 55 — 25a 


E731 #9:8 


ae = $5 — 2:6 


a +u=5s= 108 


5 2 2 72 
a, e, u, y, and p 


— 


x23 — 6 


Ld 
| 13 X 2% 


15 
16 


7 
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9 + 14 
"AF 
—— 


| 
Subſtitute 
Then 


20 C 21 
21 2 * 
22 — x 


I — 23 


per 13 
2 — 25 


122 


23 + 25127 
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13]e = 


20 


23 
24 


lt. 


$5 — 254 


—ͤ ꝗ—U—üG. 


a 


2255 — 4 
288 == 4 
a 


2255 ＋ 1250 
— 

zza = a — 2540 ＋ 2255 — 4 

25aa + 22a + 4254 — $54 = 2255 


2 
aa + — +22 — 480 = 25 


ZZ = 55 — 250 + 


22 
2x =— + 22 — 55 = 114 
$ 


ad + 2x8 = 1 = 7776 

aa ＋ 2x4 + xx = 25 + xx = 11025 
a +x=vy/ 25 + xx = 105 

a 25 +xx;—x= 48 

x == 60 == 7s Bale, 


2 =27 


45 = the Cathetus, 
e 


= 75 = the Hypothenuſe. 


"Og 


PROBLEM AI. 


1 The Difference of the Sides of any Oblique-angled plain Triangle, the 


Difference of the Segments of the Bale, and the Difference between 
the greater Side and the Baſe, being given, to find the Baſe, Cc. 


| 


4 == the Difference of the Sides = 405 

b = the Difference of the Segments = 495 

x = 165 the Differ, of the greater Side and Baſe 
a = the leaſt Side | 
d + a + x = the Baſe 


d+a+x:d+2a::d:b 
By Theorem 16. _ 1 : 

db - ba -+ bx = dd + 2da e 

2da — ba db + bx — dd 

dh +» bx — dd 118125 

— 2 5 

4 + a = 780 = the greateſt Side. 


A =», 


d+a+x=945 = the Baſe. 
PRO 


a 


_ 4 
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— 


PROBLEM XII. 


The Difference of the Sides of any plain Triangle, the Difference of tl; 
Segment. of the Baſe. and the Perpendicular et fall from the Ver ti 


cal Angle, 


Subſtitute | 
7» 8 


19 


123 


being given, thence to find all the Sides, 


as before. 


þ = 300 


a = the lefler Segment. 


b ＋ 23: d +2e::4:b. 
bb + 2ba = dd + 24 
bh — dd + 2ba = 24e 
2.x = bb — dd = 81000 


— 


pp + aa = ee By Theorem 11. 
xa + 2xba ＋ bbaa __ 
ad * a 
+ 2xba ＋ 6ba 
XX 2 28 94 
* + 2xba + aa = ppdd + ddaa 
 bbaa — ddaa — 2xba = ppdd K 


2xaa + 2xba = ppdd — xx 
aa ＋ ba — A 


_— — 


ppad 


rr 2993. 00 
+3 +V 1+ Lf 1s 
Ppad g 

2 


1 
T* 


184% + ba + 40 = "bb + 


2} "= 226 | 


. = * 'bb + 
21124 = 450 
226 + 2a = 145 the Baſe 

e = 375 = the leſſer Side. 


24 4 + e 780 = the greater Side. 


nate: — > * —— 


* 


The Sum of 


the Segments of the Baſe, and the Perpendicular let fall 5 5 
, eriic 


PROBLEM XIII. 
the two Sides of any plain Triangle, the Difference of 


rom the 


uae —_— „ 
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Vertical Angle upon the Baſe, being given, thence to find the Baſe 
and the Sides. 


| 2 = = 1155 the Sum of the Sides. 

Let 2 4= = 495 the Difference of the Segments. 
3% = 300 the Perpendicular, 

Put 4 a = = the leaſt Segment. 
5le = the leaſt Side. 

Then] 64% + 24 = the Baſe. 

And] 7|s — 2e = the Difference of the Sides. 
81d + 2a:5$::5—2e:d 
Per Fir. 94 — + P =ee 


9g w IIOIV aa & pp =e 
8 "JII|dd + 240 = $5 — 25e 
It + 12125 =5ss dd — 24a 


Suppoſe I3j2x = $5 — dd x g | J 2 
Then 14 29e = 2x — 24a 2 . — — Tee al 


* 


14 + 25]15]e * 
10, 01 — = V aa 
16 * 1702 — oþ die _ = aa + fp | 


; 5s 
1 X Il — 2xda + ddaa = 55a + 55pp 
18 + IIS — ddaa + 2xda = xx — 1b 


113 19200 2*α + 2xda= xx — 1p 

| 20 — 2&õ 121 2 2* — =, Se. as before. 
| 21, hence 22 = 225 

| 22 X 2230/22 = 450 

2 + 3 244 + 2a = 945 the Baſe. 


Io, Num. 25e = 375 the leſſer Side. 4 

1 — 25|26|;—e = 780 the greater Side. ' 

| PROBLEM XIV. 1 

| The Area of any Oblique-angled plain Triangle, the Difference of the 1 
Sides, and the Difference of the Segments Y the Baſe, being given, 

—- = thence to find the Baſe, Sc. : by 
þ A = 1417590 = the Area \ 

of Let * 4 = 405 | $ 
the 3 þ = — 495 9 


| 13 
cal V u Put 4 
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45 = the Perpendicular 
5% = the Baſe. 
6 257 = A 


7 a:d42:::d:b * 
8 ba = dd + 2d: — 
9 
O 


ba — dd = 24e : * 
bbaa — 24dba + dddd = 4ddee 


— 7 4 = u the leſſer Segment of the Baſe. 
Pye — 2a + bb — 


Alt 


Per Fig. 16 0 — 444 ⏑ 2ba +86 

. rey + un ee — — 

10 ＋ 44d|17 thee = aha Fad = 3 

16, 17/18 e. 444 + aa—zba+bb 

3 4 

18 X aa 19 — — 244441 + bla: | 
+ 1 

4 bba* — 2ddba3 + daa = 16 AAad + dada. : 

„ eee . 

20 + 21056. — de. + dig. — ddbba* = 16 AAdd 

16 AA d 


bb — dd 
22 C |23] aaa — ddaa + Add = 16 A4 DD 


bb — dd 
2 na eee 
23 ub 24 aa — 2d = V + 24 


16 AA d 
24 + 14.05 fn 2 L VE 4 


| g 2 : 6 AAdd 
25 w* [26] = 1A VR +34 =945 


21 — 122] aaaa — ddaa = 


140 


_— 


1 


— 


P R O- 
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52 
— 


», 


PROBLEM XV. 


| There is an Oblique-angled plain Triangle, wherein a Perpendicular 


is let fall from the Vertical Angle upon the Baſe ; the leaſt Side and 
the Baſe are given; and the Rectangle of the Difference of the Sides 
into the leaſt Side is equal to the Square of the Difference of the 


Segments of the Baſe : Tis requir'd to find the Segments of the 
Baſe, &c. | 


1 f 1e = 56 = the leaſt Side 
2| B = 92 = the Baſe. 
And] $ja+2-=B 
Put] 4|y = the Difference of the Sides. 
Then] 5| cy = aa by the Queſtion. 
By Figure 6 B: 20 45: : 5: a, for B = a+ 2c 
nw] 7] Ba=29 TI 
5 X 2 8 20 = aa 
7 — 8 9j B — 2aa = yy 
| 
5 © [10] ccyy aaaa 
1 11 __ aaaa 
c 110% = — 
9 11 12034 — 2a 2 
12 X cc 13 cc Ba — 2ccaa = aaaa 
13 — à 140 c B— 2cca = aaa 
14 Þ+ 2cca 15| aaa + 2a = 0B. 


135 in Num. 16] aaa + 62724 = 288512 


The Value of a, in this Ægquation, may be found as in the Ex- 


amples Page 238, viz. by putting r + e = a, &c, as in thoſe 


Examples you will find a = 37,55502, &c. 
PROBLEM XVI. 


The three Chords or Subtenſes of three Arches compleating a $Semicircle 


being each given, thence to find the Diameter of that Circle, 
That is, 


Any Trapezium Bring inſcribd in a Semicircle, if one of its Sides 
be the Diameter, and the other three Sides be given, thence to find 
the Diameter or fourth Side. | | 


U u 2 Let 


Elements of Geometry. Part 111, 


In any Right-angled Triangle, the Area and the Sum of the Hypothe- 
nuſe, when added to either Side, being given, thence to find th: 
Sides, &c. 


Suppoſe ö 


3 13 
This Zquation being ſolv'd as in Exa 
will find a = 8,05581, &c. 


| 


| 


Þ Go D w 


ͤU—ü— — 


— — —— — 


S 


1 
2 
3 
4 
5 
6 
7 
8 . 


132 


1 5 the 3 Sides. 


1 


a = the Diam. ſought 


Draw the two Diagonal 


e and y 


ca + bd = ey. 
aa — bb = yy 
aa — dd = ee 


ccaa + 2bdca + bbdd = eeyy 


By Theorem 19. 
F By Theorem 10 and 11. 


aaaq — bhbaa — ddaa + dd = eeyy 
aaaa — bhaa — ddaa ccaa + 2bdca 


| aaa — bla — dda — cca = 2bac 


aaa — ha — dda — cca = 2bdc 
aaa — 504 — 120 


PROBLEM XVIL 


ae 


— = A = 1350 the Area 


2 
y +e=5s = 120 the Sum, &c. 
Quere a, e, and y 


a 
aa + ee = yy 
5 — '' 


CEE 


mple 2, Page 240, you 


. 


. 


=] 


% - 7 P 4 * * 
e w=Y 
| * * CE REES 


1p 


e. 
he 


11 
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12, That is 


6, 9 11 


12 


v3 


1 5, in Num. 


14 
15 
16 


= 
A 3 44 444 
. Loder ba che 
4 —_L 
a 
aaa = a — 45A 


$a — aaa = 45A 
14400a — aaa = 648000 


The Value of a, in this ÆAquation, may be found as in the third 
Example, Page 241; that is, by making r + e = a, &c. it will 
be found that a = 60. 


PROBLEM XVIII. 


* There is an Oblique-angled plain Triangle, wherein à Perpendicular 
Iz let fall from the Vertical Angle upon the Baſe ; the Sum of each 
Segment of the Baſe, when added ta its adjacent or next Side, and 
of the Triangle, are given, to find the Perpendicular and 


the Area 


each Side. 


AM Þ WW 0D w 


5 = £ =. 1500 
x7 5 600 | Quere y, b, e, and u 
A the Area = 141750 
a = the Perpendicular ſought. 


bb = 2% — 2zy + yy 
un == 55 — 21e — ee 
22 — 22 = aa 

Ss — 25e = aa 

ZZ — aa = 22y 

35 — Aa = 258 


EE — ad. y Having found the Value of & 
_—_— from the 24th Step, e and y will be 
1 — 4242 eaſily found by theſe two Steps, 
F and 6, u, by the gth and 10th Step. 
YE — aa 29 e y+e 
2% 25 


6, 19 
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* = 


* = 


R — aa 85 — aa 2A 
6 1 20 — 
" T 5 15 25 a 
a A — Za 
20 18 22 — aa + — F — OE 
a 
A 
of Op 8 ZZ5 — 4% + 285 — Zan = 
a 
22 Xx 4 23|225@ — 5aaa + zs — Zana = 4% As 


23, Numb, 24 '9000004 — aaa = 243000000 
Here a = 300 found as in the laſt Problem. 


— — — 


PROBLEM XIX. 


There is a Right-angled Triangle, wherein a Right-line is drawn pa- 
rallel to the Cathetus ; there is given the Cathetus, that Segment 
of the Hypothenuſe next to the Cathetus, and the alternate Segment 
of the Baſe ; thence to find the Baſe, &c. 


viz. Let] 150 =20;c = 24, and h= 15 
Then] 2]b + a = the Baſe, Quære a 


Here 


— — — 


b+a:c::a:e per Figure. 


3 

And] 4|aa + ee = hh per Figure. . 

5 N 5 ca 8 + C 
3 5 „ 

2 | ccaa 5 * 
3 6 BF 2batas — © * ET TIT 
4 — aa 7|hh—aa=ce 
b, 7 8 —.— — bh — 44 


| 6b 2b +aa 
* 9] ccaa = hhbb — bbaa + 2hbba — 2ba* ＋ hhaa — 4 
+ [10] a+ + 2baaa + ccaa + bbaa — bhaa — 2hhba = bil 


That is, [III aa + 40aaa + 75 144 — 90004 = 90000 


— 


—__w 


For a Solution of this Æquation, let it be made 


aaaa + taga — caa — da = „ Fb = 40 „ = 751 
Put r + e = a Vie SZ Loo 'G = pooed 
r + 4rrre + brree = at 
| brrr + 3brre + 3bree = baaa | — 2 — 
Then err + 2cre ＋ cee = caa = & = go000 
\ — dr — de = — da 
Letr = 10 


| | Then 
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＋ 10000 + 4000e + Gooee 
Then 0 40000 -+ I2000e + 2 G = 90000 


+ 75100 + 150208 + 75 lee 
— 9000 — YOOOe | 


That is, 35100 + 22020 + 2551ee = 90000 
Hence it will be 22020e + 255 lee = 54900 
Conſequently, 8,63e + e = 21,52 = D 
3 
d 353 F. = 


Operation, 8, 63) 21.52 © A hone} 


0 
1. Diviſor = 10 1,52 Firſt r = 10 
2. Diviſer = 10,7 1,07 + e= 2,1 


45 &c, r + e = 12,1 = fora ſecond 
Operation, which being involv'd, and multiply'd into the Co. Mci- 
ents, as before, will produce theſe Numbers : 
+ 21435,8881 + 7086,24e + 878, 4bee 
＋ 70862,4400 + 17509,20e + * 0 


+ 109953. 9 100 ＋ 18174, 20 + 75, ooce 
— 108900,0000 — ooo, ooe 


| Viz. 93352,2381 — 33829,64e + 3081,46es = 90000 | 
| Here, becauſe 93352,2381 7 90000 therefore 12,1 7 a, and f 

WH therefore it muſt be made 7 — . = 9, which will produce the ſame 

| Numbers, only all the ſecond Siggs muſt be changed. 

Thus, 93352,2381 — 33829,64e + 3081,46ee = 90000 from 

| whence will ariſe this Aquation - 

1 + 33829,64e — 308 1,46% 3352, 2387 

1 Conſequently, 10, 97846 — ee = 1, 08787332 = D 

Operation, 10,9784) 1,08787332 (o, 999 = e 

; == 6 S,0099. : 9795 


I. Diviſer 10,888 108673 Laſt r = 12,1 


ME PE —— —— 


„„ D, 10899 gg —e= 0,099 
3. Dwviſer 10,8785 1076232 r — e = 12,0001 =e 


979065 


&c. 
PRO B L.E M. XX. ; 

In the Obligue. angled Triangle CAD, there is given the Side AD, and 
the Sum of the Sides AC + CD; alſe within the Triangle is given 
1 the 


en 


1 
- l 1 E 4 —— 8 - FY 2 
e, e. SID. © RE EI I SOT. = . 


_ 
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the Line AB perpendicular to the Side CA; thence to find the Side 
CA, &c. 

C4 +CD=1=55 - 
Let) SY1D=#= 12 | p 
4B = 5 = 27 4 
And] 4|CA = a ſought. 
Then] 5|[s —a= CD 
| 2 — 
Suppoſe] the Line D F 5 n 
parallel to AB ; CA being produced to F 
Then] [ACA B and ACFD will be alike. 
And] 6[BC: CA:: DC: CF : 
But] 5|BC=4/ bb + aa. Let AF=e, and FD =y 
6, 7| 8/v/ b baa:a::s—a:a+e 
$a — 22 . 
e 9 vy :bb + aa © 2 
5 * 1055 — 25 ＋ 4 = DO CD 
Per Fig.|11]55s — 25a + aa=aa+2aecee+yy=OCF+DOFD 
IT — 441200 — 25a = 2ae+ ee ＋ yy 
But|13]dd = ee + y= DO AF+ 0 FD 
12 — 13146 — 25a — dd ⁊ae 
Let|15|2x =55s —dd 
14, IS|16|x — ag ae 
16 — a 17 DF _ 
a 
17 + 44018 Z 
naa — 214 a ; 
9 © I9 r- 
18 * 20 — — EXE r 
aa — 25444 + a 
bb b aa 
199 wo 21 1 2x5 + 2xaa ＋ aa — 2583 þ @+ 
aa 


This A quation being brought out of the Factions, and into 


1 


Numbers, will become — 20183. + 12540943 — 2464230, 254 

+ 35468307 = 274183922, 25; which being divided by 2018, 

the Co-efficient of the higheſt Power of a, will be — at + 62,145 

62? — 1221,125a* + 17575,96974 = 135869, 138875, * 8 
| n 


* N : . 5 © San Pe . 0 ö : N 3 2 4 . . . 
n . Kee « 3 * DT Vs ol bd n F CY, os 
WW. a aut Groot 1 


— 
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And from hence the Value of a may be found, as in the laſt 
Problem, due Regard being had to the Signs of every Term. 


This Work of reducing, or preparing Afquations for a Solution 
b / Diviſion, hath always been taught both by ancient and modern 


| Writers of Algebra, as a Work ſo neceſſary to be done, that they 
| do not ſo much as give a Hint at the Solution of any adfected Aqua- 


tion without it. 

Now it very often happens, that, in dividing all the Terms of an 
Aquation, ſome of their Quotients will not only run into a long 
Series, but alſo into imperfect Fractions (as in this Equation above) 


which renders the Solution both tedious and imperfect. 


To remedy that Inperfection, I ſhall here ſhew how this Ægua- 


tion (and conſequently any other) may be reſoly'd without ſuch 
Diviſion or Reduction. 


Let b = 2018. c = 125409. d = 2464230, 25 
Ff = 35468307. And G = 274183922,25 
Then the precedent Equation will ſtand thus: 
— baaaa + caaa — daa + fa = G 
Put r e =a as before. 


* Arte — Gree = — ba* 


Taw CTIA =re lg 


— drr — 2dre — dee = — daa 


+ ff TW... . . = + fa 
This is plain and eafily conceived, The next Thing will be, 


| how to eſtimate the firſt Value of r; and, to perform that, let G 
| be divided by 3, only ſo far as to determine how many Places of 
| Whole Numbers there will be in the Quotient; conſequently, how 
_y Points there muſt be (according to the Height of the Aqua- 
| Hon, | 


Thus þ = 2018) G = 274183922, 25 (130000 
2018 


—U — — — 


7238, &c. 


Now from hence one may as eaſily gueſs at the Value of r, as if 
all the Terms had been divided. That is, I ſuppoſe r z= 10, 
which being involved, &c. as the Letters above direct, will be 

XX 220880000 
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— 


nnn 


+ 125409000 + 37622700 + 37622 ee 
— 240423025 — 49284605e — 2464230, 25ee 
+ 354683070 + 3546830707 _ | 
Viz. 213489045 + 157 34402e + 87239, 5ee = 2741839 &c, 
Hence 157 34402e + 87239,75e = 60694877,25 
Conſequently, 180,3e T ee = 695,72 = D 


And 


— 20880000 — 8072000e — 121080 e- 
* 


= 
180,3 Te 
Operation. 180, 3) 695,72 (3,7 =e 
+=, % 549... © 
1. Diviſor = 183 146,72 Firſt r = 10 
2. Diviſor = 184,0 128,80 + 1 = 7 
&c. r+e=13,7 =r fora 


ſecond Operation, with which you may proceed, as in the laſt 
Problem, and ſo on to a third Operation, if Occaſion require ſuch 
Exactneſs. But this may be ſufficient to ſhew the Method of re- 
ſolving any ad/e&ed Aquation, without reducing it; which is not 
only very exact, but alſo very ready in PraQtice, as will fully ap- 
pear in the laſt Chapter of this Part, concerning the Periphery and 
Area of the Circle, &c. wherein you will find a farther Improve- 


ment in the Numerical Solution of High Equations than hath hither- 
to been publiſh'd. Ws | 


——— 


1uü:üüĩ —_ * — — 


S 


Practical Pꝛoblems, and Rules for finding the Superficial 
Contents, or Area's of Right-lin'd Figures. 


Efore I proceed to the following Problems, it may be conve- 
nient to acquaint the Learner, that the Superficies or Area of 
any. Figure, whether it be Right-lin'd or Circular, is compos'd ot 
made up of Squares, either greater or leſs, according to the diffe- 
on Meaſures by which the Dimenſions of the Figures are taken ot 
meaſur*d. | 
Thar is, if the Dimenſions are taken in Inches, the Area will be 
compos'd of ſquare Inches ; if the Dimenſions are taken in Feet, the 
Area will be compos'd of ſquare Feet; if in Yards, the Area will be 
fquare Yards; and if the Dimenſions are taken by Poles or Perch* 
(as in ſurveying of Land, &c.) then the Area will be /quare Perches, 


&c. 


rallelagram AB CD. This is ſo evi- 
dent by the Figure only, that it necds no Demonſtration. 
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&c, Theſe Chings being underſtood, and the Definitions in tl e 


283d and 284th Pages well conſider'd, will help to render the 
following Rules very eaſy. 


P RORNLEM I. 


To find the Superficial Content, or Area of a Square ; or of 


any Right-angled Parallelogram. 


| por s ; Mul:iply the Length into its Breadth, and the Product will 


be the Area requird. (See Lemma 1. Page 302.) 


| Example, Suppoſe the Line AB = 6 A 6 B 

F Yards, and the Breadth AC or B D 1 | 

| = 23 Yards, then AB Xx AC = 6X3 7 ESA 
= 18 will be the Number of ſquare — 1 7 

| Yards contain'd in the Area of the Pa- C— — D 


PROBLEM II. 


| To find the Area of any Odblique-angled Parallelogram, viz. 


either of a Rhombus or Khomboides. 


| Nos. Multiply the Length into its perpendicular Height (ar 


Breadth) and the Product will be the Area requir'd. 
That is, the Side A By B P = the Area of the Rhombus ABCD. 


| For if BP be drawn perpendicular to CD, 
| and AG be made parallel to BP, then 


xXBP =D ABGP. Therefore AB X 
BP, or CD Xx BP = the Area of the 
Rhombus A BCD. 


A F B 
wiGC=2P7DandGP=.CD. Con- - : * 
ſequently A AGC = A BPD, and © : 
ABGP = Rhombus ABCD. But AB : : 

8.5 — 


Example. Suppoſe the Side AB = 23 Inches, and the Perpendi- 
cular B — 17, 5 Inches (being the ſhorteſt or neareſt Diſtance be- 
tween the two Sides, AB and CD.) then ABX BP = 23 X 175 
—= 402,5 ſquare Inches, being the Area of the Rhombus required. 

The like may be done for any Rhomboides whoſe Lergth and per- 
benaicular Breadth is given. 

X x 2 PRO- 
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PROBLEM III. 
To find the Superficial Content, or Area of any plain Triangle, 


Every plain Triangle is equal to half its circumſcribing Paralle- 
logram, (41. e. I.) which affords the following Rule: 


Multiply the Baſe of the given Triangle into half its perpen- 
RULE, 4 Height, or half the Baſe into the whole Perpendi- 
cular, and the Product will be the Area. 


That is, B DN CP, or: BDXCP = Area erf A BCD, 
Fer SC = BP, FB =CP, 
and BC 1s common to both AA; 
therefore G ABC = A BCP, 
and for the like Reaſons A CFD ; 
=ACPD. Therefore A BCP 1 D 
+ ACPD =! © Aeg. 


Conſequently BDI CP, or BDX+ CP will be the Area of 
ABCD. 


Example. Suppoſe the Baſe B D = 32 Inches, and the perpen- 
dicular Height C P = 14 Inches. | 


Then BDXCP = 16% 14 = 224. OD DNA? 


ras Mah, 


P 


FN 32 X 7 = 224. Or thus, 32 X 14 = 448. Then 2) 448 (224 


= the Area of the Triangle BCD in ſquare Inches. 


PROBLEM IV. 
To find the Superficies, or Area of any Trapezium. 


Firſt, divide the given Trapezium into two Triangles, by draw- 
ing a Diagonal from one of its acute Angles to the oppoſite Ang/:; 
and let fall two Perpendicular { from the other twa Angles) upon the 
Diagonal, as in the following Figure, Then | 


Multiply half the Diagonal into the Sum of the two Per- 
RULE. j penatculars, or half the Sum of the Perpendiculars into the 
Diagonal, and the Product will be the Area. 


That is, 2 A Cx BP+ ED. Or AC Xx: BP+IED= 
Area of the Trapezium AB CD, - 


For the A ABC is Half its circumſcribing Parallelogram ; and 


the AAC is alſo -_ of its cir cumſcribing Parallelogram, as batÞ 
been prov'd at the laſt Problem. 


/ 


Conſequently, 


d 
h 


57 


| as above. 


| pendiculer E D = 14 Feet. Then 
LL SE+ ED =; 29 Fer, and--- D 
| BP + EDX AC= 29 X 16,5 


gles, as in the annexed Figure ABCD 
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Conſequently, BP + AHD AC, or. x BP + +EDXAC 
will be the Area of the Trapezium, 


0 


Example. Suppoſe the Diagonal 
AC = 33 Feet, and the Perpendi- 
cular BP = 15, Feet, and the Per- 


1e 


= 478,5. Or CxiBP+iED= Zz NX = 478,5. Or 
thus, 29 X 33 = 957. Then 2) 957 (47525 any of theſe Pro. 
BCD. 


| duds are the Area of the Trapezium A 


PROBLEM V. 


To find the Superficial Content or Area of any irregular Polygon, or 
many fided Figure, which by ſome Au- 
thors is call'd a Triangulate, becauſe (as 


1 ſuppaſe it muſt be divided into Trian- 


FG; by which it is evident, that the 
Sum of the Area's of all thoſe Trian- 
ples, found as in the laſt Problem, &c. 
will be the Area of their circumſcribing 
Polygon. | 


PROBLEM VI. 


To find the Superficies, or Area of any regular Polygon, viz. of 
any regular Pentagon, Vt ragon, Hepragon, Octagon. &c. 

Multiply half the Sum of its Sides into the Radius 

of the inſcrib'd Circle, or half the ſaid Radius inte 

the Sum of the Sides, and the Product will be the 
Area required. | 

That is, 43 + BD+DE+EF+FG+GHA+HKS+KA, Ve 


2 


General RULE. 


= the Area of the annexed Octagon; wherein it is evident, t at its 


Area is compos'd of ſo many equal Iſeſceles Triang/es as t e e are 
Numbers of Sides in the Polygon, viz. of eight Ijoſceles Iii ung, 
whoſe Baſes are the Sides of the Oftagon, viz. AB=BD=—=DE 
&c. And the Sides of thoſe Triangle CA, CB, CD, &c. ore ihe 
Radius's of the circumſcribing Circle; and their perpendicular 
Heights, viz, PP, is the Radius of the inſcril'd Chi chi. 

But 

, 


=. 197.40. TS 233 — wo gw 1 2 24 YZ 


-—— AR; 


2 = _ - 2 = — 
POR *,t 4 = 4 2 A ©, <—_ 


> —— & > - 
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But the Area of any one of thoſe Triangles is 1 AB X CP 
by Problem 3. Conſequently the 
Sum of all their Area's will be 
CP into half the Sum of all their 
Baſes, as above. 

This, being equally evident in 
all regular Polygons whatſoever, 
makes the Rule general for find- 
ing their Area's 

Now, becauſe it is requir'd to 
have the Radius of the propos'd 
Polygon's inſcrib'd Circle, I ſhall 
here inſert (and demonſtrate) the 
Proportions that are between the 
Sides of ſeveral regular Polygons and the Radius's both of their in- 
crib'd and circumſcribing Circles; the one will help to delineate or 
projet the Polygon (if Occaſion require it) and the other will help to 
find its Area, 


And Firſt, Of an Equilateral Triangle. 


The Side of any Zquiateral plain Triangle is in Proportion to the 
Radius of 
Circumſcribing Circle, 0, 57735027 &c. 
i Cas 1: Tod 


Inſcrib'd Circle o, 28867513 &c. 
Perpendicular Height, 0,86602540 &c. 


AB:CD::1: 0,57735027 
i. e. 14556 2: 1: 0, 28867513 
AB: AG: : I: o, 86602540 


Demonſtration. 


Let AB B D 1, then will BG 
= G D So, 5; but UAB — BG 
= 0 AG by Theorem 11. That is, 1 


pn e 0,25 — 0,75 — U AG, conſe- | ot env 
quently, 4/ 0,75 = 0,86602540 = 4G: H 
Then 4G: AB:: AB: AH, by Theorem 13, that is, o, 8660254: | 


I::1:1,15470054 &c. = AH, then + AH 0,57735027 = 
AC. Again, 4G: DG:: DG: CG, that is, o, 8660254: 0,5: : | 
o, 5: 0,28867513= CG. Q. E. D. 
Now, by the Help of the Firft of theſe Prepertions, it will be | 
eaſy to reſalve the following Problem. 9 
PR O- 
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PROBLEM VII. 
The Side of any Equilateral plain Triangle being given, to find its Area. 


Example. Suppoſe the Side of the propoſed Triangle ABC 
to be 25 Inches, viz. AB = BC=CA= 25 


Firſt I : 0,8660254 :: AB = 25 : 21, 650635 by 

= BP by Theorem 13. Then AP (= iC : % 

A) x BP = the Area of A ABC by Rule = 

to Problem 3, that is, 12,5 X 21,650635 = ; * 
270, 6329 the Area in ſuare Inches, il % 


Or this Prablem may be otherwiſe reſolv/d thus: 4 P +) 
Lt APE AC.  Fhen 25 = FB. But 
AB - AP U BP. By Theorem 11. That is, 4bb — 
bb = 3bb = U BP. Conſequently,  34b = BP, Then 5 


vV 3b = BPX, AC. viz.  36bbbbX 4 3 = the Area of the 
Triangle, | 


Secondly, For a Pentagon, 


The Side of any Pentagon is in Proportion to the Radius of 
Circumſcribing Circle, o, 8 5065080 &c. 
its ö " 1 To 


Inſcrib'd Circle, 
Perpendicular Height, 


0,08819096 &c. 
1,5 3884176 &c, 


AB: AC : : 1: 0, 85065080 
Viz 14 CH:: I: 0,68819096 
AB: AH: : 1: 1, 53884176 


Demonſtration. 


Let AB = 1. And draw the Di- * 
agonals AD, AF, and DG, which * 
will be egual to one another, Then will 
AGXDF+ ADXGF= AFx DG . oace® 

by Theorem 19. Conſequently, AG & GC 
DF=AFxXDG:— ADXGF, that is, UAB U AD: — 
ADXGF= 1 (becauſe AB = AG = DF, and AD = AF= DG) 
hence it will be A D = 1, 61803398, then 0g AD — DO DH = 
AHby Theor.11. But DH = AB, therefore / [) AU—;00 AB 
=A H=1,53884176. Again, AH: AD: : AD: AX =2AC. 
For A AHD and A ADX are alike, 


Ergo 
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Ergo . = 240 = 1,0130161. Hence AC = 0,85065080 
But AH— AC=C H= o, 68819096, &c. Q. E. D, 
From hence it will be eaſy to reſolve the following Problem. 


PROBLEM VIII. 7 
The Side of any regular Pentagon being given, to find its Area. 


Example. Suppoſe the given Side to be 15 Inches long, then it 
will be, as I : 1,53884176 : : 15: 22,0826264 the perpendicular 
Heigbt; and by the general Rule 22 ,0826264 x * = A DOR Me 
the Area requir'd. | 


Thirdly, For an Octagon. 


The Sid, of any regular Oftagon is in Proportion to the Radius i Wl 
1; 4 Circumſcribing Circle, As 1 : to 1, 30556296, Cc. \ 

1 N Circle, As 1 : to 1.207 10678, Ec. 
3 7 BA: CA:: 1: 1, 30656290 
* 14: CP:: 1: 1,2010678 q 


Demonſtration. 


\A Draw the Right Line DB, and 

from the Paint "> let fall the Per- 

pendicular B x upon the Diameter / 
DA. l 


Then wil ADB Aand ADB 
be alike, by Nn, 10 and 12. N I 
1 1 8221 4 A 1 
b BD. and y = Bx | 
Then] 1[2a:5::e:y. viz. DA: BA:: : DB: Bx | 43 
I „A2 = = —=DB FT 
2 6+ Cows 03 | 
4409), __ ; 
But 4 6 — 3 
That is | 5 VDA DO DB = o BA. By Theorem 11. + 
4 X 4bbaa — 4aayy = bbbb 
1 688. For Cx = B x 
San | | and C B= = 1 


5,6 


I "I ( 


13 us? 14. a2 — 46b = 1,20710678, &c. = CP. 


ö V. 134. CP: : 1:1, 53884176 


| Let = DB, and y = Bx 
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„ 6] ib -- =. Or 2 4% =—bb 


— 2 Sa — 2bbaa = — 26+ 


122 
* 8C O g9jat —2baa + = — 14+ 2 


und [IOI — bb = yf/ bt 


' 10+B[11]aa =bb + yf 24+ 


11 w* 12a == : bb + 5 =1, 306 56206. &c. = CA 
Then 13a — CP, viz. OC H- HP = OCP 


— 


From hence twill be eaſy to find the Area of any Octagon. 
PROBLEM IX. 
The Side of any regular Octagon being given, to find its Area. 


8 Suppoſe = Side given to be 12 Inches long ; Firſt, 
$1: 1,20710678 :: 12: 1448528536 = the Radius of its in- 


f 8 4 Circle ; then 8 5 4 = 48 is half the Sum of its Sides, 
and 48 X 14,485 28 136 = 695, 2935 the Area required, 


Fourthly, For a Decagon, 


| The Side of any regular Decagon (viz. a Polygon of ten equal Sides) 


is in Proportion to the Radius of 


N I Circumſcribing Circle, as 1: to 1,61803398, &c, 


Inſcrib'd Circle as I :tO 1, 53884176, &c. 
7. CA:: 1:1, 61803398 — a 


Demonſtration. 
45 — BA= TI. a CA 


| — — Sh » 
„ — 


Then I N 
at is., DA: BA:: DB: Bæ 
2ay = be 
IRE > 
But] 325: e: : 1,61803390- See Pentagon. 
12 3 be _ 1e 
47518653378 © a Re” 
4 = 1e] 5[1,61803398 =a = C4 
A . 6 aa — bb = — CP. 
on 1%. CFS PF = CP. By Theorem 11. 
That is 71 2561803398 — , 25 — - 1453884176 = CP 


Yy K O- 


— 
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PROBLEM-X 
The Side of any regular Decagon being given, to find its Area: 


Example. Let the given Side be 14 Inches long ; then, as 
1: 1,53884176 :: 14: 21,543784 = the Radius of the inſcrib'd 
Circle; and 14X5 = 70 is half the Sum of its Sides, Laſtly, 
21,543784 X 70 = 1508,96488 the Area requir'd. 


Fifthly, For a Dodecagon, 


The Side of any regular Dodecagon (viz. a Polygon of twelve equa! 
Sides) is in Proportion to the Radius of 


Circumſcribing Circle, as 1: to 1,93185165, &c, 

115 ö Inſcrib'd Circle as I: to 1,8600320 12, &c. 
7 BA: CA:: 1, 3185 165 
: E 


Demonffration. 
Let = BAS I. a = (Aas before 
And e =x4; then a —e = Cx 


n. 


Fig 89.8 Rie wa ee 
Fus, ; By Figure, 
But Bx =ijCA=ta 
2 8 O Bx = Laa 


I 
2 
3 

. 3] 4% — fan D ee 
5] — 14 d ee 
6 


aa — i aa = aa — 2ae + ee 
V1, OCB — 0 Bæ = 0 Cx 
5 X 2a] 7 244 bb — 144 = 2ae | 
4 — 7 8]bb—jaa—2a4 bb — aa = ee — 2e 
75 81 9 aa — fa = d + bb— 44a — 24 y bb — 14 
9 101 24 . bb — 4 4a = 60 
10 G [11] 4bbaa — aaaa = b+ 
11 — 12 aaaa — 4bbaa = — b* 
| I 2, C Q113] aaa2 — 4bbaa + 44+ = 3b+ = 3 
1 . 14% — bb=y 3 =1,7320508075 
14 + 235/1504 = 2bb + N 3 = 3,7320508075 
16 a =v 3,7320508075 1, 93185165 = CA 
Again 174 — 4% =OCP. viz. UC, — 0 PF = UCP 
47 Hence|18, CP = aa— 1535 1, 86632012. Q. E. P. 


Con- 


— ——— 
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Conſectary. 
Hence if the Side of any regular Dedecagon be given, the Radius 
of its inſcrib'd Circle may be eaſily obtain'd, and thence the Area 


* found; as in the laſt Problem. 


The Work of the *foregoing Polygans, being well conſider'd, 


will help the young Geometer to raiſe the like Proportions for others, 
if his Curioſity requires them: And not only ſo, but they will 
alſo help to form a true Idea of a Circle's Periphery and Area, ac- 


cording to the Method which I ſhall lay down in the next Chapter 
for finding them both, 


—ͤ—ͤ 


I. 


A new and eaſy Method of finding the Circle's Periphery 
and Area to any aſſien'd Exattneſs (or Number of Figures) 
by one Aquation only. Alſo a new and facile Way of 
making Natural Sines and Tangents. 


LE T us ſuppoſe (what is very eaſy to concerve) the Circle's Area 

to be compos'd or made up of a vaſt Number of plain Iſaſceles 
Triangles, having their acuteſt Angles all meeting in the Circle's 
Center. And let us imagine the Baſes of thoſe Triangles ſo very 
ſmall, that their Sides and their Perpendicular Heights, viz. the 
Radius's of their circumſcrib'd and inſcrib'd Circles (vide Pro- 
blem 6.) may become ſo very near in Length to each other, as that 


they may be taken one for another without any ſenſible Error: 
Then will the Peripheries of their circumſcribing and infcrib'd 


Circles become (altho' not co-mecident, yet) ſo very near to each 


other, as that either of them may be indifferently taken for one and 
the Game Circle. | 


But how to find out the Sides of a Polygon (viz. the Baſes of 


| thoſe Tſoſceles Triangles) to ſuch a convenient Smallneſs as may 


be neceſſary to determine and ſettle the Proportion betwixt a Cir- 


| Cle's Diameter and its Periphery (to any aſſign'd Exatineſs) hath 
| hitherto been a Work which requir'd great Care and much Time 

in its Performance; as may eaſily be conceived from the Nature 
| of the Method us'd by all thoſe who have made any conſiderable 


Progreſs in it, viz. Archimedes, Snellius, Hugenius, Matius, Van 


| Culen, &c. Theſe proceeded with the biſecting of an Arch, and 


found the Value of its Chord to a convenient Number of Figures 
SET. 1 2 at 


n — 9 LES — 


of Geometry. Part III. 
at every ſingle Biſection, repeating their Operations until they had 
approach'd to the Chord deſign'd. 

And this Method is made Choice of by the learned Dr. Wallis 
in his Treatiſe of Algebra ; wherein, after he hath given us a large 
Account of the different Enquiries made by ſeveral (very eminent 
in Mathematical Sciences) in order to find out ſome eaſier and more 
expeditious Way of approaching to the Circle's Periphery, as in 
Chap. 82, 84, 85, $6, and ſeveral other Places, he comes to this 
Reſult, (Page 321.) | 

« *Tis true, ſaith he, we might in like Manner proceed by con- 
<« tinual Triſection, Quinquiſection, or other Section, if we had 
& for theſe as convenient Methods of Operation as we have for 
c BiſeCtion : But becauſe Euclid ſhews how to biſect an Arch 
& Geometrically, but not to triſect, &c. and the one may be done 
& Agebraically) by reſolving a Quadratick Aquation, but not 
ce thoſe other, without Equations of a higher Compoſition, | 
e therefore make Choice of a continual Biſection, &c,” 
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And then he lays down theſe following Canons : 


The Subtenſe of 5 x [into 6 
of + V : 2—y 3 into 12 
of r 4/:2+4/ :2+4/ 3 &c. 24 
of 38 V :2—V :2+v :2+v/3| #48 
of 55 V :2—vy/ :2+4/ :2+v/ :2+4/3] 9 


& o. :2—vV:2+v/ :2+v/ :2+v/ :2+v 3 192 
MV: 2—Vv:2bHv:2+v:2+v:2+v :2+v/ 3 384 
v:2—v :2+/ ann :2+4/3) 768 
, C. 5 


| How tedious and troubleſome the Work of theſe complicated Extrac- 

tions is, I leave to the Conſideration of thoſe, who either have had 
Experience therein, or out of Curioſity will give themſelves the Troubli 
of making Trial. 

Again, in Page 347, the Doctor inſerts a particular Method pro- 
poſed by Libnitius, publiſh'd in the Acta Eruditorum at Leipfich, for 
the Month of February 1682, in order to find the Circle's Area, 
and conſequently its Periphery, which is this : 

AS1:t04—3+ 1 - + 32, +5 —&+ 5; — 75, &c. 
jufinitely : : ſo is the Square of the Diameter to the Circle's Area. 
But this convergeth ſo very lowly, that it is not worth the Time 
to purſue it. 

I ſhall here propoſe a new Method of my own, whereby the 
Circle's Periphery, and conſequently its Area, may be 23 
2 infinite? 


will be 4B = BZ = 2 D. 


» 
FY 


IL 
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| infinitely near the Truth, with much greater Faſe and Expedicion 
khan either that of Biſection, or that of Libnitius, as above, or any 
| other Method that I have yet ſeen; it being pertorm'd by reſolving 
only one #quation, deduced by an eaſy Proceſs from the Property 
of a Circle, (#nown to every Cooper) which is this: 


The Radius of every Circle is equal to the Chord of one ſixth Part of 
| its Periphery. That is, AD = DH = HG, the Chords of one 


third Part of the Semicircle, are each equal to AF its Radius. Then 
if the Arch 4D be triſected, it 


e AD 


| R=AF=1 
Let ] 
a = AB, Quarea. 


1 


Then R.: F. Bi * | = 


And} 2 R:: R— . 24 


That is, 3] FB: BZ :: Fe: ex = AD— 23 
| For] | A AFB, and A BAe, are alike. 

| And AB = Ae = Ox, &c. 

ö 2 . 4 Kc — 2Ra = Ra 

| 4X &c.] 5 3 R' — aaa = RRc.. That is, 34 — aa = 1 
Here a = the Chord of 2 Part of the Circle. 

I For 3 of 3 = 1 


_ — i — —_— — — — 


| Next, To triſect the Arch AB, 

Let| 1/2y —y* = a the laſt Chord. 
227) —27 + gf —Y = 

1X 3] 3% — 3 34 
4 


% — 397 + 27 — 0 +Y = — 25 2 1 
f Here y = the Chord of r Part of the Circle. 


Again, To triſe the Arch whereof y is the Chord. 
I | 3 —&=y © 


* 


2 27a — 2745 + 947 — a? = y3 


3 


24345 — 40547 ＋ 27049 — o o+ 1545 N 
I 


wo wy 4 2 
7 
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7 ; 2187 al — 51034? + gT03at! * 28 35a * 

I @- + 0454's =? 
196834? — 59049 + 787 3203— 

1 5 1a 9 7873 


3 9 61274 — 943 = gy 


2 X 30 7|810a3 — 8109) + 27047 — 3oag = 30y? 
* 17 1 — 10935 + 729049 — 2430 
G5: 7 405a'3 ＋ 2745 = 2755 
196834 — 4592749 + 45927 — 
3 1 25515 + 8505a"s 2 y | 
1 274 —819a5 + 73716 — 308880” + 
+8—9 10 ö 72930 — 1074064": + == 1 
+ 5 104652473 — 69768"? 


Here a = the Chord of , Part of the Circle. 


— — 


Proceeding on in this Method of continually triſecting the Arch 
of every new Chord, and ſtill connecting the produced Æquatim 
into one, as in the two lat Triſections, twill not be difficult to ob- 
tain the Chord of any aſſign'd Arch, how ſmall ſoever it be. 

Now, in order to. facilitate the Work of raifing theſe Æquatim 
to any conſiderable Height, *twill be convenient to add a few uſeful 
Obſervations concerning their Nature, and of ſuch Contraction 
as may be ſafely made in them ; which, being well underſtood, will 
render the Work very eaſy. 


I. I have obſerv'd, that every Trifection will gain or advance one 
Figure in the Circle's Periphery, but no more. Therefore ſo mam 
Places of Figures as are at firſt deſign'd to be perfect in the Periphery, 
fo many Triſections muſt be repeated to raiſe an Aguation that will 
produce à Chord anſwerable to that Deſign, 


2. J have alſo found, that all the ſuperior Powers (of a) whuſe 
Indices are greater than the Number of Triſections, (viz. whoſe In- 
dices are greater than the Number of deſign'd Figures) may be wholly 
rejected as infign. ficant. 


3. When once the Number of Triſections, and thence the higheſt 
Pawer (of a) is determined, the third Proceſs (viz. the third I riſec- 
tion) may be made a fix'd or conſtant Canon; for by it, and Aullipli- 
catian only, all the ſucceeding Triſectians (how many ſoever they are) 
mad) be compleated without repeating the ſeveral Inuolutions, ; 


„„ fe « a» |Þ_K® 
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4. In raiſing and collecting the Co-efficients of the ſeveral] Powers 


| (of a) *twill be ſufficient to retain only ſo many ſignificant Figures (at 


a) as there is deſigned to be Places of Figures in the Periphery (or at 
moſt but two more) and every ſucceeding ſuperior Power may be allow'd 


to decreaſe two Places of ſignificant Figures: But herein great Care muſt 


be taken to {20 the Places, of thoſe Figures that are omitted, with 
Cyphers, that ſo the whole and exact Number of Places may be truly 
adjuſted ; otherwiſe all the Work will be erroneous, 

Now the Number of thoſe ſupplying Cyphers may be very conveniently 
denoted by Figures placed within a Parentheſis, thus : 576 (8) a, 
may ſignify 5760c00000043, as in the following Æguations. The 
like may be done with Decimal Parts, thus: (,7)658 may ſignify 
,0000000658, &c. which will be found very uſeful in the Solution 
of theſe and the like Aquations. | 


The aforeſaid Contractions may be ſafely made, becauſe both the 


| ſuperior Powers of a, which are rejected; as alſo thoſe Numbers 


that are omitted in the Co-efficients (and ſupply'd with Cyphers) 


would produce Figures ſo very remote from Unity, as that they 
| would not affect the Chord deſign'd; that is, they would not affect 

the Chord in that Place wherein the deſign'd Periphery is concerned 
as will in Part appear in the following Example. 


If theſe Directions be carefully minded, *twill be eaſy to raiſe an 


* A#quation that will produce the Side of a regular Polygon, whoſe 
Number of Sides ſhall be vaſtly numerous, conſequently infinite! 

| ſmall: But, I preſume, *twill be ſufficient for an Example to find 
the Side of a Polygon conſiſting of 258280326 equal Sides; that is, 
if I find the Chord of 8 t Part of the C:rcle's Periphery, and 


25 828042 


that requires but /ſixtzen Triſections, which being ordered, as before 
directed, will produce this #quation. 


430467 214332360 1794869686124 
776983765 31997 14% 84912185 328410354 [ 
+ 54033331143! 5004 23008 3348 (66) a¹ _ 
＋e8 3098879) — 1507 209 4)all 


Here the Value of à will have 23 Places of Figures true; that 


is, the Sides of the inſcrib'd and circumſcrib'd Polygons will be exactly 
| the ſame to 2 3 Places. of Decimal Parts, but no farther ; all which 
may be eaſily obtain'd at two Operations, And for the firſt, *twill 


ſufficient to take only three Terms of the A. quation, which will 


| admit of being yet farther contracted, thus: 


Let 


* 
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Let 430407214—3323601794( 12) 5 _, 

776983765027) 
And let + e = @; then rejecting all the Powers of e, that ariſe It 
by Involution above eee, 


It will ber3 + 3rre+ 3ree + ete aaa P 
Andr5 + 5r*e + 10riee + 1Orreee = 65 u 
Then the firſt ſingle Value of » may be thus found: p 


43046721) 1,00000000 (,00000002 == r 
This ,00000002 = r being duly involv'd, and its Powers mul- 
tiply'd into their reſpective Co-eficients, will produce n 
＋. 86093441 ＋430467 215 
—,02058881— 3988322e—199436(9)e—3324/18)e =13 
+,00024635 + 61587e+ 6159 (9) 308(18)eee 


viz. ,$3459196+39119986e— 193257(9)-e—3916(18)eee=! 

Hence 39119986e— 193257(9)&&—3016(18)e=0,165 40804 
All the Terms of this laſt Æguation being divided by 193257 (9) 

the Co-efficient of ee, it will then become 

0000002024 e — ee —, 156 (5) eee =, o0000co000c000085 58968 = Þ 


If 
Conſequently, } . e 


»0000002024 — e 
Operation. FFC e e e 
,0000002024) „ ooooooooooooooo8g 55 8968 (,o00000004 =! 
— e ,0000000043 : +,0000000000000000009984 = I56 (5) eee 


— 


— 


i Di. , ooo 198) ,0000000000000c085689; 2 (,coo000004 327 


—— —— 


11111 


2 Di. ,cooocorg81 792 


— — — 


6489 
5943 
5465 
Firſt + = ,00000002 3962 


—:ß. —-— 


+ 2 == ,000000004 327 &c. 


— 


11e 2 ,000000024 327 = 8: Or rather newer for a ſecond 
Operation, 


Now, if this firfl Value of a = ,000000024 327 were not conti- 
nued to more Places of Figures by a ſecond Operation, but only multiply'd 
into the Number of Chords, viz. ,000000024327 X 258280320 
= 6,28318539, &c. the Periphery of that Circle whoſe Diameter 


is 2, nearer than either Archimedes, or Mcoetius's Proportion: a 
Apo 


iſe 


|. 


4 
ö 


[_ 


. PF...” ac =. Af 
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Archimedes mates it 6, 2857 14, &c. viz. As 7 to 22. And Mœ. 


tius makes it 6,28318584, viz. A. I13 to 355. 


But if the whole Æguation before propos'd be now taken, and we 
proceed to a ſecond Operation, the Value of a may be increas'd 


with twelve Places of Figures more, and thoſe may be obtain'd by 
plain Diviſion only. | 


Thus, let r + # = a, as before, and let all the Powers of : be 
now rejeRed as inſignificant ; 


e ce if 7 + re = a? 
. r3 + 3r'e = a r + 1177 — 
7 + 710e = a? m5 + IS a 


The ſeveral Powers of + = ,000000024 327 being rais'd, and 
multiply'd into their reſpective Cz-efficients, will produce theſe fol- 
lowing Numbers : 


+1,047197581767 + 43046721 
_ ,047849196598394865 — 590075 1 
+ „ooo65 5906484595355 + 1348 100 
— „ooooo428 1440413375 — 123264 
+ , ooooooo 163025 17803 + 5 3 
— ,0000000000406 31167 — doe 
＋ ,000000000000071 388 + oe | 
' — ,000000000000002093 — oe | 


— 


5 


"_ 


Viz. 1,000000026474745106 + 37279554e = 3 
Hence 372795546 = — 5000000026474745106 = D Or 


rather — 372795544 = — FEA kn w_ I 


— — f 


; 4 | 
ConſequentYs 37279554 


| Operation. 


37279554) 400000002647 4745106) (z15)7lotb7ghy = —e 
| 260956878 


37905730 

37279554 

62617660 
37279554 


&c, 
2 2 Lait 
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Laſt r = ,000000024 327 
— e = ,0000000000000007 10167967 


— = ,000000024326999289832233 = @ the Chord or 


Side of the Po hygon required, 


The next Work will be to examine how many Places of theſe 
Figures will hold true to the Circle's Periphery: In order to 
that, let @ be repreſented by the Chord Bb, in the annexed 
Scheme ; and let Bx = xb. Then will 
Bx=1a=(.,7)121634996449160165 
and 0 BCG — O Bx = © Cx 
Let the Radius BC = 1 as before, 


Then will the U BC—(] Bx=Cx 
= ,9999999999999999, &c. 
4X: 4D 


But Cx: xB:: : 

or U Bb :: Cz: De ( per Fig. 
ProoDd=(,7)24326999289832035 4 
the Side of the Circumſcribing Polygon. 
Then will a Xx 258280326 be the Pe- 
vimeter of the Inſcrib'd Polygon. And 
Dad x 258280326 will be the Perimeter of the Circumſcribing Po- 
Iygon. That is, 6,2831853071795859 = the Perimeter of the 
Iuſcribd Polygon. And, 6,2831853071795865 = the Perimeter 
of the Circumſcrib'd Polygon, 


Hence *tis evident, that the Circle's Periphery, whoſe Diameter 
is 2, may be concluded 6, 283185 30) 1795864 true, becauſe the 
Perimeters of the inſcrib'd and circumſcrib'd Polygons are ſo far 
very near being M incident, or the ſame. | 

Tis poſhble there may be ſome who will think this is tedious 
and troubleſome Work; but if thoſe pleaſe to conſider, that, if 
this Periphery were to be found by the aforeſaid Method of Biſectiun, 
it would require theſe following Extractions. 


V 22—V:2+YV :2+vV:2+v :2+vV :2+v:2 
+4 :2+v:2+V TU 2+ :2+V :2+vV:2 
ix. S+v :2+v:2+v :2+v/:2+v :2+v :2+v/:2 

TV :2+v 22+ 32 +v 22+ :2+yY z mulls 
ed into 402509984. Do 


Here the firſt Root (viz. / 3) muſt be extracted at leaſt to 
one ir:ndred and two Places of Figures, The ſecond ( 
2 | | (ED 


Rs a6 AS 
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(viz. Y: 243) muſt have 99 Places of Figures in it. The 
third Root (via. : 24 V½½½ . 3) muſt have 96 Places in 
it, &c. every Extraction being allow'd to decreaſe three Places, that 
ſo the laſt Root (viz. the Chord ſought) may conſiſt of 24 Places of 
Figures, as above. | 

I ſay, whoever duly conſiders the Trouble of theſe ſo often 
repeated Extractions will, I preſume, be pleas'd with what I 
have done, For truly, when I conſider the great Time and Care 
required in them, I cannot but admire at the Patience of the la- 
borious Van Culen, who proceeded that Way until he had found 
the Circle's Periphery to Thirty-ſix Places of Figures, to wit, 
6,28318530717958647692528676655900576. Theſe Numbers 
are ſaid to be engraven upon his Tomb- Stone in St. Peter's Church in 
Leyden, for a Memorial of fo great a Work. 


Having thus obtain'd the C:rcle's Periphery, its Arch may eaſily 
be found (to the ſame Number of Figures) by Problem 6. That is, 
if Half the Periphery of any Circle be multiply'd into Half its Dia- 
mater, the Product will be that Circle's Area, as will appear farther 


on. Therefore 3,141592653589793 will be the Area of the 
Circle whoſe Diameter is 2. 25 


Thus I have ſhew'd the young Geometer how to find the Circle“ 
Periphery and Area to what Exactneſs he pleaſes to approach; for 
preciſely true cannot be found, notwithſtanding the late Pre- 
tenſions of a certain Frenchman who hath publiſhed to the World 
(in the Works of the Learned) that after twenty-five Years Study 
he had found the Quadrature of the Circle: But if he had perus'd 
the 8 3d Chapter of Dr. Wallis's Algebra, he might there have ſeen 
his Error, viz. the Impoſſibility of what be pretended to; for it is 
as impoſſible to ſquare the Circle (that is, to find its true Area) as 
It is to find the Root of a Surd Number. | 


| Nete, What I have here propoſed and done by the Triſection of 


an Arch, may as eaſily and much more ſpeedily be perform'd by 
QuinqueſeRion or Septiſection, &c. But becauſe the Scheme for 
Triſection is more ſimple, and may be eaſier undeiſtood by a 
Learner than thoſe of the other Sections (of which ſee my Compen- 


dium of Algebra, Pages 76 and 79) I have for that Reaſon made 
Choice of Triſection. | 


As to the Proportion of one Circle to another, and of the Circle 


to the Ellipfis, &c. thoſe ſhall be fully ſhew'd when we come to 
the Fifth Part, 


22 2 B. fore 


— enooas at wer #6. 1 
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Before I conclude this Part, I ſhall make ſome Uſe or Appli- 
cation of the above-found Periphery, in finding the Quantity of 
Angles, which is done by the Help of Right-lines, call'd Sznes and 
Tangents, the Lengths whereof are calculated to every Degree and 
Minute of a Quadrant, by much Labour. But I ſhall here ſhew 
how to find the natural Sine (and conſequently the natural Tangent) 
of any propos'd Arch or Angle, by two Agquations, without the Help 
of any precedent Sine, as uſual; which I did ſome Years ago com- 
municate to the ingenious Mr. 7o/eph Ralphſon, and he ſo well ap- 
prov'd of them as to make them the 20th and 21ſt Problems in the 
ſecond Edition of his Analyſis Æquationum Univer ſalis. 

And becauſe, in finding the Quantity of Angles, every Circle is 
ſuppos'd to be divided into 360 equal Parts, call'd Degrees; every 
Degree is ſubdivided into 60 Parts, call'd Minutes; and every 
Minute into 60 Seconds, &c. (See Page 294.) 

Therefore 360) 6,2831853, &c. (0,0174532925, &c. is an 
Arch of the above-found Periphery, equal to the Archof one Degree, 

And 60) o, 1745 32925, &c. (0,0002908882, &c. = the Arch 
of one Minute. | 

Then if the given Arch (or Angle) be leſs than 45 Degrees, re- 
duce it into Minutes, and multiply thoſe Minutes into this conſtant 
Mulliplicator, viz. 0,0002908882 calling the Product p. And for 
the Sine ſought put a. Then it will be — aaa + 12paaa — 19544 
— 36 + 240pa 45pp. 


Example. 


Let it be required to find the Sine of 19% 13%. = 11537. Here 
0,0002908882 x 1153 = 0,3353940946 = p. And — at + 
4,0247294* — 199,049611aa + 80, 4958 34 = 5,0,06201 394. 

Let ee 4 
rr + 2re ee = aa 
Then Jrrr + grre + ee = aaa” 
rrrr + 4rrre + brree == aaa 

Note, In this Caſe the firſt r may always be taken equal to the f/f 
Figure in the Product = p. Viz. bere r = 0,7 which being involved 
as its Powers direct, and thoſe Powers multiply'd into the reſpective 
C-efficients of the Aquation ; it will be 

+ 24,1483 + B80,49e 

— 17.9144 — 119,439 — 100, os | _ 
= 0 1000 + role + raw += $:06201394 

— 0,0081 — o, 11e — 0,54ce 


— 


Fiz. 6, 3344 — 37.9% — 135, % = 5, 06201 


Hence 
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Hence 37,974 + 195,97ee = 1,272.39 
And o, I23e + ee = 0,006492 = D 
Turo SN Ins 
„193 re 
Operation. o, 193) o, oo6492 (0,029 = e 
+ e = 4,029 42 
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— 


1. Diviſar „21 2292 
OT 1998 
2, Diviſor „222 — 
Firſt r = 0,3 
+ e = 0,029 


p—_ 


— — — 


r + e = 0,329 = r for a ſecond Operation. 


Which being involv'd and multiply'd, &c. as before, will pro- 
duce theſe Numbers: 


+26,48271781+ 80,49458e 

—21,54532894—130,97464e—199,0496ee 
+ , 14332578 ＋ 1,30692e+ 3,9724ee 
— O0,01171611— 0,14244&— o, 6404 e 


Viz. 5,06599854— 49,31 558e—195,726bee = 5,06201394 


Hence 49,315 58e + 195. 26 = ,0069846 ; which being 


divided by 195,7266 the Co-efficient of ee, will become ,25196e 
+ ee =,0000356854 = D. 


D 
Then} 25196F 2 — & 
Operation. o, 25 196) ,c000356854 (0,0001415 Se 
+ e = 0,00014 2520 
I. Diviſor o. 2520 104854 
2, Diviſor 0,25210 100840 
40140 
2.5210 
Laſt r = 0,329 &c. 


+ e =0,000I415 


Te =a =0,3291415 being the natural Sine of 99?, 13%, As 


was required. 


Thus you may find the Right Sine of any Arch or Angle leſs 
than 45 Degrees. | 


Bur. 
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But, if the given Arch be greater than 45 Degrees, you muſt 
take its Complement to go”. viz. ſubtract it from go Degrees, 
and reduce the Remainder into Minutes, as beſore. Then multi- 
ply the Square of theſe Minutes into this conſtant Multiplicator, 
©,000000084616 calling their Product p, and putting à = the 
Sine ſought, as before. Then will a+ + 284 + 195aa + 36pas 
+ rTo8pa — 284 = 196 — 81p. 


Example. 


Suppoſe it were required to find the Sine of 75. 327. or (which 
is the ſame Thing) to find the Co-fine of 14. 287. = 8687, whoſe 
Square 753424 X 0,000000084616 = 0,06375172518 = þ. 
Hence the Aquatior in Numbers will be aaaz + 284 + 
197,29 5062aa — 21, 1148144 = 190, 8361102588. 


Letr —e=a And = 1. 
rr — 2re | we = aaa 

Then = — 3rre + 3ree = aaa 
rrrr — 4rrre + Orree aadaa 


Note, I here take r == 1 becauſe the Arch is ſo near te 90*. ani 
therefore I make it - e = a. 


+ 28,0000 — B84,00e ＋ 84 core 


— 21,1148 + 21,110 + 
U 197,295 — 394,59 * 1 — 190, 8351 
+ 1.000 — 4, oe + b, oe 


—_— 


Viz. 205,1808 * 461,48 + 287, 296 = 190, 8361 
Hence 461, 48e — 287, 296 = 14,3447 
And 1, 60e — ee = , 049930 = D 
THreroR E M EE e 
Operation. 1,606) ,049930 (0,031 e 
— 0,031 471 | | 
1. Diviſor 1,57 2830 Firſt r = 1,000 
— 1575 — e = o, o31 
2. Diviſar 1,575 e = 0,909 =7 


&C, 


for a ſecond Operation; which, being invo/v'd as before, will pro- 
guce theſe following Numbers : 


— 20, 
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— 20,460254766 + 21,11481e | 

+ 185,252368710 — 382,35783e + 197,2951ee 
+ 25, 475889852 — 78,87272e + 81,59boee 
+ . 881647750 — 3.639412 + 5.6337 
Viz. 191,149651515 — 443,75515e + 284,5248ee 
= 190,836110259 | 


Hence it will be 443,75515e — 284,52482e = 0,313541256 
And 1,55963e — ee = , 0011019821 = D 


1,55903=—e — 
Operation. 1,55963) 0,0011019821 (0,0007008 = . 
— e = 0,00070 109123 
1, Diviſor 1,5589 4 : 1075210 
„ 935358 
1398 520 
124 144, &c. 


Laſt ry = 0,969 — — 
— e = 0,0007068 


— 


— a= 0,9682932 the Sine of 75. 32/. as was required. 


Having found the Sine and Co-ſine of any Arch, the Tangent is 
uſually found by this Proportion: 


„ JA the Co-ſine of any Arch: is to the Sine of that Arch : : ſo is 
Viz. l the Radius: to the Tangent of the ſame Arch. 


For ſuppoſing BC = B D Radius, AC the Sine of the Arch © 
CD. Then B A is the Co- ſine, and | 

FD the Tangent of the ſame Arch. | | Ca 
But BA: CA:: BD: FD, &c. 8 
Now by this Proportion there is re- 
quired to be given both the Sine and 
Co-/ine of the Arch, to find the Tan- 
gent. Tis true, if the Radius, and a OS 

either the Sine or the C. fine be given, B 4 Db 
the other may be found, thus, V UC CA = BA. Or 


/ OBC—OBA=CA. But, if either the Sine or Co- ſine be given, 


the Tangent may (I preſume) be more eaſily ſound by the follow- 


in 8s Theorems ; 
Let 


— — 
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Let BC=1i G =. Mues. Then, if 


8 be given, 7 may be found by this 


TazoreM.} * — =T 


Or if x be given, T may be found by this 
Turoxen{ v/ — 


1— XX 


Let the Sine of 90. 137. (before found) be given, viz. o, 3291415 
=S, to find 7 the Tangent of the ſame Arch. Firſt o, 3291415 x 
„3291415 = o, 108334127 = 88. Again 1 — o, 108334127 
= , 891665873 2 1 — 88. Then o, 89 1665873) o, 108334127 
(0, 1214963253 and / o, 1214963253 , 3485632 = T, the 
Tangent of 195. 13“. As was required. And ſo you may proceed 
to find T = the Tangent, when x = the Co- ſine is given. 


Perhaps it may here be expected, that J ſhould have ſhew'd and 
demonſtrated (or at leaft have inſerted) the Proportions from whence 
the foregoing AZquations for making Sines were produced; but l 
have omitted that, as alſo their C/ in computing the Sides and 
Angles of plain Triangles by the Pen only (viz. without the Help if 
Tables) for the Subject of my Diſcourſe hereafter, if Health and 
Time permit. 

In the mean Time, what is here done may ſuffice to ſhew, that 
the making of Sines by ſuch a laborious and operoſe Way, as was 
formerly uſed, is in a great Meaſure overcome; which, I think, 
I may juſtly claim as my own. 


A N 


Chap. 1. Fx 361 


AN 


INTRODUCTION 


Mathematicks. 


K 


F 
Definitions of a Cone, and its Seſtions. 


HERE are ſeveral Definitions given of a Cone: The 
Learned Dr. Barrow, upon Euclid, hath it thus: 

A Cone (ſaith he) is a Figure made when one Side of 
© a Rectangle Triangle, (viz. one of thoſe Sides that contain the 
« Right Angle) remaining fix'd, the Triangle is turn'd round 
© about, till it return to the Place from whence it firk moved: 
« And if the fix'd Right Line be equal to the other which con- 
e taineth the Right Angle, then the Cone is a Rectangled Cone: 
but if it be leſs, tis an Obtuſe-angled Cone; if greater, an Acute- 
te angled Cone. The Axis of a Cone is that fix'd Line about which 
« the Triangle is mov'd : The Baſe of a Cone is the Circle, which 
« is deicrib'd by the Right- Line mov'd about.” 

(Defin. 18, 19, 20. Euclid. 11.) 

Sir Jonas Moor, in his Treatiſe of Conical Sections (taken out of 
the Works of Mydorgius) defines it thus: | 

« Tf a Line of ſuch a Length as ſhall be needful ſhall, upon a 
© Point fix'd above the Plain of a Circle, ſo move about the Cir- 
é cle, until it return to the Point from whence the Motion began, 
<* the Superficies that is made by ſuch a Line is call'd a Conical 
* Superficies ; and the ſolid Figure contain'd within that Superficies 
E and the Circle is call'd a Cone. The Point remaining ſtill is the 
Vertex of the Cone, &c,” 

Aa 2 Altho' 
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Altho' both theſe Definitions are equally true, and, with a little 
Conſideration, may be pretty eafily underſtood ; yet I ſhall here 
propoſe one very different from either of them; and, as I preſume, 
more plain and intelligible, eſpecially to a Learner. 

If a Circle deſcribed upon ſtiff Paper (or any other pliable Matter) 
of what Bigneſs you pleaſe, be cut into two, three, or more Sectors, 
either equal or unequal, and one of thoſe Sectors be ſo roll'd up, as 
that the Radii may exactly meet each other, it will form a Conical 
Super ficies. 

That is, if the Sector HV be 
cut out of the Circle, and fo roll'd 
up as that the Radii VH and VG 
may juſt meet each other in all their 
Parts, it will form a Cone, and the 
Center V will become a Solid Point, 
call'd the VE RTE NXof the Cone; the 
Radius VH, beingevery- where equal, 
will be the Side of the Cone, and the H 
Arch HG will become a Circle, 
whoſe Area is call'd the Cone's Baſe. 

A Right Line being ſuppos'd to paſs 
from the Vertex, or Point V, to the Cen- 
ter of the Cone's Baſe, as at C, that Line 
(viz. YC) will be the AXIS, or perpen- 
dicular Height of the Cone. 

If.a Solid be aQtually made in ſuch a 
Form, it will be a compleat or perfect 
Cone; which I ſhall all along call a Right 
Cone, becauſe its Axis VC ſtands at Right 
Angles with the Plain of its Baſe HG, 
and its Sides are every-where equal. 


* 


Any Cone, whoſe Axis is not at Right Angles 
with the Plain of its Baſe, may be properly 
call'd an imperfect Cone, becauſe its Sides are 
not every-where equa] (as in the annexed Fi- 
gure.) Now, ſuch an imperfe& Cone is uſual- 
ly call'd a Scalene, or Oblique Cone. 


Any ſolid Cone may be cut by Plains (which I all all along 
hereafter call Right Line) into five Sections. 


Sette 
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Sect. 1. 


If a Right Cone be cut directly thro' its Aris, the Plain or Su- 
per ficies of that Section will be a plain Jſaſceles Triangle, as HV G 
Fig. 2, viz. the Sides (HY and VG) of the Cone will be the Sides 
of the Triangle, the Diameter (HO) of the Cone's Baſe will be 


the Baſe of the Triangle, and (YC) its Axis will be the perpend:- 
cular Height of the Triangle. 


Set. 2. 


If a Right Cone be cut (any where) off by a Right line parallel 
to its Baſe, as h g (it will be eaſy to conceive, that) the Plain of 
that Section will be a Circle, becauſe the Cone's Baſe is ſuch : 
wherein one Thing ought to be clearly underſtood, which may be 


laid down as a Lemma, to demonſtrate the Properties of the follow- 
ing Sections. 


If any two Right Lines, inſcrib'd within a Circle, do cut 
| cr croſs each other (as hg doth bb in the annexed Figure) 
LEMMA. 4 the Rectangle made of the Segments of one of the Lines 
will be equal to the Reftangle made of the Segments of the 

other Line, (See Theorem 15. Page 315.) 


That is, haxga = NPE? tec 
And HAT GAS BAX AB x 

conſequently if bag = ab, and if BA = AB, 
then it will be ha x ga ba, and 


2 Cone's Bale HA xXx GA = U 


$22. 3. 


If a Right Cone be (any where) cut off by a Right Line that cuts both 


its Sides, but not parallel to its Baſe (as TS in the following Figure) 
the Plain of that Section will be an Ellipfis (vulgar ly called an Oval) 


V/Z, an oblong or imperfe& Circle, which hath ſeveral Diameters ) 
and wo particular Centers, That is, 


1. Any Right Line that divides an Elligſis into tos equal Parts is 


calbd a Diameter; amongſt which the longe/? and the Hhorteſt are 
particularly diftinguiſh'd from the reſt, as being of moſt general Uſe; 
the other are only applicable to particular Caſes, 


Aa a 2 2. The 
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2. The longeſt Diameter (as TS) is 
called the Tranſverſe Diameter, or Tran- 
verſe Axis, being that Right Line which 
is drawn thro' the Middle of the Ellipfs, 
and doth ſhew or limit its Leogth. 


3- The ſhorteſt Diameter, call'd the 
Conjugate Diameter, is a Right- Line that 
doth interſect or croſs the Tranfvuer/ſe 
Diameter at Right Angles, in the Mid- 
dle or common Center of the Ellipſis 
(as Nu) and doth limit the Ellipfes's 
Breadth. 


4. The two Points, which TI call particular Centers of an Ellip- 
fis (for a Reaſon which ſhall be ſhew'd farther on) are two Points in 
the Tranverſe Diameter, at an equal Diſtance each Way from the 
Conjugate Diameter, and are uſually calld Nop xs, Foc, or burning 
Point.. | 
5. All Right Lines within the Ellipſis that are paralled to one a- 
nother, and can be divided into two equal Parts, are called Or Di- 
NATES With Reſpect to that Diameter which divides them : And if 
they are parallel to the Conjugate, viz. at Right Angles with the 
Tranſverſe Diameter, then they are call'd Ordinates rightly apply'd. 
And thoſe two that paſs through the Foci are remarkable above 
the reſt, which, being equal and ſituated alike, are call'd both by 
one Name, viz, LATus RECTUM, or Right Parameter, by which 
all the other Ordinates are regulated and valued; as will appear 
farther on, 


Se. 4o 


If any Cone be cut into !ws Parts by a Right-line parallel to one 
of its Sides (as S A in the following Scheme) the Plain of that Section 
(viz. SB AB6S) is call'd a PARABOLA, 


1. A Right Line being drawn thro' the Middle of any Parabola 
(as S) is call 'd its Axis, or intercepted Diameter. 


2. All Right Lines that interſe& or cut the Axis at Right Angles 
(as BB and bb are ſuppos'd to cut or croſs S A) are call'd Ordinates 
rightly apply'd (as in the Ellipfis) and the greateſt Ordinate, as B B, 
which limits the Length of the Parabala's Axis (S A) is uſually call'd 
the Baſe of the Parabolg. 


3, That 
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3. That Ordinate which paſſes thro” | V 
the Focus, or burning Point of the Pa- 
rabola, is called the Latus Rectum, or 
Right Parameter (as in the Ellipfis ) be- 
oth by it all the other Ordinates are 
proportion'd, and may be found. 


4. The Node, Focus, or burning 
Point of the Parabola, is a Point in its 
Axis (but not a Center, as in the Ellip- 
fs) diſtant from the Vertex, or Top of 
the Section, (viz. from &) juſt ; Part of 
the Latus Redtum; as (hall be ſhewn 
farther on. 


5. All Right Lines drawn within a Parabola parallel to its Axis 5 
are call'd Diameters; and every Right Line, that any of thoſe Dia- 
meters doth biſect or cut into two equal Parts, is ſaid to be an Or- 
dinate to the Diameter which biſects it. 


Sect. 5 


If a Cone be any where cut by a Right Line, either parallel to i 
its Axis (as S A, or otherwiſe as x N) ſo as the cutting Line be- | 
ing continued thro' one Side cf the 
Cone (as at S or x) will meet with the 
other Side of the Cone if it be conti— 
nued or produced beyond the Vertex V. 
as at T; then the Plain of that Section 
(viz. the Figure SHB BVS J is call'd an 
N 
A Right Line be ing . thro? 
this Middle 3 Il perbola, viz. within 
the Section (as SA, or x N) is call'd 
the Axis or intercepted Diameter (as in 
the Parabola ) and that Part of it which 
is continued or produced out of the See- 
tion, until it meet with the other Side 
of the Cone cor.tinued, viz. TS or T x, 
&c. is call'd the Tranſverſe Diameter, 
or Tranſverſe Axis of the Hyper bola. 
2. All Right Lines that are drawn within an Hyper lola, t Right 
Angles to its Axit, are call'd Ordinates right y afply'd ; as in the 
Ellipfis and Parabola. 


3. That 
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3. That Ordinate which paſſes thro” the Focus of the Hperbola 
is call'd Latus Rectum, or Right Parameter, for the ſame Reaſon 
as in the other Sections. 

4. The middle Point of the Tranſverſe Diameter is call'd the 
Cenier of the Hyperbola : from whence may be drawn two Right 
Lines (out of the Section) call'd ASYMPTOTESs, becauſe they will 
always incline (that is, come nearer and nearer ) to both Sides of the 
Fiyperbola, but never meet with (or touch) them, altho' both they 
and the Sides of the Hyperbela were infinitely extended; as will 
plainly appear in its proper Place. 5 

Theſe five Sections, viz. the, Triangle, Circle, Ellipfis, Parabola, 
and Hyperbola, are all the Plains that can poſſibly be produced from 
a Cone; but of them, the three laſt are only called Conick Seftions, 
both by the ancient and modern Geometers, 


Scholium. 


Beſides the *foregoing Definitions, it may not be amiſs to add, by 
Way of Obſervation, how one Section may (or rather doth) change 
or degenerate into another, 

An Ellipfis being that Plain of any Section of the Cone which 
is between the Circle and Parabola, twill be eaſy to conceive that 
there may be great Variety of Ellipſes produced from the ſame 
Cone; and when the Section comes to be exactly parallel to one 
Side of the Cone, then doth the Ellipſis change or degenerate into 
a Parabola. Now a Parabola, being that Section whoſe Plain is 
always exactly parallel to the Side of the Cone, cannot vary, as 
the Ellipſis may; for ſo ſoon as ever it begins to move out of that 
Poſition (viz. from being parallel to the Cone's Side) it degenerates 
either into an Ellipſis, or into an Hyperbola : That is, if the Section 
incline towards the Plain of the Cone's Baſe, it becomes an Ellipſis; 
but if it incline towards the Cone's Vertex, it becomes an Hyper- 
bola, which is the Plain of any Section that falls between the Pa- 
rabola and the Triangle, And therefore there may be as many Va- 
rieties of Hyperbola's produced from one and the ſame Cone, as 
there may be Ellipſes. | 

To be brief, a Circle may change into an Ellipfis, the Ellip/is 
into a Parabola, the Parabola into an Hyperbola, and the Hyper- 
Bola into a plain T/oſceles Triangle : And the Center of the Circle, 
Which is its Focus or burning Point, doth, as it were, part or di- 
vide itfelf into two Focz ſo ſoon as ever the Circle begins to dege- 
nerate into an Ellipſis; but when the Ellipſis changes into a Pa- 


rabola, one End of it flies open, and one of its Fect vaniſhes, uy 
the 


\ 
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the remaining Focus goes along with the Parabola when it dege- 
nerates into an Hyperbola: And when the Hyerbola degenerates 
into a plain Jſoſceles Triangle, this Focus becomes the vertical Point 
of the Triangle (viz. the Vertex of the Cone); fo that the Center 
of the Cone's Baſe may be truly ſaid to paſs gradually through all 
the Sections, until it arrives at the Vertex of the Cone, ſtill carry- 
ing its Latus Rectum along with it: For the Diameter of a Circle 
being that Right Line which paſles through its Center or Focus, and 
by which all other Right Lines drawn within the Circle are regu- 
lated and valued, may (I preſume) be properly called the Circle's 
Latus Rectum: and although it loſes the Name of Diameter when 
the Circle degenerates into an Ellipſis, yet it retains the Name of 
Latus Rectum, with its firſt Properties, in all the Sections, gra- 
dually ſhortening as the Focus carries it along from one Section to 
another, until at laſt zz and the Focus become co-incident, and ter- 
minate in the Vertex of the Cone. 

I have been more particular and fuller in theſe Definitions than 
is uſual in Books of this Subject, which I hope is no Fault, but 
will prove of Uſe, eſpecially ro a Learner : And altho* they may 
perhaps ſeem a little ſtrange, and at firſt hard to be underſtood, 
yet, when they are well conlidered, and compar'd with a Cone cut 
into ſuch Sections as have been defined, they will not only be 


found true, but will alſo help to form a true and clear Idea of each 
Section. | 


r 
Concerning the Chief Properties of an Ellipſis. 


OTE, If the tranſverſe Diameter of an Ellipſis, as TS in 
the following Figure, be interſefted or divided into any two 
Parts by an Ordinate rightly apply'd, as at the Points A, C, a, &c. 
then are theſe Parts TA, TC, Ta, and SA, SC, Sa, &c. uſually 


called Abſciſſæ (which figriifies Lines or Parts cut off) and by the 


Rectangle of any two Abſciſſæ is meant the Rectangle of ſuch two 


Parts as, being added together, will be equal to the Tranſverſe Dia- 
meter. | : 


As TA+84=TS. And TC+SC=TS. 
Or 74784 TS, &c. 
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Section 1. 


Every Ellipſis is proportion'd, and all ſuch Lines as relate to it 
are regulated, by the Help of one general Theorem. 


As the Rectangle of any two Abſciſſæ: is to the Square 
Turonna of Half the Ordinate which divides them : : ſo is the 
] Rectangle of any other two Abſciſſæ: to the Square 

of Half that Ordinate which divides them. 


That is, * 
TAN SA: U BA:: Ta x Sa: U ba — 5 
TAX SA: A BA:: TC SC: U NC 
TCX SC: UNC: : Ta x Sa: ◻ ba T4 


&c. yy C Aa 5 
b 
Demonſtration, 


Let the annexed Figure repreſent a Right Cone, cut thro' both 
Sides by the Right Line TS; then ' 
will the Plain of that Section be an 
Ellipfis (by Sect. 3. Chap. 1.) 78 
will be the Tranſverſe Diameter, 
NCN and bab will be Ordinates 
rightly apply'd ; as before. Again, 
if the Lines Dd and X be parallel 
to the Cone's Baſe, they will be Di- 
ameters of Circles (by Se. 2. Chap. 
1.) Then will A TCK and TaD 
be alike. Allo ASadand ASCK 
will be alike. 


Ergo IIS: ad: : SC: CA Tl 

Andj2|TC: CK:: Ta:aD deer i 
I [3 SaXCh=adxs8C 
2 „Aa CK=TCxXaD | 
2 X 3|5|SaxCkhxTaxCK=adxSCxXTCXaD, Per Axiom 3. 

ENCE DONE] PIES 

And ya DA = Q ba per Lemma ce. 2. 

Then] for CX Xx Ch, and aDYN ad, take U NC and U 4 
5, 6, 7 [80S XK TX NNO TCXSCK U ba. Per Axiom 5+ 
Hence q 


Sa Ta: ba: : TCXSC: N NC. See Page 194. 
e | n 


Or 


„ 


— — 
— — > ed 


| | 
Therefore | 


» 
l 8 


— 
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Or, the Truth of theſe Proportions may be otherwiſe prov'd by 
a Circle, without the Help of the Cone; thus: Let any Ellipfs be 
circumſcrib'd and inſcrib'd with Circles, as in the following Fi- 
gure ; then from any Point in the circumſcrib'd Circle's Periphery, 
as at B, draw the Right Line Ba, parallel to the ſemi conjugate 
Diameter Ne, then will þa be a Semi-ordinate rightly apply'd to 
the tranſverſe Diameter 75, as before. Again, from the Point 5 
(in the Ellipfis Periphery) draw the Right Line hd parallel to the 
Tranſverſe TS; and draw the Radius BC. Then will AB Ca 
and A Cfd be alike. 


Chap. 2. 


— 


Therefore | 1 he Ba::Cf:dC Fa .B | 


per Theorem 13, * N 


But and ba = dC 


$7C=BC, NC=Of a I L. 


Conſeq.] 370: Ba: : NC: ba 2 : — PF VOEE: * WR. 
Or] 4% TC: NO:: Ba: ba N i 


4 in 237 
But 


„ 
*, 
”, 


; Tax SA QO Ba * — 
per Lem. Sea. 2. Ch, S Mr : a 
| } Ta x Sa: U a:: TC ednet 


2 
3 
4 
5 OTC: ONC:: Ba: (ba 
6 
7 X SC=QOTC: U NC, as before. 


And ſo for any other Abſeiſſie and their Semi-ordinates. 


Theſe Proportions being found to be the true and common Pro. 
perties of every Ellipſis, all that is farther requir'd in (or about) 
that Ses ion may be eaſily deduced from them. 


Sect. 2. To find the Latus Redum, or Right Parameter 
; of any Ellipſis. 


There are ſeveral Ways of finding the Latus Rectum, but I 
think none ſo eaſy, and ſhews it ſo plainly to be the Third Princi- 
pal Line in the Ellipſis, as the following. 


As the Tranſverſe Diameter : is in Proportion to the 
TREOR EM, } Conjugate : : ſo is the Conjugate : to the Latus Rectum. 
Viz. (in the following Fig.) TS: Nn: : Nx: LR the Latus Rectum. 


Demonſtration. 


From the laſt Proportions take either of the Antecedents, and 
its Conſequent, viz. either T C x8 : UNC, or Tax Sa: GN, 
| b b an 
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and make 78 the third Term, to which find a fourth Proportional, 
and it will be= LR: 


Thus] 11TCXSC:ONC::TS: LR 
8 1C SC 
and NC = Cn 
Therefore | 31/TCxSC=30TS 2 224 
And] 4 U N Nn F 
I, 3, 4| 51+ DOTS: 'O Nn:TS:LR | 
5 Z 6jzDOTSLK=; N R 
6 X 4] 7jJOTSXLR = ONnxTS n 
— Ts| g TSXLR = Nn | 
©. which gives the following Analogy. 
viz. . 3 a 
. CXSC:O NC: : Ta x da: ba. 
Acrinf10 by common Properties. | 
'T, 10[11;7TS: LR::TaXSa: D ba. 


From hence tis evident that L R, thus found, is that Ordinate 
by which the other Ordinates may be regulated and found. There- 


fore (according to its Definition Se. 3, Chap. 1.) it is the true 
Latus Rectum. Q. E. D. 


Conſectary. 


Hence it follows, that if the tranſverſe and conjugate Diameters 
of any Ellipſis are given (either in Lines or Numbers) the Latus 
Rectum may be eaſily found; and then any Ordinate, whoſe Di- 
ſtance from the Conjugate is given, may be found, as above. 


Sect. 3. To ind the Focus of am Ellipſis. 


The Focus is the Diſtance of the Latus Rectum from the Con- 


Jugate or Middle of the E1lip/is (vide Definition 4, Page 364.) and 

that Diſtance is always a Mean Proportional between the half Sum 

and half Difference of the tranſverſe and conjugate Diameters, 

which gives this Theorem. 

5 the Square of half the Tranverſe anos 

uare of half the Conjugate, the ſquare Root of their 

Taxon e, 4 be the Difanes of Jo Focus from the 
Middle or common Center of the £llipfis. 8 

That is, ſuppoſing the Points F and F to be the two Foci, viz. 

FC=Cf, and 7C = TS. NC = 2 Nu. Then, TC + NC: 


8 FC:: FC: TC - NC Ergo U FC=TC— 0 NC. Con- 


ſequently, FC = OTC— NC. 
Demon⸗ 


„ 1 z(\{ﬀwwaa\r ar. 2 2 
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Firſt, 
And 
That is 


þ 


Demonſtration, 


TSXLR = Nn, by 8th Step of the laſt Proceſs, 
TS: LR:: TFXSF: LF. common Properties. 
TS: LR::TC+CFXTG—CF:10 LR ULF 
18 
C- CFXLR 
1ERXTS=OTC—OCF 


Dm &. Un: +. Ld. ov. - 


TS LR ION NY T 2 = 
ONC=OTC—OQCCGF 
OCF=OTC—OoONC 

I 


CEF=ST TC— DONG 


Now from hence is deduced that notable Propoſition, upon which 
is grounded the uſual Method of defcribing an Ellipſit, and drawing 
of Tangents, &c. | | 


IF from the two Foci of any Ellipſis there be 
PROPOSITION. 


drawn two Right Lines, ſo as to meet each other 
in any Point of the Ellipſis's Periphery, the Sum 
of ihoſe Lines will be equal to the Tranſverſe. 


Viz. N NF = TS. fLXLF=TS. Or fB TB F Ts, &c. 


I OCFXONC=OTC 


3 
ANFS=TC 
5 
6 


Demonſtration. 


by 8th of the laſt, 

j OCF+ONC=ONF 
by Theorem 11. 
by Axiom 5, 


aNF=2TC=Ts 
TS:LR::TFXFS: OL F, by common Properties, 
"T8:+4LR::TFXEFS:O LF 

2 78 C. And: LR=LP 

TCO: LE:: CFF F: LF 
TCxXLF=OTC=OMCF 


7 
8 
gd 0 fF+OaLF=NnfL, by Theorem 11. 
IO 


4 OCF+ QLF=OfL, for 2 CFF 


40 TC—-4O0CF=4i,TOCxLif 
1OTC+ OLF=4TCxkLF+AfL 


134 OTC—4TCXLF+OLZF=0fL 


Bbb2 12 wy 
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270 — Ly g= 5 


** 


13 un 14 
14 + LF|1i5]2TC=fL + LF. But 2170 =TS 
Ergo TS—=fL+LF. Q. E. D. 


And this Propoſition muſt needs hold true to every Point in the 
Ellipſis's Periphery, viz. at B, &c. As will evidently appear to 
any one who rightly confiders, That, as a I bread juſt the Length 
of the Diameter of any Circle having its two Ends ty'd together, 
and then mov'd about a Point in the Center (viz. by making it a 
double Radius) will, by drawing another Point in its Extremity, 
deſcribe the Periphery of a Circle ; [vide Definition Page 230] even 
ſo, if a Thread juſt the Length of the tranſveric Diameter (TS) 
having its two Ends fo fix'd upon the two Feci (F and V) that it 
may be mov'd about them, by drawing a Point in its Lxttremit 
(viz. at its full Stretch) it will deſcribe the true Periphery of an 
£llipfis. 

Now, altho' this eaſy Way of deſcribing, or, as uſually phras'd, 
drawing an Ellipſis, be mechanical, and known even to mot 
Joiners, Carpenters, &c. yet it gives as compleat and clear an Idea 
of that Figure as any other Way whatſoever ; and by deſcribing it 
thus about its two Foc, as a Circle is about its Center, doth plainly 
ſhew that thoſe two Points are not improperly call'd particular Cen- 
ters in Definition 4, Sect. 3, Chap. 1. for each of them bears much 
the ſame Reſpect to the Ellipſu's Periphery, as the Circle's Center 
doth to its Periphery. 


Sect. 4. To deſcribe or delineate an Ellipſis ſeveral Ways. 


There are ſeveral (other) Ways of deſcribing an Ellipſis, both 

Geometrically and Numerically, according to peculiar Occa ſons, 
but I ſhall only mention two or three of them, leaving the reſt :© ihe 
Learner's Genius. Now, in order to that Work, it will be conve- 
nient to conſider what Lines are requiſite to limit or bound its Form, 
which [I take to be chiefly theſe following. 


I. If the Tranſverſe and Conjugate are given, the Ellipſis is per- 
fectly limited; (vide Conſectary Page 363.) tor if TS and Nu be ſet 
at Right Angles in their Middle at C, and T Cor C& be ſet off from 
N, or n, both Ways upon the Tranſverſe to f and F, (viz. make } N 
=TC=NF) then will thoſe Points F and F be the two Foci (by 
42 Step of the laſt Proceſs) and then the Ellipſis may be deſcrib'd a3 
ADOVEs 
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2. If the Tranſverſe Diameter and Latus Rectum are given, the 
Ellipſis is truly limited, becauſe by them the Conjugate may be 
found, by Sect. 2. 

3. Or if only the wings "25 and the Proportion it hath either 
to the Conjugate or Latus Rectum, be given, the Ellipſis is thereby 
limited. As for Inftance; ſuppoſe the given Ratio between the 
Tranſverſe and Conjugate to be, as : to d: 


Viz. a:d::TS: Nun, then . &c. 


4. If either the Tranſverſe or Conjugate, and the Diſtance of 
the Focus from the Conjugate be given, the Elliphis is limited, be- 
cauſe by them the Conjugate or Tranſverſe may be found. 

Theſe being premis'd, and the precedent Yori a little confider'd, 
it muſt be eaſy to deſcribe or delineate any Hllipſis in Plano, either 
Geometrically or Numerically. 


1. To deſcribe an Ellipſis Numerically by Points. 


Suppoſe the Tranſverſe Diameter T $ = 20, and the Conjugate 
Nu = 12, (either Inches, or any : 
other equal Parts) and let them Nt bd 
croſs each other at Right Angles in 3 
their Middles, as in the Point C; 


then will TC=CS = 1o, and e 
NC = Cn = 6, and it will be ASE 65: 
20.:-12 :; 12:7, 2 . the Lan 


Rectum. ndbd 


Again 20: 7, 2. Or rather take their Ratio. 
I : o, 36: 10+1x10=1 :. 1. 
Thus I : o, 36 :: 10+ 2Xto—2 : O 6. 2. 
1 365 * 10+ 34¹ 0-3 MA | 3. &c. 
100 iO, 36 (14.1. Hencey gi Xo = 5.97 &c. . 1 
Viz 


100—41X0,30=[3b 2, a = $88 ke. =6. 3 
100—9X0,39=(1d-3. vV ,1X2,30== 5,72 &c. d. 3 


If ſo many Semi ordinates as may be thouglit convenient ( the 
more the better) be found in this Manner, and every one of them 
be ſet of at Right Angles from its reſpective Point in the Tranſ- 
ver ſe Diameter each Way, viz, from 1 to a, from 2 to b, from 
3tod, &c. Then if a Curve Line be carefully drawn with an 
even Hand thro' thoſe extreme Points a, 6, d, &c. it wil} be the 
Ellipfis's Periphery requir'd. 

1 2. To 
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act 


2. To deſcribe an Ellipſis Geametrically by Points. 


Having the Tranſverſe and Conjugate Diameters given, viz. 78 
and N n, placed at Right Angles in their Middles, as before: 
Then from either End of the Conjugate, viz. N (or u) ſet off 
half the Tranſverſe Diamater to x, | 


That is, make Nx = TC (con- 3 
tinuing the Conjugate N n when PA 8 
it is ſhorter than TC) Or, which 15 ; 


is all one, make Cx =TC— NC. Tm C FA 
Then take any Point in the Line : —_— E A 7% 
Cx at Pleaſure ; ſuppoſe it at G, 1 „ 
and from that Point at & ſet ff "oe | 
the Diſtance Cx to the Tranſverſe | 
(as at E) viz. mgke GE = Cx, and join the Points G E with a 
Right Line, produced fo far beyond E as to make E B = NC. 
Conſequently GB = TC. 

Then, I ſay, wheie-ever the Point & was taken between C 
and x, the Point B will juſt touch (or fall in) the Ellipſis's Periphery, 


* 
1 * 
TTY 


Demonſtration. 


Draw the Right Line B A perpendicular to TS, viz. let B A 
be a Semi- ordinate rightly apply'd to the tranſverſe Diameter 78; 
then AGCEand ABA will be alike. 

Conſequently| 1 CE A E:: EG: EB, by Theorem 13. 


1, and 2 CE4+-AE: AE: : EG+EB: EB. See p. 192. 
But 3 CETAE= CA. ECNE BIC. And EB = NC 
Therefore 4 CA: AE: : TC. NC 
6, in O's en 
OCAXONC 
f 
But 7 NC- ABS AA 


That is, EB — UAB UAE 
6, of 8 D- 
$ x 0: TS|'g| CAXONC=DNCxXOTC— DABXOTC 


g +j10| ONCXQ C= AK ONC=D0 ABxXOTC 


10, Analogy| 11 DTC:ONC:O0TC—ACA:N AB 
That is, 12 7 Cx CS: UMC I C CAN A: 4B 


which is according to the common Properties of the Ellipſis: There- 
fore the Point B is truly found. Q. E. D. 


Hence 


ee Ln a id 


. TROY — Mt PTY — — aa dtd ord 
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Hence it follows, that if a convenient Number of ſuch Lines 
as G EB be ſo drawn (as above directed) from the like Number 
of Points taken between C and x, &c. their extream Points (as at 
I) will be thoſe Points by which (with an even Hand) the Ellipfis 
may be truly deſcrib'd, as before. 

But, if this be well underſtood, it will be very eaſy to conceive 
how to deſcribe an Ellipſis very readily, without drawing thoſe 
Lines, by having a thin, ſtreight, narrow Ruler juſt the Length 
of TC, made ſomewhat ſharp at both Ends, upon which, from 
one of its Ends, ſet off the Length of NC. Then, if the Point 
upon the Ruler which repreſents E be gradually or eaſily moved 
along the Tranſverſe 78, and at the ſame Time the Point or End 
repreſenting G be kept ſliding cloſe along the Conjugate N n, tis 
evident from the Work above, that the End of the Ruler repre- 
ſenting B will, by that Motion, affign the true Periphery of the 
Ellipfis required; for by that Motion the ftreight Edge of the Ru- 
ler doth ſupply an infinite Number of the aforeſaid Lines; as will 
appear very plain and eaſy in Practice. 


Scholium. 


Now from hence was deduced the firſt Invention of that well- 
contrived In/trument for drawing an Ellip/is by one Motion, con- 
monly called the Elliptical Compaſſes, being uſually made of Braſs, 
and compos'd of three Parts, two of which repreſent {or rather 
ſupply) the tranſverſe and conjugate Diameters ſet together at 
Right Angles ; and the third Part is a moveable Ruler, which 
performs the Office of the laſt-mentioned thin Ruler. But becauſe 
the making of it is ſo well known to moſt Mathematical Inſtru- 
ment makers, eſpecially to that accurate and ingenious Artiſt Mr 
JOHN .ROW LEY, Mathematical Inſtrument- mater, under St. 
Dunſtan's Church in Fleet-ſtreet, London; who, for his great 
Skill in contriving, framing, aud graduating all kind of Mathema- 
tical Inſtruments, may, I believe, be juſtly called one , the beſt 
WWorkmen of his Trade in Europe; I think it needleſs therefore to 
give a particular Deſcription of that {n/trument. 


Alſo from hence came that ingenious Invention of making Engines 


for turning all Sorts of elliptical or oval Work, as oval Boxes, 
Picture-Frames, &c. | 


1 Ject. 


hen ch 
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Sect. 5. Any Elliꝑſis being given, to find its Tranſverſe 
and Conjugate Diameters. 


Suppoſe the given Ellip/is to be T NSn (in the annexed 
Scheme) in which let it be required to find the tranſverſe Dia- 
meter T & and its Conjugate Nn. Draw within the Ellipſes any 
two Right Lines parallel to each H * 
other as Hh and Am, and biſect : 
thoſe Lines, viz. find the Middle 
Point of each, as at K and P; 


then thro' thoſe Points K and P T 7 C Wn FT 
draw a Right Line, as DA, andit þ | F — 
will be a Diameter; for it will ä — 


divide the Ellipſis into two equal | ng! 
Parts, [ See Defin. x, Page 363.] conſequently the Middle of DA 
will be the true Middle or common Center of the Ellipfis, as 
at C, 

For *tis the Nature and Property of all Diameters, howſoever they 
are drawn in any Ellipſis (as *tis in a Circle) to cut or croſs one 
another in the common Center or Middle of the Figure, as at C. 

Upon the Point C deſcribe an Arch of any Circle that will cut 
the Ellipſis's Periphery in two Points, as at B and h: then join 
thoſe Points Bb with a Right Line, and it will be an Ordinate 
thro' whoſe Middle (as at a) and the common Center C, the 
tranſverſe Diameter 78 muſt paſs. For BS = Sb, and Ba is at 
Right Angles with TS; therefore the Line Bb is an Ordinat: 
rightly apply'd to 78 the tranſverſe Diameter. And if thro' the 
Point C there be drawn the Right Line Nu parallel to Bb, it will 
become the Conjugate; as was requir'd, 


Set. 6. To draw a Tangent, or Rigbt Line that may 
touch the Ellipfis's Periphery in any aſſigned Point. 


The Drawing of Tangents to or from any aſſigned Point in the 
Ellipſis's Periphery, admits of three Caſes. 

Caſe 1. If it be requir'd to draw a Tangent that may touch the 
Ellipſis in either of the extream Points of its tranſverfe Diameter, 
as at Tor &, it is plain the Tangent muſt be drawn parallel to the 
conjugate Diameter Nn; as HK in the following Hgure is ſup- 
pos'd to be, 


Caſe 


—— 


r * CP v0 VvY as FP 


* 
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Caſe 2. Or, if the Tangent muſt be drawn to touch the Ellipſi: 
in either of the extream Points of its Conjugate Diameter, as at 
N or n, tis as evident that it muſt be drawn parallel to the 
Tranſverſe Diameter 78, as X MH. Conſequently if that Tangent 
and the Tranſverſe were both in- 
finitely continu'd, they would 
never meet. 


f 
Caſe 3. But if it be requir'd T 
to draw a Tangent that may 
touch the Ellipſis in any other 
Point, as at B, &c. Then, if 
the Tangent and the Tranſverſe Diameter be both continu'd, they 
will meet in ſome Point, as at P; and thoſe two Points (viz. B 
and P) do ſo mutually depend upon each other, that ane of them 
muſt be aſſigned in order to find the other. that ſo the Tangent may 
by them be truly drawn. Let D = To, y. 48, and 2 
AP. Then, if y be given, z may be found by this 


Theorem 7529 ==, Or, if z be given, y may be found by 


3 
this Theorem f 2 2 = An * 122. = . 


Demonſtration. 


Draw the Semi-ordinate ba, as in the Figure; then will ABAP 
and AbaP be alike. Put x = Aa the Diſtance between the two 
Semi ordinates (vix. between BA and 6a) which we ſuppoſe infinite- 
ly ſmall, 


Then] 1 z: 2 -:: BA: ba, by Theorem 13. 
But] 2 D—yXxy: D—y + xxy—x:: BA: Oba 
That is,, 3 Dy—yy: Dy—y+2bx—Dx—xx:: UBA: Q 
I in []'s 4| 22 : 22 — 22x +axx::O BA: Oba 
Suppoſe] 5|x = ©, that ſo x may be every-where rejected. 
3, Then] Dy - : Dy — y y- D:: BA: 04a 
4, And] 7 zB: zz — 22 ::: BA: O ta 
6, 7] S Dy -: Dy —3y + 2 — D:: 22: 22 — 2 
8 +,*| 9|2yzz — Dzz = 2yyz — 2 Dy 
9 2% 10h — 1 Dz = yy — Dy 
10 + Hi. Dz—y2z = Dy — yy 


Ccc 11 — 


——— : — : a — 
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5 14249 which is the 1ſt Theorem, and gives 
11 + 120 che following Analogy. : l 
Analogy 13. D- ):: D-: z. Viz. CA: SA: TA: AP 
10—yz|14|yy — Dy — yz = — 2 D 

14 C Olshy—Dy—yz+3DD —3;Dz+1izz=; DD +1! 
15 w' 160 — 2D —; 2 = / 3DD— jzz 

That is, 17% D +3z LVU DDT which is the 24 
. p Theor. . D. 


hd * 2 


* — 


The Geometrical Performance of theſe two Theorems is very 
eaſy, as by the following Figure. 


1. Suppoſe the Point B in the Ellipſis Periphery were given, 
and it were requir'd to find the Point P, &c. 

Make TC Radius, and upon the common Center C deſcribe the 
Semicircle T dS, and join the Points C and d with a Right Line; 
then biſect that Line (by Prob. 2, Page 287) and mark the Point 
where the biſecting Line would croſs the Tranſverſe, as at e. 
Upon that Point e, with the Radius Ce (or Cd) deſcribe another 
Semicircle, producing the Tranſverſe Diameter to its Periphery, 
and it will aſſign the Point P. 
For if D TS, y = AS, z = AP, as before. 


Then] I[D —yxXz= UAA 
And] 2|5D—yxz= AA 
For 3 TA: d4::dA:SA 
And] 4]CA: dA :: dA: AP 
But A &c. 
Dz - yz = Dy— yy 
115 2 6 | ke nk tos helen 


Therefore the Point P is truly found. Conſequently, if a Right 
Line be drawn through thoſe Points B and P, it will be the Tan- 
gent requir'd, according to the firſt Theorem. 


2. The Converſe of this is as eaſy, to wit, if the Point P be 
given, thence to find the Point B in the Ellip/is Periphery, I hu, 
circumſcribe half the Ellipſis with the Semicircle T dS, as before; 
and biſect the Diſtance between the Points C and P, as at e, vi. 
Let Ce =e P. Then making Ce Radius, upon the Point 6, 
deſcribe the Semicircle Cd P; and from the Point where the two 
Semicircles interſect or croſs each other, as at d, draw the Right 
Line d A perpendicular to the Tranſuerſe TS, and it will * 

. t 


. 


** — >_> W 
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the Point of Contact B in the EA Periphery through which 
the Tangent muſt paſs. : 

But the Practical Method of drawing Tangents to any aſſign'd 
Point in the Ellipfss Periphery may (without finding the aforeſaid 
Point P) be eaſily deduced from the following Property of T angents 
drawn to a Circle, which is this: 

If to any Radius of a Circle, as CB, 
there be drawn a Tangent Line (as HK) B 
to touch the Radius at the Point B; the 
two Angles, which the Tangent makes with 
the Radius, will always be two Right An- 
gles (16, 17, 18, 19 Euclid, 3.) that is, 

THC = CBR 90% 


In like Manner the two Angles, made between the Tangent and 
the two Lines drawn from the Fact of any Ellipſis to the Point of 
Contact, will always be equal. but not Right Angles, ſave only at 
the two Ends of the Tranſverſe Diameter. | 

Theſe being well conſider'd, and compar'd with what hath been 
ſaid in Page 366, it muſt needs be eaſy to underſtand the following 
Way of drawing Tangents to any aſſign'd Point in the Ellip/is Peri- 
phery; which is thus: | | 

Having by the tranſvzrſe and conjugate Diameters found the two 
Foci F and F, by Se. 3. from them draw two Right Lines to 
meet each other in the aſſignd Point h 
of Contact as fb and F (or f B 1 3 
and FB) in the annex d Figure. Next e 'þ 
ſet off (viz. make) bd F (or BD a- 
=BF) and join the Points Fd (or FD) / / OS 
with a Right Line. TEC III 

Then, I ſay, if a Right Line be 4 
drawn through the Point of Contact 
b (or B) parallel to 4 F, or D F, H 
it will be the Tangent requir d. For | OE 
it is plain, that as the = fN H = I FNK when the Tangent 
is parallel to the Tranſverſe Diameter, even ſo is the 76 
I FBk, (and = FB H= FBT) and will be every-where 
ſo, as the Point of Contact h (or B) and its Tangent is carried 
about the Ellipſis Periphery with the Lines fb F (or f B F). 


Cee 2 CHAP, 
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CHAP. III. 
Concerning the Chief Properties of every Patabola. 


N OTE, in every Parabola, the intercepted Diameter, or that 
Part of its Axis, which is between the Vertex and that Ordi- 
nate which limits its Length, as S or & A, &c. is call'd an Abſciſſa. 
Se. 1, The Plain or Figure of every Parabola is proportion'd by 
its Ordinates and Abſciſiz, as in the following Theorem : 

As any one Abſciſſa : is to the Square of its Semi- 


THEOREM ordinate : : ſo is any other Abſciſſa: to the Square «of 
its Semi ordinate. 


That is, if we ſuppoſe the annex d Fi- 

re to be a Parabola, wherein Sa, and 
S A, are Abſciſſe, and b a b, BAB, 
Ordinates rightly apply'd, it will 


be Fa: Dg:: S4: = Nee 


<4 ; the Points a 
or Sa: SA:: Oba: UBA A. atetaken, 


And ſo for any other Abßſciſſæ, &c. 


| Demonffration. | 

Let the following Figure H repreſent a Right Cone cut in- 
to two Parts by the Right Line SA, parallel to its Side H. 
Theo the Plain of that Sedtion, viz, Bb SDB, will be a Parabola, 
by S: 4. Pag 4. wherein let us ſuppoſe $A to be its Axis, 
and bab, BAB co be Ordinates righly apply'd to that Axi. 
Again, imagine the Cone to be cut by the Right Line hg parallel 
to its Baſe HG, Then will hg be the Diameter of a Circle, by 
Seck. 2. Page 363. and AS ag like to ASAG. 


Therefore 1 5 75 man AT V 
1 2 Sa x AG SAX ag 
Sa AG & Axagxha 
2 * ha 3 LF 
"at: HA = ha, becauſe 84 
4 f is parallel to YH 
OBA=AGxX HA | By Tem- e 
Ani fi 5/0 be. / fb 
6 18 OBA = SAN Ua B 
3» 4 5» By Axiom 5. 25 LA SEL 
6, %% 7 4 $2: Obe1: $0: DBA OO ASD 


1 Vide Page 194. B 
eee : — Q. E. D. Theſe 


r 7 


| Conſequently == = = $a, and 
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Theſe Proportions being prov'd to be the common Property of 
every Parabola, all that is farther requir'd about that Section, or 
Figure, may from thence eaſily be deduced. 


Sect. 2. To find the Latus Rectum or Right Parameter 
of any Parabola. 


The Latus Regtum of a Parabola hath the ſame Ratio or Pro- 
portion to any Abſciſſa, and its Semi-. Ordinate, as the Latus Rectum 
of any Ellipſis hath to its Tranſverſe and Conjugate Diameters, and 
may be found by this Theorem, 


As any Abſciſſa : is in Proportion to its Semi ordinate 


THEOREM 0 : fo is that Semi- ordinate : to the Latus Rectum. 


Let L the Latus Redtum. 


Then] IIS: ba 2 ; where ever the Points a, and 
Andi 2|1SA4: BA:: BA: I. A, are taken in the Avis. 
1 T3 = LOS L= N54 
2 O SEE =L:Or84xL=0B4 
CIFE: HS a 
= 4 5 = — Per Axiom 5. 
8 6 SX BA = SAX U ba, which gives this 
Analogy 7 Sa: b:: S4: NA,. the fame as at the yt 


Step of the laſt Proceſs; therefore L (thus found) is the true Latus 
Rectum, by which all the Ordinates may be regulated and found, 
according to its Definition in Section 4, Page 364. For by the 
third Step Sa L = © ba, and by the 4th Step S A X J. = 8 
B A. Conſequently / SaxL=ta and & AX L BA; 
and ſo for any other Ordinate. X 


Or if the Ordinates are given, to find their Abſciſſe ; then it 
will be, L: la:: ba: Sa, and L: BA:: BA: S A, &c. 


[1B a 
# 


—3 4 &e. 


From the Conſideration of theſe Proportions, it will be eafy to 
conceive how to find the Latus Rectum Geometrically, thus: 


Join 


— 
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Join the vertical Point & of the Axis, and either extream Point 
of any Ordinate as E (or b) with a Right Line, viz. S B (or $b) 
and biſet that Line (by Problem 2. 
Page 287.) marking the Point where 
the biſecting Line doth interſect or croſs 
the Axis, as at E (or e) and with the 
Radius S E (or Se) upon the Paint E 
(or e) deſcribe a Circle; (as in the an- 
nex'd Figure) then will the Diſtance 
between the Ordinate and that Point 
where the Circle's Periphery cuts the 
Axis, viz. AR (or ar) be the true La- 
tus Rectum required, | 

For SA: BA:: BA: AR, and Sa: ba :: ba: or, by Theor, 13. 
therefore AR = L. And ar = L, by the 11t and 2d Steps above. 


Con ſectary. 


From theſe Proportions of finding the Latus Rectum, it will be 
eaſy to deduce and demonſtrate the following Theorem : 

As the Latus Rectum: is to the Sum of any two Semi- 
THEOREM J ordinates : : ſo is the Difference of thoſe two Semi- or- 
dinates : to the Difference of their Abſciſſe. 

Suppoſe any Right Line drawn within the Parabola, as b D, 
parallel to its Axis 8 A4; then will that Line (viz. 5 D) be a Dia- 
meter (by Def. 5, Page 365) which will make E D = AB + ab, 
DB = — ab, and D = SA — Sa. Then it will be 
L:ED::DB: b D, according to the Theorem, 


Demonſtration, l 
OBA 
run 1 17 * by Step 2. * 
of the laſt Proceſs, : 
fon Ef by Sis x 7 
And 2 a T y tep » a 
is | of the laſt Proceſs. 
1 — 2 384. $a T-: E B 
. eee 3 
3 x LI ASA Sax L= UBA Which gives 
But] 5 O BA—D = AFR DTS te following 
4, 2556 6 SA — Sax. — BA+baxBA—ba Analogy. 
6, Analogy] 7|L : BA + la:: BA — ba: SA — &a 
r 8 [L: ED :: DB: D 


This 
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This peculiar Property of the Parabola was firſt puhliſh'd, Anno 
1684, by one Mr. Thomas Baker, Rector of Biſhop Nympton in 
Devonſhire, in a Treatiſe intitled, The Geometrical Ney: Or, the 
Gate of Aquations unlock'd ; wherein he hath ſhew'd the Geome- 
trical Conſtruction and Solution of all Cubick and Biquadratick 
Adſected Æquations by one general Method, which he calls a Cen- 
tral Rule, deduced from this peculiar Property of the Parabola. 


Sect. 3. To find the Focus of any Parabola. 


The Focus of every Parabola is that Point in its Axis through 

which the Latus Redtum doth pals. (See Definition 3. Sect. 4. 

Page 359.) Therefore its Diſtance from the Vertex of the Para- 

| bola may be eaſily found, either by the Latus Rectum itſelf, or by 
: any other Ordinate, and its Abſciſſe. 

Thus, ſuppoſe the Point at F to be the Focus, & the Vertex, the 
Ordinate RF R = L the Latus 
Reftum, and bab any other Or- 
e Aue. I hen will SF U. 


5 
* 


hy, 


Or SF = 2 
2 482 
Demonſtration, 
. Firſt] 1[SFx L = © FR. by Sea. 2. Page 375. 
| And] 2 FR = 2 L,; for the Ordinate RFR = L as above, 
e 2 & OFR=zOL=iLx5iL 


SFXNEL SDL. | 
SF = 2: I, as by Definition 4. Sef. 4. Page 359. 


». 
[| 
(OS) 
oO mUPpUW NN 


- Again 2 = L, by the third Step in Page 375. 
Conſeq. „ T., Ne. is 2 E. D. 
a 


Sect. 4. To delcribe, or drato a Parabola ſeveral Ways. 


Note There are two or three Ways of drawing a Parabola in- 
ſtrumentally at one Motion; but becauſe thoſe Inſtruments or Ma- 
chines are not only too !perplex'd for a Learner to manage, but 
; alſo a little ſubje& to Error, I have therefore choſen to ſhew how 
. that Figure may be (the beſt) drawn by a convenient Number of 
Points, viz. Ordinates found, either Numerically or Geometri- 
cally, according to the DAA; which, if the Work of the three 
laſt Sections be well conſiderd, muſt needs be very eaſy. - 

I. 


11 
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I. If any Ordinate and its Abſciſa are given, there may by 
them be found as many Ordinates as you pleaſe to aflign or take 
Points in the Parabola's Axis; (by Sef. 4. Page 380) and the 
Curve of the Parabola may be drawn by the extream Points of 
thoſe Ordinates, as the Ellip/is was Page 373. 

2. If the Latus Rectum, and either any Ordinate, or its Abſciſſæ, 
are given, then any aſſign'd Number of Ordinates may by them 
wr fryer (by Sec. 2. Page 381) either Numerically or Geometri- 
cally, &c. 

3. If only the Diſtance of the Focus from the Vertex of the Pa- 
rabola be given, any aſſign'd Number of Ordinates may be found 
by it. For SFL the Latus Rectum, and 1 L = FR as in 
the laſt Section; and it will be, as SF: is to U FR:: ſo is any 
other Abſciſſa, (viz. Sa or SA, &c.) : to the Square of its Semi- 
ordinate (viz. U ba, or [] BA) according to the common Pro- 
perty of the Parabola. 

Altho' any of theſe Ways of finding the Ordinates are eaſy 
enough, yet that Way which may be deduced from the follow- 
ing Propoſition will be found much more eaſy and ready in 

ractice. 7 | 
The Sum of any Abſciſſa and focal Diſtance from 
the Vertex, will be equal to the Diflance from 
the Focus to the exiream Point of the Ordinate, 
which cuts eff that Abſciſſa. 
| For Inftance, ſuppoſe & to be the Vertex of 
any Parabola, the Point F to be its Focus, and 
AB any Semi-crdinate rightly apply'd to its 
Axis S A: Then, I ſay, where-ever the Point 
A is taken in the Axis, it will be SA + SF 
FB. Conſequently, if Sf = SF, it will 
befA = FB. 


PrRoposIT1ON. 


Demonſtration. 
Firſt] 1]SF = L by the 7th Step, Sect. 3. 
Ergo 2}fA= FA + i L by Conftrufion above. 
2 & | 3}OfA4=OF414+ FAxXL+3LL 
Again] 4|S4/= FA -+ L by the Suppeſition and Figure. 
4 x II 5|[S4xL= FAXL+4<LL, but Ax L = U 4B 
Ergo] 610 AB = FAX L += LL 
3 — 6] 7]JOf4—OAB8=OFA, conſe. A= NFA AB 
But] 8JO FA +0 4B = © FB, by Theorem 11. 
Ergo oO fa= QU FB 
9 ww 11074 = FB QE. D. 


This 
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This Propoſition being well underſtood, *twill be very eaſily ap- 
ply'd to Practice, ſuppoſing the Fecal Diſlance given, or any other 
Data by which it may be found. Thus draw any Right Line to 
repreſent the Parabzla's Axis, and from its vertical Point, as at S, 


ſet off the Focal Diftance both upwards and downwards, viz, make 


Sf=8SF, the Diſtance of the given Focus from the Vertex; as 
in the Scheme: Then by the Propoſition *tis evident, that, if never 
ſv many Lines be drawn Ordinately at Right Angles to the Axis, the 
true Diſtance between the Point F out of the Parabola, and any of 
thoſe Lines (or Ordinates) being meaſur'd or ſet off from the Focus 
F to the ſame Line or Ordinate, *twill aſſign the true Point in that 
Line through which the Curde muſt paſs; that is, it will ſhew 
the, true Limits or Length of that Ordinate; as at B in the laſt 
Scheme, 

Proceeding on in the very ſame Manner from Ordinate to Ordi- 
nate, you may with great Expedition and Exactneſs find as man 
Ordinates (or rather their Points only, like B) as may be thought 
convenient, which, being all joined together with an even Hand, 
will form the Parabola requir'd. | 

N. B. The more Ordinates (or their Points) there are found, 
and the nearer they are to one another, the eafier and exacter may the 
Curve of the Parabola be drawn. The ſame is to be obſerv'd when any 
other Curve is required to be drawn by Points. 


Sect. 5, To draw a Tangent to any given Point in the 
Curve of Parabola. 


Tangents are very eaſily drawn to the Curve of any Parabola; 
For, ſuppoſing S to be its Vertex, B | 

the Point of Cantact (viz. the Point 
where the Tangent muſt touch the 
Curve) and P the Point where the 


Tangent will interſect (or meet with) + WE Bs 
the Parabola's Axis produced: Then 
if from the Point of Contact B there 


de drawn the Senu-erdinvate EA at 
Right Angles to the Axis $ 4, whereſoever the Point 4 falls in the 
Axis, *twill be SP = & A. | 


Demonftration. 


Draw the Seami-ordiunte b a 4 a5 in the Figure) then will the 
BAP and A be alike. Lety = AS the Abſciſſa, and x = 
DAA SP. 
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SP; put x = Aa the Diſtance between the two Semi ordinates, 
which we ſuppoſe to be infinitely near each other, as in the Ellipfis, 


Page 377. 

Then DEZ: BA::y+z+x: ba, per Theorem 13. 
1, Or] 2) Z: Y +z+x:: BA: ba. See Page 192. 

Again] 30%: UBA: :y ＋ X: 0 ba, per Theorem Page 380. 
3, Or 40%: +x:: UBA: Ua 
2 in D's yyÞ+292+22 : yy+232 + 2y z2+2yx + 22+ 

5 22x + xx:: IU BA: O ba 
% TA :: 2) ＋ ZZ: +232 + 
4, 56 e e eee 


65 — 7 C 
yy + 292 + 23x + 22 + 22x + x. 


X X 


That is, 
J 


=yx + xx, conſequently 87 =y+x 
Suppoſe} 9jx = © and rejected, as in the Ellipſis, Page 377. 


"Phen{10 15 == Ps conſequently ZZ =)y 
10 2/111Zz 


Q. E. D. 


—— th 6 ——_—_— 


HAP. IV; 
Concerning the chief Properties of the Hyperbola. 


. | 
VOTE, any Part of the Axis of an Hyperbola, which is inter- 
cepted between its Vertex and any Ordinate (viz. any inter- 
cepted Diameter) is call'd an Abſciſſa; as in the Parabola. 


Sect. 1. The Plain of every Hyperbola is propertion'd by this general 
| eorem. 


As the Sum of the Tranſyerſe and any Abſciſſa mul- 
tiply d into that Abſciſſa : is to the Square of its Se- 
THEOREM.4< mi-ordinate :: fo is the Sum of the Tranſverſe and | 
any other Abſc;fſa multiply'd into that Abſciſſa: io Mb | 
the Square of its Semi- ordinate, | 


That 


— 
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That is, if 78 be the Tranſverſe Diameter, 
4 ; Sa, SA Abſciſſæ. 
An ba, BA 4 N 
"Te = T0 + 58 
Then 177 1781484 


- 
EF 


And it will be 
Ta x Sa: UA:: TAN SA: U BA. Naa 
3 


That is, | 3 8 
Deda: 0a: :TSFF7xS4: 343 


&c. [ A 


Demonſtration, 


Let the following Figure HV repreſent a Right Cone cut into 
two Parts by the Right Line 8 4; then will the Plain of that 
Section be an FHyperbola (by Se. 5, Chap. 1.) in which let SA 
be its Axis, or intercepted Diameter, bab and BAB Ordinates 
rightly apply'd (as before in the Parabola) and TS its Tranſverſe 
Diameter. Again, if the Cone is ſuppos'd to be cut by hg, paral- 
lel to its Baſe HG, it will alſo be the Diameter of a Circle, &c. 
as in the Ellipſis and Parabola. Then will the ASga and ASGA 
be alike; alſo the ATah and ATA H 
will be alike; therefore it 


will bel Sa: g:: SA: AG 
And] 2 Ta: ab:: 7A: AH 
1 955 Sa AG =SAXag 
2 55 Tax AH = T AXahb 
(Sa x Ta Xx AGN/AH 
3 * 4 } SAX TAX ag X ab 
But] Gag a = U ab 
nd 
| per Lemma Page 363. 
Sa Ta NI OU AB = 
. 5 7 . SAX TAX U ab 
which give the following 


8, Anal. Sa X Ta: a:: S AX TA: AB, &c. 
Q. E. D. 
D d d 2 Theſe 


— 4 
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"Theſe Preportions are the common Property of every Ep. 


bela, and do only differ from thoſe of the Ellipſis in the Signs 4. 
and —; as plainly appears in the following T 


Proportions, That is, if we ſuppoſe 78 the 

Tranſverſe Diameter common to both Sections 83 

(viz. both the Ellipfis and Hyperbola) as in the 4 | 

annexed Scheme: then in the Ellip/is ie will be BH —5 

dende: DOeb:: TS $4X84: | 

DAB as by Se. 1, Chap. 2. and in the Hy- 
e 


perbola it is TS + Sa KS: DU ab:: TS ＋ 8A 2 
X SA: CAB, as above. Therefore all, 
tha. 1s farther requir'd in the Hyperbola, may 
(in a manner) be found as in the Ellipſis, due, 


Regard being had to changing of the Sine. 7 "1 


| 


Sect. 2. To find the Latus Rectum, or Right Parameter, 
of any Hyperbola, 


From the laſt Proportion take either of the Antecedents and its 
Conſequent, viz. either Ta x Sa: ab. Or TAXSA: 0 4B, 
to them bring in the Tranverſe 78 for a third Term, and by thoſ: 
three find a fourth Proportional (as in the Ellipſis) and that will be 
the Latus Rectum. | | 

DOabXTS 


— N the Zatus 


1 
Rectum, which call L (as in the Parabola.) 
Then] 2 78S: L:: Ta xĩx Sa: 0 ab | 
But! 3 TaxSa:nab::TAxSA: UAB, therefore 
2, 2 4iT8: L:: TA A: 0D 48; . 


Conſequently L is the true Latus Rectum, or right Parameter, 
by which all the Ordinates may be found, according to its Defi- 
nition in Chap. 1. And becauſe TS + $a =T a, let it be TS + 

: 5 A 3 
Sa inſtead of Ta, then it will be Fö XK dd - L and in the 


3 ee LE 
Ellip/is it would be TEST” 44 = £ 


Sect, 


b 


Fs: 


— — 2 — „ 
— — 22 — 
way — — * - 


S* — aA = — 
: _ WD ———— oe rr ... TE 2” Oo 
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— — 
5 


Sect. 3. To fnd the Focus of any Hyperbola. 


The Focus being that Point in the Hyper bola's Axis through 
which the Latus Refum muſt paſs (as in the Ellipſis and Parabola) 
it may be found by this Theorem. 


To the Rectangle made of half the Tranſverſe into 
half the Latus Rectum, add the Square of half the 
THEOREM.4 Tranſverſe; the Square Root of that Sum will be the 
Di/tance of the Focus from "the Center of the Hy- 


i 
+ 
: 
: 
1 
% 
oh 
* 
g. 
1 
1 


perbola. 
Demonſtration. 
Suppoſe the Point at E, in the annex'd Scheme, to be the Focus 
0 ſought; then will FR=43 L. Let 70 4 
Cs be half the Tranſverſe; then is the Point 7 


C cali'd the Center of the Hyperbela (for a 

Reaſon that ſhall be hereatter ſhew'd, ) 

Again; let CS = d, and & Fa. 
Then 112d: L:: 2d N: 1 LI. 

That is, 278: L:: TS F FS: O FR 

1 „ 2/1444 = 24d + a 

2 + dd 4 +3id L = dd + 24a + aa 

4 w* S N 
Or 5, —d6b\Vdd dl. d = SF A. 
| In the Ellipfs tis, 2d: L:: 2d - 4 K: LL, that is, 1d L = 
| 2da—aa, &c. 

The Geometrical Effection of the laſt Theorem is very eaſily 
perform'd, thus: make Sx IL, viz, half the Latus Redtum; 
and let CS e d, as above. Upon C x (as A Diameter) deſcribe a 
Circle, and at S the Vertex of the Hy- 
perbala draw the Right Line 18 NM at 
Right Angles to Cx; then join the 
Points C N with a Right Line, and 
till be GN =d+a= FC. 


Pf 
-—9- 


N 
— — 


0 


— . 9 — 


/ 


— 


. 


Den f 


For 1 CS: SN: : 8N: Sx, per Fig. 
That is,|2|d : SN:: SN: 2 L. 
$2 TRL = fF3N 
Butj4]dd + OO SN O CN 
3, 45 dd +i:dL=OCN 
5 au bl dd TAL = CNS dA a, 8c. 


. — 


— 
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Now here is not only found the Diſtance of the Hyperbola's H- 
cus, either from its Center C, or Vertex &, but here is alſo found 
that Right Line uſually call'd its Conjugate Diameter, viz. the 
Line nSN, which bears the ſame Proportion to the Tranſverſe 
and Latus Rectum of the Hyperbola, as the Conjugate Diameter of 
the Ellipſis doth to its Tranſverſe and Latus Rectum. For in the 
Ellipſis TS: Nn:: Nu: LR, per Se. 2, Page 363. Conſequent- 
ly 178: 1 N:: 1 NS: 2LR. But 1 TS 4, Na = SN. 
and =. LR = I. Therefore d: & N:: S N: IL. As at the 20 
Step above. 5 

What Uſe the aforeſaid Line 28 Neis of, in Relation to the 
Hyperbola, will appear farther on. 


Sect. 4. To deſcribe an Hyperbola in Plano. 


In order to the eaſy Deſcribing of an Hyperbola in Plano, it will 
be convenient to premiſe the following Propoſition, which differs 
from that of the Ellipſis in Sect. 3, Chap. 2, only in the Signs. 

If from the Foci of an Hyperbola there be drawn: 
two Right Lines, ſo as to meet each other in any 
PROPOSITION. 4 Point of the Hyperbola's Curve, the Difference 
thoſe Lines (in the E1lipfis tis their Sum) will be 
| equal to the Tranſverſe Diameter. 

That is, if F be the Focus, and it be made CF g CF (as in 

the laſt Scheme) then the Point F is ſaid to be a Focus out of the 


Section (or rather of the oppoſite Section) and it will be f B — 
FB=TS; | 


Demonſtration. 


Suppoſe fC, or Cf = x, and 8 4 x, let CS, or TC = d, 
as before; then will FA d K z, and FA=d + x —z. 
Again, let FB =b, and FB = b, then 2d =h — b, by the 
Propoſition. | | 


From theſe ſub/?:tuted Letters it follows, 


That 1 dd + 2dx + 2dz ＋ xx +2zx +2z= 0 A 

 And;2idd + 24x — 2dz + xx — 22* + 22 = 0 FA 

b Bar Of4+04B8=0FfFB,ando fd+ OAB=OFB 
of % 30 24 L da + 2a +aa= FC = xz. 


t 
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ws | 22 — dd = 2 4. 


3 2 — d 
Lai © har r anion 

Again] 6 2d: L:: 2d ＋ xXx: UAB, by common Properties: 
&- 67 2d: ES: 2 + r CA 
71 18 — 4 — 2d4dds — ddxæx —=O 42 


dd +2dx+2dz+xx+22x +22 4- 
1 + 8| 9 4 2dzzx+2zzxx—2d'x—ddxx 


7 = DO ¶ATUARB = 55 
dd +2dx—2dz+ xx—22x ++ 
2 + 8[10| 4 24zzx+2zxx—24 x—ddxx 


77 on = O FA+ OAB=bb 


e 22xx=ddbb 
10x dd| 12] 4+ —24z—2ddzxÞddzzt-2dzzx+22xx=ddbb 
II w* [13] 4d+dz+zx=4db C Hlrhough the Equation at the 
12 ub |14|dd—dz—zx=4db 16:4] Step be in itſelf impeſſi- 
27 ble, becauſe 2 is greater than 
13 = d|15 dTz+—=b d {by the 4th Step) yet from 
| i thence it will be eajy to con- 


4 clude, that the Difference be- 
tween d and 2, + Jui gi de 


the true Value F b, as in the 
{ 17:4 Step. 


16, or|17 z+— —d =b 
15— 1718 24 =h—bþ 


But becauſe I would leave no Room for the Learner to doubt 


T 


about changing the Aquation, d 27 = b into that of 


2 + = — 4 = b, it may be convenient to illuſtrate the whole 


Proceſs in Numbers, whereby (I preſume) *twill plainly appear 


that d . 
In order to that, let the Tranſverſe TS = 24 = 12, thend 6 
ſuppoſe the Abſciſſa 8 A = x = 4, and the Semi-ordinatce AB =} 


Firſt] i|7F+ S4xSA: AB:: 78: IL, per Se. 2. 
1, viz.| 212 ＋ 4x4=64:9::12:1,6875 = L 
Again] 3|4/4dd A Ad = , per Sect. 3. 
3, viz.| 4 36 + * Ged. 
Then] 5/4 +x+2=6 + 4 + 6,408 — 16,408 = f 4 
And] b|d +x—z=b6 + 4 — 6,498 = 3,592 = #7 


5. 
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1269,2224 = O fA 
12,9024 = U FA 
But] 9 9= Q AB, for AB = z by Suppoſition. 
7 + 910/278, 2224 = Of4+SQ AB=OFB 
8 + 9111 21,9024 = 0 FAU AB FB 
10 ur 12 16,68 = fB 
II w? 13] 4,68 = FB | 
12—13|14] 12,00 =fB = FB — TS. Which was to be prov'd, 


—_—— 


If this Propoſition be truly underſtood, it muſt needs be eaſy to 
conceive how to deſcribe the Curve of any Hyperbola very readily 
by Poiais when the Tranſverſe Diameter and the Focus are given 
(or any other Data by which they may be found, as in the prece- 
dent Rules) thus : 

Draw any ftraight Line at Pleaſure, and on it ſet off the Lens! 
of the given Tranſverſe T S, and from its . 
extreme Points or Limits, viz. 78, ſet off T* 

TF == SF, the Diſtance of the given Ho- 
cus (viz. the Point F without, and F with- ' 
in the Section, as brfore) : that done, upon 
the Point f (as a Center) with any aſſum'd 
Radius greater than TS, deſcribe an Arch 


| 

of a Circle; then from that Radius take 10 N 

the Tranſverſe TS, making their Diffe- „ 

rence a ſecond Radius, with which, upon : 70 
the Point Z, within the Section, deſcribe 3 <... : 4 


another Arch to cut or croſs the firſt Arch, © 
as at B; then will that Point B bc in the Curve of the Hyperlola, 
by the laſt Propoſition. And therefore 'tis plain, that, procced- 
ing on in this Manner, you may find as many Points (like B) as 
may be thought convenient (the more there are, and nearer they 
are together, the better) which being all join'd together with an 
even Hand (as in the Parabola) will form the Hyperbola requir's: 
There are ſeveral other Ways of delineating an Hyperbsla in 
Plano : One Way is, by finding a competent Number of Ordinates, 
as by Section 1, Cc. but I think none ſo eaſy and expeditious a 
this mechanical Way : I ſhall therefore, for Brevity's Sake, pals 
over the reſt, and leave them to the Learner's Practice, as being 
_ eaſily deduced from what hath been already ſaid. 
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Sect. 5. To draw à Tangent to any given Point in the 
Curve of an Hyperbola. 
The drawing of a Tangent, that will touch any given Point in 


the Curve of an Hyperbola, may be eaſily perform'd by Help of 3 
Theorem ; as in the Ellip/is, Se, 6, Chap, 2. 


D =TS the Tranſverſe Diameter T 

Let L the Latus Rectum | 
y=8 A the Abſciſſa. | 
the Diſtance bet ween the P 


2 Ordinate and that Point 
And æ = AP in the Tranſverſe cut by 


the Tangent. 
Then, if y be given, z may be found by | 
this Theorems | = [which dif- 4 


1 D+ 


fers from that in the Elliofi only in Signs, hr 
Vide Page 371.] | 
Or, if z be given, then y may be found by this Theorem, 


Taronzu. V Sq + 4 1 DE. 


Demonſtratioft., 


Draw the Semi-ordinate ba, as in the F ice: and 
tx 2 4418 infinite ſmall Space between the two Semi ordi- 
8 nates; as before in the Ellipſis, &c. 


Then] 1D: L:: Dy ): U 4B 
That is, 278: L:: TY NIN SA: 0 4B 
x 3; N= 043 
Again] 4 D: L:: Dy + = — Dx ＋ *: Q ab 
That is, 5 TS: L:: TS FNANv : G45 
4 P24 +232 L ED La. 
Per Figure 72: AB::z—x: ab, viz. PA: AB:: Pa: ab 
7 in O's| 8jzz: DAB :: zz — 2zx + xx: Jab 
Suppoſe] g|x = © and every-where rejected (as in the Ellipfes) 
Then 3, 9 TOIZZ : NE: 22 — 22 [] ab 
10 eee 


E e e 6, 14 
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« «7 


= Sy L—2yL—DL __ 


DyLzz + 3 2yLz 

5. +21 =Dj+5y 
5 577 Dy 25 via. CA: Sd :: TA: AP 
13215990 15ʃ 2 = 25 which is the firſt Theorem. | 
13 1% + D =2Ds 
ib C 17/33 + Dy—zy + 22= a CIS 


| 4 
„ „ DE EV 
| — 
i the ſe- 
3 = V en There. 


— — — Q. E. D. 


The Geometrical Effection of the firſt of theſe Theorems is very 
eaſy ; for, by the 14th Step, tis evident that there are three Lines 
given to find a fourth proportional Line. By Problem 3, Page 308. 


Scholium. 


From the Compariſons, which have been all-along made in this 
Chapter, between the Hyperbola and the Ellip/is, *twill be eaſy 
(even for a Learner) to perceive the Cohe- .. RIES 1 
rence that is in (or between) thoſe two Fi- 
gures; but, for the better underſtanding of 
what is meant by the Center and A/ymptotes 
of an Hyperbola, conſider the annex'd 
Scheme, wherein it is evident (even by In- 
ſpection) that the oppoſite Hyperbola's will 
always be alike, becauſe they will always 
have the ſame "Tranſverſe Diameter com- 
mon to both, Sc. (ſee Sec. 1, of this Chap.) 
Alſo, that the middle Point, or common 

Center of the Ellipſis, is the common Cen- 
ter to all the four conjugal Hyperbola's. | 

And the two Diagonals of the Right-angled Parallelogram, which 
circumſeribes the Ellipſis (or is inſcrib'd to the four Hyperbola's) be- 


ing continued, will be ſuch A/ymptotes to thoſe Hyperbola's as are de- 
fined Chap. 1, Sect. 5, Defin. 4. 


Sect, 


— cu 
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Set. 6. To draw the Alymptotes of any Pyperbala, Sc. 


Having found the Latus Rectum (by Sect. 2.) and the Conjugate 
Diameter in» SM in its true Poſition, by Sect. 3. Then through 
the Center C of the Hyperbola, and the extream Points u N of its 
Conjugate. Diameter, draw two Right Lines, as CN and Cn, in- 
finitely continued (as in the following Figure) and they will be the 
Aſymptotes required. That is, they are two ſuch Right Lines as, 
being infinitely extended, will continually incline to the Sides of the 
Hyperbola, but never touch them. 


Demonſtration. 


Suppoſe the Semi-ordinates ab and AB to be rightly apply'd to 
the Axis TA; and produced both Ways to the Ahmptotes, as at fs ö 
and FG; then will the ACS N, A Cag, and A CAG be alike. ll 

Let d CS FTC. And L = the Latus Rectum; as before, x 
Put Þþ = 44 the Abſciſſa. Then 24292 | 1 

N 5 d-+y=CA. 
Then] 11d: SN::d4d+e:ag. VIZ. CS:SN::Ca:ag 
in 's 24d: SN: : dd + 2de Tee: Qag if 
But] 34 = SN. per Sect. 3. ' 
 1ddL+2deL + eel 
2,3 4|— 2 72 2 — 2 ag 
Again] 5 2d: L:: z2de Tee: ab, per Set, 2. 
: 2deL ret 83 


8 rg 


r 


* — _- = 
pO RFI YE 


I. 


— 


8 x g[io{OGag—Oab=bfxbe 
7. Toliiibfxbg =4dL | / "4 

Again 12 dd: NSN: :dd+24y+yy: DAG F A—N 
That is, | |QCS: CSN: U C: DAC /* N 
312 v SSD =01 /——x” 

But 14 24: L:: 2% ＋ : Q AB, per Sect 2. 

Dp 14 i e A 


* — 
x > 
— 


2 > : * * P . - = 
. A n * 
— —-— — — — — 


— 
3 


E e e 2 13—15 


yrs — — ths 9 


. 
— 
„ - - hg TM > * 
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13 — 15016 2 0 46— U 45 
17A + AB = BF 

Allo J 18% — 4B = BG J per N. 

17 Xx 18190 46 —- AB BF XB 

16 19 20 BFX BG = AI. 


aL 
11, & 20.21 
' 


be ==—. And BG = 15 


77 BF 


— — — — 


From the laſt Step 'tis evident, that the Ahmptotes are nearer 
the Zhperbola at & than at g. and conſequently will continually ap- 
proach to its Curve: For BF) ;dL (= BG is leſs than bf); 2d“ 
(= bg, becauſe the Diviſor BF is greater than the Diviſor bf; and 
it muſt needs be ſo where-ever the Ordinates are produc'd to the 
Aſymptotes, from the Nature of the Triangles. 

Again; From the 7th and 16th Steps *tis evident, that the Afymp- 
totes can never really meet and be co-incident with the Curve 
of the Hyperbola, although both were infinitely extended, becauſe * 
dL will always be the Difference between the Square of any Semi- 
ordinate and the Square of that Semi-ordinate, when tis produc'd to 
the A/ympiote. | 


Conſectary. 


From hence it follows, that every Right Line which paſſes thro' 
the Center and falls within the Ahymptotes, will cut the Hyperbola; 
and all ſuch Lines are call'd Diameters (as in the Ellipfis) becauſe 
the Properties of the Hyperbola and Ellipſis are the ſame. 


Note. Every Diameter, both in the Ellipfis, Parabola, and Hy- 
perbola, hath its particular Latus Rectum and Ordinates; which 
(ſhould they be diſtinctly handled, and the Effection of all ſuch 
Lines as relate to them, as alſo the Nature and Properties of ſuch 
Figures as may be inſcribed and circumſcribed to all the Sections, 
with the various Habitudes or Proportions of one Hyperbola to ano- 
ther, Sc.) would afford Matter ſufficient to fill a large Volume. 
But thus much may ſuffice by way of Introduction; I ſhall therefore 
deſiſt purſuing them any farther, being fully ſatisfied, that, if what 
J have already done be well underftood, the reft muſt needs be 


ry eaſy to any one that intends to proceed farther on that Sub- 
JeQ, | ; 


AN 


i 
1 
f 
2 
| 


AN 
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PART V. 


either any LINE, SorERFICIES, or SOL1D) by a regular 

Progreſſion, or Series of Quantities continually approach- 
ing to it, which, being infinitely continued, would then become 
perfectly equal to it; is what is commonly call'd Ar:thmetick of 
Infinites 3 which I ſhall briefly deliver in the following Lemma's, 
and apply them to Practice in finding the ſuperficial and ſolid Con- 
tents of Geometrical Figures farther on, 


LEMMA I. 


If any Series of equal Numbers (repreſenting Lines or other 
Quantities) as, I. I. I. 1. Cc. or 2. 2. 2. 2. Cc. or 3. 
7 3. 3. Cc. if one of the Terms be multiply'd into the 

umber of Terms, the Product will be the Sum of all the Terms 

li the Serie. | 

Ibis is fo very plain, and eaſy to be underſtood, that it needs 

no Example. | | 


T HE Method of finding out any particular Quantity (vis. 


L EMMA ll. 


If the Series of Numbers in Aritbmetick Progreſſion begin with a 

Cypher, and the common Difference be 1 ; as, o. 1. 2. 3. 4. Cc. 

| (repreſenting a Series of. Lines or Roots beginning with a Point) 

if the laſt Term be multiply'd into the Number of Terms, the 
Product will be double the Sum of all the Series. 


That is, putting L = the laſt Term, N = the Number of 
Terms, and & = the Sum of all the Series: 


Then 
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Then will NL = 28. Conſequently, * NL = 8. 
viz, one Half of ſo many times the greateſt Term as there are 
Numbers of Terms in the Series. 
Thus 2EI+2+3+4 — 10 = the Sum of the Series = 3 NIL. 


4+4+4+4+4 © 20= NL. 
And this will always be ſo, how many Terms ſoever there are, 


by Canſe. 1, Page 185. | 


LEMM A III. 


If a Series of Squares whoſe Sides or Roots are in Arithmetick 
Progreſſion, beginning with a Cypher, &c. (as in the laſt Lem- 
ma) be infinitely continued; the laſt Term, being multiply'd 
into the Numbers of Terms, will be Triple to the Sum of all 
the Series, viz. NI. L = 38, or zNLL=S. 


That is, the Sum of ſuch a Series will be one Third of the laft 
or greateſt Term, ſo many times repeated as is the Number of 
Terms in the Series. 


Inſiances in the Square Numbers. 
. J : . 


— — — — — 2 


4 44＋4 12 3 12 
2. eee Ht —T7 = 1 


— 


ier 30-18" 3. 28 
3. (om 85 1 


From theſe Inſtances tis evident, that as the Number of Terms 
in the Series does increaſe, the Fraction or Exceſs above does 


decreaſe, the ſaid Exceſs always being _ ; which, if we ſup- 


poſe the Series to be infinitely continued, will then become inh- 
nitely ſmall, viz. in Effect nothing at all. Conſequently, NL. 
may be taken for the true or perfect Sum of ſuch an infinite Series 


of Squares. | 
LEMMA IV. 


If a Series of Cubes, whoſe Roots are in Arithmetick Progreſſion, 
beginning with a Cypher, &c. (as above) be infinitely continu'd, 
the Sum of all the Series will be * NELLL = S. 

That is, one Fourth of the laſt or greateſt Term ſo many times 
repeated as is the Number of Terms. 


Inſtance 


AQ _ K, 2 as 
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Inſtances in Cube Numbers. 
If o. 1. 2. 3. &c, be the Roots of the Cubes. 
Then 1. 288. bis 0 =S=4i=- - 
27+27+27+27 10 12 4 12 
Sas J ny PIER 
* U644+64+64+64+64 320 032 16 4 T 16 
_o+_1+_ 8+ 27+ 6qp125_225_45=3—*_L,.. 
; IR ae7e 11 marr % o 4.20 


From theſe Examples it plainly appears, that, as the Number of 
Terms in the Series increaſes, the Fraction or Exceſs above + de- 


creaſes, the Exceſs being always 


_ I which, if we ſuppoſe. 
the Series to be infinitely continued, will become inhnitely ſmall, 


or rather nothing; as in the laſt Lemma. Conſequently, | NL 


LL may be taken for the true and perfect Sum of all the Terms 
in ſuch an infinite Series of Cubes, 


LEMMA V. 


If a Series of Biquadrates, whoſe Roots are in Arithmetick Pro- 
greſſion, beginning with a Cypher, &c. (as before) be infinite- 


ly continued, the Sum of all the Terms in ſuch a Series will be 
NL. 


The Truth of this may be manifeſted by the like Proceſs, as in 
the foregoing Lemma's, and ſo on for higher Powers. But if an 
one deſires a farther Demonſtration of theſe Series, he may (I pre- 
ſume) meet with ample Satisfaction in Dr. Wallis's Hiſtory of A.- 


gebra, Chap. 78 and 79, wherein the Doctor concludes with theſe 
Words: 


© Thus having fhew'd, that in the Progreſſion of Laterals (or 
* Arithmetical Proportionals) beginning at o, the Sum of 2, 3, 4, 
5, 6 Terms, is always equal to half of ſo many times the great- 
et; and there being no Pretence of Reaſon why we ſhauld 
then doubt it in a Progreſſion of 7, 8, 9, 10, &c. we conclude 
it ſo to be, tho' ſuch Number of Terms be ſuppos'd infinite. 
Again; in a Progreſſion of their Squares having ſhew'd, that 
in 2, 3, 4,5, 6 Terms the Aggregate is always more than one 
* Third of ſo many times the greateſt, and the Exceſs always ſuch 


« aliquct 


«cc 
(0 
cc 
(e 
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& aliquot Part of the greateſt, as is denominated by ſix times the 
«© Number of Terms wanting 1. (As, if the Terms be 2, 
« it is 2; if three, it is 1 ＋ 12 if 4, it is 3 +25; if 5, 
4 it is 3 ＋ t of ſo many times the greateſt Term, and ſo onward) 
ce we may well conclude (there being no Pretence of Reaſon 
« why to doubt it in the reſt) that it will be ſo, how many ſoever 
ce be ſuch Number of Terms. And becauſe ſuch Exceſs, as the 
«© Number of Terms do increaſe, will become infinitely ſmall (or 
< leſs than any aſſignable) we conclude (from the Method of Ex- 
6 hauſtions) that, if the Number of Terms be ſuppos'd infinite, 
„ ſuch Exceſs muſt be ſuppos'd to vaniſh, and the Aggregate of 
« ſuch infinite Progreſſion ſuppos'd equal to 3 of fo many times 
«© the greateſt, 

In like manner having prov'd that ſuch Progreſſion of Cubes 
© goth (as the Number of Terms increaſe) approach infinitely near 
* to p of ſo many times the greateſt, and of Biquadrates to , and 
c fo of Surſolids to 4 of ſo many times the greateſt, and ſo on- 
«© wards as we pleaſe to try; and there being no Pretence of Rea- 
© ſon why to doubt it as to the reſt, we may take it as a ſufficient 
« Diſcovery, that (univerſally) the Aggregate of ſuch infinite 
« Progreſſion is equal (or doth approach infinitely near) to ſuch 
« a Part of ſo many times the greateſt, as is denominated by the 
« Exponent (or Number of Dimenſions) of ſuch Power (as is 
c that according to which the Progreſſion is made) increas'd by 
« x, (namely, of Laterals 2; of Squares 13 of Cubes 43 of Bi- 
* quadrates ; of ſo many times the greateſt) and fo onwards 
ce infinitely.” 


® —— — 


4.00 


This Diſcourſe of the Doctor's I thought convenient to inſert, 
ſuppoſing it may give ſome Satisfaction to the Learner, to hear fo 
Great a Man as Dr. Wallis Argument about the Truth of theſe 
Series, which I have briefly deliver'd in the *foregoing Lemma's. 


LEMM A VI. 


If any two Series or Ranks of Proportionals have the ſame Num- 
ber of Terms (whether Finite or Infinite) it will always 
| As the firſt Term of one Series : is to the firſt Term of the 
be other Series : : ſo is the Sum of all the Terms in the one Serics : 
to the Sum of all the Terms in the othec Series. 


(12. . 5) 


As 


a 1 8 8 1 
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— 2 3 
As in theſe Numbers, 


3 | 6 Or theſe Numbers, 1 
216 12 15 
319 36 45 
4 | 12 | 103] 135 
5|15 324 | 405 
6118 97211215 


That is, 1: 3:: 21:63, And 4: 5: 1456 : 1820 Ce. 
The Application of theſe Lemma's to Geometrical Quantities, 


viz. to Lines, Superficies, and Solids, wholly depends upon grant- 
ing the following Zhpotheſes. 


The Yypotheſes, 


1. That every Line is ſuppos'd to conſiſt (or be compos'd) of 
an infinite Series of equidiſtant Points, 

2. A Surface (viz. the Area of any Figure) to conſiſt of an in- 
finite Series of Lines, eicher ſtreight or crooked, according as the 
Figure requires. 

3- A Solid to conſiſt of an infinite Series of Plains, or Superfi- 
cies, according as its Figure requires, 

Not that we ſuppoſe Lines, which have really no Breadth, can | 
fill a Space or Superficies; or that Plains, which have not any i 
Thickneſs, can conftitute a Solid: But by what we here call Lines 
are to be underſtood ſmall Parallelograms (or other Superhicies ) 
infinitely narrow, yet ſo as that their Breadths, being all taken 
and put together, muſt be equal to the Figure they are ſuppos'd to 
fill up. And thoſe Plains or Superficies, which are here ſaid to 


| conſtitute a Solid, are to be underſtood infinitely thin; yet ſo as 1 
| that their Depths or Thickneſſes (which are hereafter alſo called 1 
Lines) being all taken together, muſt be equal to the Height of | 


the propos'd Solid. Now, in order to render this Hypotheſis as 
ealy for a Learner to underſtand as I can, I ſhall here propoſe a j 
very plain and familiar Example; Viz, Let us ſuppoſe any Book | 
to be compos'd (or made up) of 100, 200, 30% (more or leſs) A 
: Leaves of fine Paper; ſuch a Book, being cloſe put cogether, will l 
have Length, Breadth, and Depth or Thickneſs, and therefore 4 
5 may (not improperly) be called a Solid; and each of its Edges 1 
a (being evenly cut) will be a Supetrficies compos'd of a Series of 4 
imall Parallelograms, every one of their Breadths being only the | 
Edge of a ſingle Leaf of Paper 3 and if we conceive the Thick- 1 
} neſs of every one of thoſe Leaves to be divided into 10, of | 
9 Ff 100, 3 
E : 
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100, or 1000, Ec. they will then become ſuch a Series of infi- 
nitely ſmall Lines as are (by the Hypotheſis) ſaid to compoſe or 
fill up a Superficies. And all the Superficies of thoſe infinitely thin 
or divided Leaves of Paper will become ſuch a Series of Plains, 
or Superfcies, as are ſaid to conſtitute a Solid, viz. ſuch a Solid 
as the Bigneſs and Figure of that Book. 

Now according to this Idea of Lines, Superficies, and Solids, 
one may, without the leaſt Prejudice to any Demonſtration, admit 
of the following Definitions and Theorems. 


Definitions. 


I. The Area's of Squares, and all other Parallelograms, are com- 
pos'd or fill'd up with an infinite Series of equal Right Lines. 


II. The Area of every plain Triangle is compos'd of an infinite 
Series of Right Lines parallel to its Baſe, and equally decreaſing 
until they terminate in a Point at the vertical Angle. 


III. The Area of a Circle may be compoſed either of an infinite 
Series of concentrick or parallel Circles, or of an infinite Series of 


Chord Lines parallel to its Diameter, or of an innumerable Mul- 
titude of Sectors, 


IV. The Area of an Ellipſis may be compos'd either of an in- 
finite Series of Ocdinates rightly apply'd, or of an infinite Series 
of Right Lines parallel to its Tranſverſe Diameter. 


V. The Area's of the Parabola and Hyperbola are compos'd of 


an infinite Series of Ordinates; or may alſo be compos'd of Right 
Lines parallel to its Axis, c. 


VI. A Priſm is a ſolid Body contain'd or included within ſeve- 
ral equal Parallelograms, having its Baſes or Ends equal and alike; 


and it is generally nam'd according to the Figure of its Base 
: That iS, 


VII. A Cube (or Solid like a Dye) is a Priſm bounded or ir- 
cluded with fix equal ſquare Plains. 


VIII. A Parallelopipedon is a Priſm that hath its Sides bounded 
or included within four equal Parallelograms and two ſquare Baſes 
or Ends. 


IX. A Cylinder (or Solid, like a Rolling-ftone in a Garden) 8 
only a round Priſm, having its Baſes or Ends a perfect Circle. 


X. The 
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— 


X. The Solidity of every Priſm is compos'd of an infinite Se- 
ties of equal Plains, parallel and alike to that of its Baſe. 

| XI. A Pyramid is a Solid bounded or included within ſeveral 
plain Triangles ſet upon any Polygonous Baſe, having their verti- 
| cal Angles all meeting together in a Point, called the Vertex, and 
takes its Name from the Figure of its Baſe, viz. if it has a ſquare 
Baſe, tis call'd a ſquare Pyramid; if a triangular Baſc, tis call'd 
a triangular Pyramid, &c, 
XII. A Cone is only a round Pyramid, which hath been already 
defined in Page 355, Cc. 

XIII. The Solidity of every Pyramid is compos'd or conſtituted 
of an infinite Series of Plains, parallel and alike to that of its Baſe, 
equally decreaſing until they terminate in a Point at the Vertex, 


XIV. A Sphere or Globe, (viz, a Ball) is a Solid bounded or 
included within one regular Superficies, being form'd or gene- 
rated by the Rotation of a Semi-circle about its Diameter (call'd 
the Axis of a Sphere) and its Solidity is compos'd or conſtituted 
of an infinite Series of concentrick Circles, whoſe Diameters are 
the Chords of that Circle by which it was form'd. 

XV. A Spheroid (or Egg-like Figure) is a Solid bounded with 
one regular Superficies, form'd by the Rotation of a Semi-ellipfis 
about its Tranſverſe Diameter (call'd the Axis of the Spheroid) 
and its Solidity is conſtituted of an infinite Series of concentrick 
Circles, whoſe Diameters are the Ordinates of that Ellipſis by 
which it was form'd. 

XVI. There is another Sort of Solid call'd an OBlate Spheroid, 


Diameter, and it is like a flat Turnep. 

XVII. If a Semi-parabola be turn'd about its Axis, *twill form 

a Solid call'd a Parabolick Conoid, being compos'd or conſtituted 
of an infinite Series of Circles, whoſe Diameters are the Ordinates 
of a Parabola. 
XVIII. If a Parabola be turn'd about its Baſe, or greateſt 
Ordinate, *twill form a Solid call'd a Pyramidoid, but moſt com- 
monly a Parabelick Spindle, which will be conſtituted of an infi- 
nite Series of Circles, whoſe Diameters are Right Lines parallel to 
the Parabola's Axis. 

XIX. If an Hyperbola be turn'd about its Ax's, 'twill form a 
Solid call'd an Hyperbelick Conoid, being conſtituted of an infinite 
ies of Circles, whoſe Diameters are the Ordinates of the Hy- 
perbola, 


5. 1 0-8 XX. The 


being form'd by the Rotation of an Ellipſis about its Conjugate - 
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XX. The curve Superficies of all circular Solids (viz. Cylin- 
ders. Cones, Spheres, Ec.) are compos'd of an infinite Series of 
the Peripheries of thoſe Circles which conſtitute their Solidities. 


Upon theſe Definitions are grounded all the following Theorems ; 
and therefore, if they were diligently compar'd with their re- 
ſpective Figures, it muſt needs be of great Help to the Learner, 
and would render all that follows very eaſy ; wherein I ſhall begin 


with what hath been already demonſtrated, by way of introducing 
the reſt, 


THEOREM I. 


The Area of every Right angled Parallelogram is obtain'd by multi- 
plying the Length into its Breadth, 


That is, BDXFB = the Area of the Parallelogram B D FG, 
by Lemma 1, compar'd with De- F | G 
ftnition 1. — 


Example. 


Suppoſe BD = 26, and FB Dq, 
then 26 K 9 = 234 the Area, - — 
Sce Prob. 1, Page 339. B | D 


THEOREM Il. 


The Area of every plain Triangle is equal to half the Area of its 


circumſcribing Parallelogram. That is, 9 = the Area of 


AB CD, in the following Figure. 


Demonſtration. 

Suppoſe the Perpendicular C to be divided into an infinite 
Number of equal Parts, as at the F C G 
Points a, 4, @, &c. and through þ 7 
thoſe Points there were drawn 1 2 7 WINE 
Right Lines parallel to the Baſe |; 7 1 
BD; (vis. bad, bad, ba d, &c.) þ 7 Fx. 
then will choſe Lines be a Series | f [> 


of Terms in Arithmetick Progreſ- B A 
ſion beginning at the Point C (viz, : 
o, bd, 2bd, 3b d, &c as is evident by the Figure, wherein BD 
the greateit Term = L, and C A the Number of Terms = - 
| 3 ut 


on 


* 


N 


S 


apply d to Superficies 2nd Solids. 405 
But NL, 8, by Lemma 2. And 8 = the Triangle's Area 
by Definition 2. Q. E. D. 

Example. Let BD = 26, and CA =g9, as above; then 
— = 117, or Xx 9 = 117. Or thus, 26X? = 117, the 
Area requir'd. [See Problem 3, Page 330. ] 


THEOREM Il. 


The Peripheries of Circles are in Proportion one to another as their 
Diameters are. 


Demonſtration. 


Let the Periphery of a Circle be divided into any Number of 
equal Arches by Right Lines drawn from : 

the Center (viz. Radii) ſuppoſe em 8, 
as in the annexed Figure, wherein A B 
is one of them; then, if thro' any Point 
in the Radius there be drawn a concen- 
trick or paralle] Circle, its Periphery 
will alſo be divided into 8 equal Arches 
by thoſe Radii, one whereof will be ab, : 
and the AC ab will be like to ACA B, 

Therefore Ca: ab:: CA: AB, or Ca: CA:: ab: AB, 
conſequently 2 C4: 20 A:: 840: 8 AB. But 20 4 = da 


the Diameter of the Circle, whoſe Periphery is 8 45; and 2 04 


= DA, the Diameter of the Circle, whoſe Periphery is 8 A B. 
Therefore, &c. as by the Theorem. Q. E. D. 


Example, 


In Chapter 6, Part III, it was found, that, if the Diameter of 
a Circle be 2, its Periphery will be 6,2831853, &c. Therefore, 
2: 6,2831853, Cc. :: 1: 3,14159265, Sc. the Periphery of 
the Circle whoſe Diameter is 1. 


Corollary. 


Hence it follows, that becauſe Unity, or 1, may be made the 
firſt Term in the Proportion, therefore 3,14159265, &c. may be 
made a conſtant or ſettled Factor; which, being multiply'd into 
any propos'd Diameter, will produce the Periphery of that Circle. 

Nate, Inftead of 3,1489265, Cc. it may be ſufficient to take 
only 3,14 16, 

| Or, 


— ——— 7 r 


— — — — — 
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Or, in whole Numbers, the Proportion may be, : 1 


5 . heſe Numbers may ſerve 
A891 22:2: Diam. : Periphery , * , 
Or 113: 355 :: Diam. : Periphery 2 are often uſed in com- 


mon Practice, 


THEOREM: IV, 
The Area of any Sector ef a Circle is equal to half the Rectangle 
of the Radius into its Arch. That is, LEN = the Area 
of ACP. 


Demonſtration, 


Suppoſe the Radius CA to be divided into an infinite Series of 
equidiſtant Points, as a, e, y, &c. and 
thro” thoſe Points there were drawn concern- 
trick or parallel Arches, as ab, ed, yf, &c. 
then they will be a Series of Arches in 
Arithmetick Progreſſion, beginning at the 
Point C (viz. o, 1, 2, 3, Cc.) as plainly ap- 
pears by the Figure, wherein the greateſt 
Term is AB =I, and Number of Terms is 
CA = MN. But: NMlL S, the Sum of all 
the Series, by Lemma 2, and S = the Sector's 
Area, by Definition 3: Q. E. D. 


Let the Radius CA = 12, and the Arch AB = 8, then 12x86 


2 
= 48. Or 2X 8 = 48. Or3x12 = 48, the Area of the 
Sector ACB. 


THEOREM V. 


The Area of every Circle is equal to half the Rectangle of the Radius 
into its Periphery. That ts, according to Archimedes, a Circle 
is equal to 4 Right-angled Triangle, whoſe Sides containing the 
Right-engle are equal, one to the Radius, and the other to the 
Perimeter of that Circle, Pro. 1. de Dimenſione Circuli. 


The Truth of this Theorem may be eaſily deduced from the 
laſt, thus: If we ſuppoſe the laſt Sector to be one Eighth part of a 
Circle, then it follows, that © dba C4 =4AB x CA will be 
the Area of the whole Circle. But 4 AB = half the Circle's Pe- 


Tiphery, and CA = half its Diameter; therefore, &c. as per 
Theorem. | Q. E. D, 


Example. 


ll. tt 


:  apply'd fo Superfiries and Solids. 407 


Example. 
If the Diameter be Unity, or 1, the Periphery will be 3, 14159265 


Sc. by Theorem 3. Then 2 2 ** = 0, 78539816, 


c. (or o, 7854 for common Uſe) will be the Area of that Circle. 


Scholium. 


From hence naturally flows the following Proportion between 
the Square and its inſcrib'd Circle. 
As the Perimeter (viz. the Sum of the four Sides) 
Paoroxr1on.Jof any Square : is to its Area : : ſo is the Peri- 
phery of the inſcrib'd Circle: to its Area. 


That is, ſuppoſing 4B = D = the Side of the Square, and 
the Diameter of its infcrib'd Circle ; 


then 4 D = the Perimeter, D D = the 
Area of the Square, and 3,1416 D = the 
Periphery of the Circle, by Theorem 3. 
But 4D: DD:: 3, 1416 D: 8540 
= the Circle's Area, And if D=1, | 
then 4D 4, and DD=1xXx1= 71, 

and the Periphery will be 3,1416. Then 
4:1::1:0,7854 &c. as in the Example B A 
above. And from hence may be ealily 

deduced the following Theorems. 


THEOREM VL 


The Area's of all Circles are in Proportion one to another as the 
Squares of their Diameters. (2. e. 12.) 


For if D = the Diameter of one Circle, and d = the Diameter 
of another Circle, then will 0,7854 DD be the Area of one 
Circle, and o, 7854 4d will be the Area of the other Circle; as 
above. But 0,7854 DD : 0,7854d4d:: DD: dd. Or thus, let D 
= the Diameter, and P = the Periphery of one Circle; 4 = the 
Diameter, and p = the Periphery of another Circle ; 

Then IIZ DX P==*DP = A, the Area of one Circle. 

And 2 Ad X =dp a, the Area of the other Circle. 


A B 


1 Xx 413 DP = 44 (per laſt Theorem. 
2 Xx 4|4]dp = 44 
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4 4 6 
But 7 P: p:: D: d, per Theorem 3. 
5, 6, 7 8D:d: 42.42 
3 9% 4% that is, DDa =dd 4 
9, Analogy 10 DD: A:: 4d: a, or A: 4: : DD: dd 
— rn . 
: Cerellary. 


Hence it follows, that becauſe the Square of 1 is 1 (7. 
IXI=1) and 0,78539816, Sc. or 0,7854 is the Area of the 
Circle whoſe Diameter is 1 (as betore) therefore it will be 
I: 0,7854 : : ſo is the Square of any Circle's Diameter: to itz 
Area. And becauſe 1 is the firſt Term in the Proportion, there- 
fore o, 7854 may be made a conſtant Factor; which, being mul- 
tiply'd into the Square of any propos'd Diameter, will produce the 
Area of that Circle. 

Note, The four laſt T heorems do plainly ſhew the Reaſon of 
all the common or practical Problems about a Circle, which, for 
the Learner's farther Satisfaction, I have here inſerted rogether, 

Suppoling as before, 
| D= the Diameter 
That P = the Periphery of any propoſed Circle. 

A = the Area 


| 4 Probl. 1. D being given, to find P. 
Then 1: 3,1416 :: D: P. per Theorem 3. 
p *-1.2 13,1416 D= ©. 
Examp. W 2 2 Then 3514169 32 100, 5312 


ä 


— — 


Probl. 2. D being given, to find A. 

11: 0,7854::DD : A, per Theorem b. 
0,7854 DD A 

Suppoſe D 32 (as before) 

DD S 32 * 322 1024 

0,7 854 X 1024 = $04:2496, the Area ks. d. 


——dw—__—_ rr 


Probl. 3. P being given, to to find D. 


3 becauſe u = 3183 
ay 1 0 1 therefore o, 3183 P =D. 


This, being only Converſe to the firſt, needs no Exam. 


2 


— 


2 © 2 
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11 Prob; 4. £ being given to Gnd A, 
2 ©. 6198 965 DD= PP 


6 — 715 = 56553 or %%% 2 59 


9, 
For 5.7% — 1,2732 
A 
75 819 5 c or o, 10132 PP g= 1, 2732 4 
9 x & 10 12,5667 S 4 or o, 07957 PPS A 


i {4 Preb.s. A being given to find D. 


8 w* 1D 
= | 3,7854 


„or DS 1, 27324 


* 


1 Prob. 6. A being given, to find P. 
Io X &c. 112 [PP = 12,5664 4, or PP = 2 


007957 


| | A 
12 du 13P * 12,5564 A, or PS 3 


„ „ ** 


* 


Theſe ſix Problems contain all the Variety that can be propoſed 
about findiog the Periphery, Diameter, and Area of any Circle. 

But if it be required to find the Area of any Segment, or Part of 
2 Circle cut off by a Chord, that Work will require a farther Con- 
lide ration. 

Fir/t, As to the Data there muſt alwavs be given the Diameter; 
or, either the Periphery or Area of the Circle, in order to find the 
Diameter, 

Secondly, There muſt alſo be given, either the Chord which is the 
| Baſe of the Segment, or the verſed Sine, which is the Height of the 
Segment, 'T h.t is, either BG, or A F. in the following Scheme, 
muſt be given, that ſo the Area of the A BCG may be found, Then 
it's evident (by the Figure) that, if the Area of the A BCG be taken 
from the Area of the Sector CB AG, the Remainder will be the Area 
of the Segment BAG. And if the Area of the Segment BAG be taken 
from the whole Area of the Circle, the Remainder will be the Area 
of the other Segment D BG, 


Gg g Fram- 
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Example in Numbers, 
Let there be given DA = 22, as in 


Prob. 1. and the verſed Sine AF = 6; B 
then * DA = BC = CA 16, and FN 
GCGA—AF=CF=1o, But UBC 5 


— H= BF. Conſequently 
vV O5C—OCF=BF, viz. 156 
= 12449-=-8##. | | 

Then, by the Doctrine of plain Tri- 
angles, the Arch BA BCA may 
be found in Degrees and Decimal Parts. Thus B C: Radius:: 
B F: SmeSBCF=51,31 Degrees. And then it will always hold 
in this Proportion; | 


As the Gircle's Periphery in Degrees: is to its Periphery in 
£ 


equal Parts (according to the Dimenſions taken) : : So is 
the Arch in Degrees (viz, x BCA): to the ſame Arch in 
equal Parte. 


That is, 360? : 100,5312: : 51,31* : 14, 3284 = BA. Then 


14,3284 X 16 = 229,2544, the Area of the Sector BCA; and 


12.49 X 10 124, 9, the Area of the A BCG. Their Difference 
104, 3544 = the Area of the Segm. BAG. „ 

Or the Area of any Segment may be otherwiſe found (as moſt 
uſually it is) by a Table of the Segments of a Circle, whoſe Area is 
Unity, or 1. The Conſtruction or making of ſuch a Table is very 
well laid down in Mr. Darie's Book of Gauging, Chap. q. which he 
performs in this Problem, | 


PROBLEM. 


In a Circle whoſe Area is Unity, and its Diameter cut by Chord Lint 
into 1000 equal Parts, 4 find the Segment to any verſed Sine pro- 
Pos d, not exceeding 500 of thoſe equal Parts. 


1. Multiply the verſed Sine propoſed by 0,002, and ſubtract the 
Product from an Unit or 1. 


2. This Remainder you ſhall ſeek in the common Table of Natural 
Sines, (the Arch being divided into Degrees and Centeſimals) which 
being found, let its Co- arch be doubled, and called A. 


3. You muſt find the correſpondent Sine to A ; which Sine being 
found, you may call &, and then it holds 6, 2831853) 0,0174537 
925 14 — 8 ( the Segment required. N 
2, 7 9 ** 


— 
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| Now this Segment being thus found, if you ſubduct it from an 


Unit, you have the Co-ſegment, &c. 

Note, Notwithſtanding what has been ſaid in the ſecond Precept 
of this Problem, it very often falls out that the Remainder there 
ſpoken of cannot be truly found in the Table of Natural Sines; 
therefore in this Caſe my Advice is, that you make two Opera- 
tions, one with a Sine the next greater, and one with a Sine the 
next leſs ; and in ſo doing you will be ſure to have the Segment re- 
quir'd bounded between the Reſults of thoſe two Operations. 


Example, Let it be propoſed to find the correſpondent Segment to the 
verſed Sine 263. 

Firſt, 263 X 0,002 = 0,526, and 1 — 0,526 = 0,474, its 
Arch is 28,29* being leſs than juſt; its Complement is 61,719, 
which, being doubled, is 123,42 = A. | 
Then ,0174533 4 2, 1540870286 

= , 8346556 & the Sine of A. 


6,2831853) 1, 319430686 (o, 20993 the Segment. 
Now I make a ſecond Work. 


263 being multiplied with 0,002 is 526, and 1 — 526 = 0,474 its 
Arch is 28,30* being greater than juſt; and its Complement is 
61,70", which being doubled is 123,4 = . 


Then 0,0174.533 4 = 2,1537372 
OY — 0,8348478 , the Sine of A 


6,2831853) 1,3188894 (0,209907 the Segment. 
So you ſee by theſe two Operations that the Segment is bounded, 
and *tis very probable it may be 0,20995. | 
But to abbreviate this large Factor, and this large Diviſor, I 
ſball here inſert two Tables of them, which will be ready for Uſe, 
and exact enough too. 


Diviſor. Factor. Thus far Mr. Darie, which I have 
6,2832010 01745 33/1] here inſerted to ſhew the 4 how, 
12,5664 þ,0349066|/2] by the Help of theſe two Tables, and 
118,8495]3] 52359903] a Table of Natural Sines, he may ea- 
(25,1327}4| [0098132 40 ſily make a Table of Segments, whoſe 
31, 41595 [,0872665]5] Uſe ſhall be ſhewed farther on, iz. 
37, 600 %% |.1047197]6; when I come to treat of practical 
43,9822] . 12217 300% Gauging, In the mean Time 1 ſhall 
50,265 508] J.1396203 86 here lay down another Method to 
156,548, |.1 57979019, find the Area of any Segment of a Cir- 


7 
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* (very near) by a new Theorem, without the Help either of a 
> + Sines or Segments, having the ſame Data as before in 
Page 404. 
R = the Radins, or * Diameter of the given Circle, 
F7z, Let 10 = the Difference between the ver/ed Sine and Ravins, 
half the Chord of the Segment's Baſe. 
THEOREM. = 230K — — 2 XC, the Area of the Som, 
Example, Cuppels RS DU SIG, Noa ie, ond 
B F = 12, 493 as before. | 
Then 25 RR = 50), 3333. 11 Rd = 213,3333. dd = 1c0 


313: er 


25 4 34 2 4,000 (8, 3529. Laſtly, 8.3529 x 1249 
=" x04 3276 the Area of the Segment B A G, as before. 


THEOREM VI. 


As Squares are to the Area's of their inſcribed Circles, fo are Pa. 
rallelograms to the Area's of their inſcribed Ellipſes. 


As the Square of the Diameter of any Circle : is to its 
That is, ö Area : : fo is the Rectangle of the Tranſverſe and Con- 
jugate Diameters of any Ellipſis: to its Area. 


Demonſtration. 


Circumſcribe any Ellipſis with a Circle; and ſuppoſe an infinite 
Number of Chord Lines drawn therein, all parallel to the Cn 
Jugate Diameter, as thoſe in the annexed Figure; then it will 

As (DA) the Diameter of the Circle: is to (Nn) the Ci 
be jugate Diameter of the Ellipfis * : ſo is (B a B) any Chord in 
the Circle: to (ba b) its reſpeftive Ordinate in the E 2 4. 


For according to the Property of the Circle 
it 161 TE Xx Ta = 1 Ba 
And by the Property of the Ellipſis. 
it is2 DTC: ONC::TS—TaxTa: ba 
121376: NG: BA: Ua 
3, Hence 4 TC: NC: . ba 
Conſeq. 5 270: 2 NC: 2 B34: 2a 
That is 4 DA: Nn: 82 B: bab 
Pu] 7 DAC. andd 2 NG 
Ther 8 D: d: : Chird Bab: Ordinate b ab, &c, 


e . ee HW 
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But the Sum of an infinite Series of ſich Card, as Ba B, do 
conſtitute the Area of the Circle, by Definition 3: and the Sum of 
the like Series of their reſpective Ordinates, a ba b, do conſtitute 
the Ellipſis's Area by Defnition 4. Thereforr D: d:: Circle's Area: 
Ellipfii's Area, d Lemma 6. But D: d:: DD: Da Whence 
it follows, that D D: Circle's Area:: Dd: Ellit ſis's Ar Q. V. D. 
Conſequently, as 1: is to o, 7884 :: fo is the Rota nge e F 
of the Tranſverſe and Conjugate Diameters of an a E lin es 5 0 10 
Area. 
Example, Suppoſe TS == 36, and Na = 16 then 36x 16 = 57 
and 576 x 0,7854 = 452,3904 the Area of the Ellipſis. 


Corollar ies. 


1. Hence | it is eaſy to conceive, that the ſquare Root of the 

Rectangle or Product of the Tranſverſe and Conjugate Diameters 
will be the Diameter of a Circle wiſe rea will be equal to the 
Ellip/is's Area, viz. V 576 = 24 the Diameter of a Circle =to the 
Ellipfis. 
2. All S:gments of an Ellipſi, and | its circumſcribing Circle ( whoſe 
Baſes are parallel to the Gorjugate Diameter, and of the ſame H-i ght) 
are in Proportion one to another, as their Baſes are. That is, 
Bab:bab:: Area Segment B N B : Area Segment bNb; or 
TS: Nn:: Area Segment B NB: Area Segment b Nb. 


THEOREM VIII. 


The Area of every Ellipſis is a mean Proportional between the Area's 
of its circumſcribing and inſcrib'd Circles. 


The Truth of this Theorem may be eaſily deduced from the laſt; : 
for ſuppoſing D = TS, and d = 5 

Nun, as beſore; then it is already 
pioved, that DD: Dd :: circum- 
ſcribing Circle's Area: Ellipſis's Area, 
But DD: Dd:: Dd: dd.  Fhere- 


fore El:;»fis's > Weng : mjcrib'd Cirele's 
Area:: Dd : dd. By Theorem 6. 


— 
as 
* 
ad 
* 


Example, Let 7 S 2 D = = 70, and Nu = d = 16, as before; 
then DD = 1296, and 4d = 256, 
Then 


— - — — 2 = - 
9, er 
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1296 X 0,7854 = 1017,8784 the great Circle's Area 

Then will | * X O, 7854 = . the leffer Circle's Area, 
Suppoſe A = the Ellip/is's Area; then, according to the Theo- 
rem, it will be, 1017,8784: 4: : A: 201,0624. Ergo A A 
1017, 8784 X : 201, 624 204657, 7401216. Conſequently, 


204657, 7401216 = 452,3994 A, the Area of the Ellipſis 
as before in the laſt Example. 


Corollary, 


From hence it follows, that all Segments of an Ellipfis and its in- 
ſeribd Circle, whoſe Baſes are parallel to the Tranſverſe Diameter, 
and have the ſame Height, are in Proportion one to another as the 
Area's of the Ellipſis and Circle are, That is, Area of Circle: 
Area of Ellipſis:: Segment b Nb : Segment BNB. Or, Nn: TS 
: Area Segment bNb : Area Segment BNB. 


THEOREM KR. 


The Solid Content of any Priſm (what Figure ſoever its Baſe is of) 


is obtained by multiplying the Area of its Baſe into its 
Heigbt. 


For Inſtance, a Parallelopipedon (or ſquare Priſm) is conſtituted 
of an infinite Series of equal Squares ; that of Te 
its Baſe B A being one of the Terms, and its D Mens kat G 
Height D B, or G A, the Number of all the „ 
Terms, Conſequently, the Area of B A ba x 3 
DB = the Sum of all the Series (by Lemma 1.) T 
which is the Solidity of the Parallelepipedon DB ee . 
G4, by Definition 10. 3 
Example, Suppoſe the Side of the Baſe BA pl ——— 41 
= 16 and the Height DB = 42; then will 1 5 C : 
16 x 16 = 256 be the Area of the Baſe, and : : 
256 X 42 = 10752 the Solid Content of the : fn 
Parallelopipedon D B GA. . 

In this Manner you may find the Sclidity of all regular Polygo- 
nous Priſms, whoſe Baſes (or Ends) are parallel and alike, what 
Form ſoever they are of, that is, whether their Baſes are Triangles, 
Pentagans, Hexagons, or Oftagons, &c. 


THEO- 


— & cf &* On 


— 
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THEOREM X. 


Every Pyramid is the third Part of the Priſm, that hath the ſame 
| Baſe and Height with it (7. e. 12.) 


That is, the Solid Content of the Pyramid BVA (in the laſt Fi- 
gure) is one Third of its circumſcribing Priſm D BG 4. 


: Demonſtration. 


For every Pyramid that hath a ſquare Baſe (as BAba, in the 
laſt Figure) is conſtituted of an infinite Series of Squares, whoſe 
Sides or Roots are continually increafing in Arithmetick Progreſſion, 
beginning at the Vertex or Point V (See Theor. 2.) its Baſe B AB a; 
being the greateſt Term (= LI) and its perpendicular Height VC, 


or DB, is the Number of all the Terms = N ; but NEL = the 


Sum of all the Series, by Lemma 3, and & = the Solid 4. of the 
Pyramid B VA, by Definition 13. 

Example. Suppoſe the Side of a Pyramid's Baſe be B A = 16, 
and its Height be VC = 42. Then 16x 16 = 256 the Area of 


its Baſe BABa = a, and 290X462 = 3584. Or 359 K 42 = 


3584 or thus, 256 x 4? = 3584, is the Solidity of that Pyramid BY A. 


| Corollary, 


From hence it will be eaſy to conceive, that every Pyramid is 
Jof its circumſcribing Priſm, what Form ſoever its Baſe is of, viz, 
whether it be a Square, Triangle, Pentagon, &c. 


THEOREM Al, 


The Solid Content of every Cylinder is obtain'd by multiplying the Area 
cf its Baſe into its Height, 


For every Right Cylinder is only a round 
Priſm, being conſtituted of an infinite Series 
of cqual Circles; that of its Baſe or End be- 
ing one of the Terms, and its Height BD is the 
Number of all the Terms. Therefore the Area 
of its Baſe B A, being multlply'd into DB, 
will be its Sclidity, by Lemma 1. viz. Let D = 
54A, and H=G 4. Then 0,7854 D DTH 
= its Solidity. | 
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E-ample, Let the Diameter of its Baſe be D = 16, and its Heig/! 
H = 42. Then 1: 0,7854 : : 16 x 16 = 256: 201,0624. the 
Area of its Baſe. And 201,0624 X 42 = 8444,0208 the Sli 
Content of that Cylinder D 5 G A. 


Corollary. 


Hence it is evident that every ſquare Para/lelopipedon is to its iu- 
ſcrib'd Cy/inaer, as 1 18 to 0,7854, Or in whole Numbers, as 
452 : to 355 vy near. And that all Priſms are in Proportion to 
their inſerib s Cylinders, as the Area's of their Baſes are. 


THEOREM XI. 


The Curve Super ficies of every Right Cylinder is equal to the Rect- 
angle made of its Height into the Periphery of its Baſe. 


That is, DB multiply'd into the Periphery of the Diameter 
B A, will produce the Curve Superficies of the laſt Cylinder DB 
G A. For the Cylinder is conſtituted of an infinite Series of equal 
Circles (according to the laſt Theorem.) Therefore its Curve Su- 
perficzes is compos d of the Peripheries of thoſe Circles, by Definition 
20. But the Periphery of its Baſe B A is one of the Terms, and 
its iZeight DB is the Number of Terms. Therefore, c. as by 
Lemma 1. To which, if there be added the Area's of both it: 
Luce (or Baſes) the Sum will be the Superficies of the whole C 
tender. | | I 
Example, - Suppoſe the Diameter of its Baſe to be B A = 16; 
and its Height DB = 42, as before; then 1: 3,1410: : 16- 
50, 2 50 the Periphery of its Baſe. Again, 1: 0,7854 :: 16x16 
= 250 : 201, 0624 the Area of each End or Baſe. 


Then 50, 2656 K 42 = 2111,1552 the Curve Superficies, to 
which add 201,0264 X2 = 402, 1248 both the End Ares. 


| — The Sum = 251 2860. is the Super cies of the 
whole Oylinder. the 4 e 
THEOREM XII. 
Every Cone is the third Part of a Cylinder, having the ſame Baſ- 
with it, and their Altitudes equal. (10. e. 12.) 


0 


Demon⸗ 


apph'd to Superficies and Solids. 417 


— — 


Demonſtration. 


The Truth of this Theorem may be eaſily conceiv'd by only 
conſidering, that a Cone is but a round Pyramid, and therefore it 
muſt needs have the ſame Ratio to its circumſcribing Cylinder as 
the ſquare Pyramid hath to its circumſcribing Parallelepipedon, viz, 
as 1: to 3. However, to make it yet clearer, let it be farther 
| conſidered, that every Right Cone is conſtituted 
of an infinite Series of Circles, whoſe Diameters V 
do continually encreaſe in Arithmetick Propreſ- 
fion beginning at the Vertex or Point V, the Area 
of its Baſe B A being the greateſt Term, and its 
perpendicular Height VC the Number of all 
the Terms; therefore the Area of the Circle 
BAX+4VC will be the Sum of all the Series, 
by Lemma 3, which is the Cone's Solidity. 


. 


BA = 16, and its Height /C = 42; Then 
I: 0,7854 ::16 X16 = 256: 201,0624 the Area of the Baſe z 


201 


and — —— = 2814, 8736 the Solidity of the Cone B VA. 
Or thus, 201, 624 x 1 2814, 87 36, &c. 


Corollary. 


Hence it follows, that every ſquare Pyramid is to its inſerib'd 
Cone, as 1: 0,7854. (Or as 452: 355) conſequently, that all 
Pyramids have the fame Ratio to their inſcrib'd Cones as the Area's 
of their Baſes have, 


THEOREM XIV. 


The Curve mw of every Right Cone is equal to half the Rectan- 
gle of the Periphery of its Baſe into the Length of its Side. 


*\ 


The Truth of this Theorem is ſelf-evident from the Definition 


of a Cone, Chap. 1, Part IV, where it appears, that the Curve 
Super ficies of every Right Cone (as BVA) is equal to the Area of 
a Sector of that Circle whoſe Radius is the Side of the Cone (/B) 
and its Arch equal to the Periphery of the Cone's Baſe (BA) But 
the Area of any Sector is equal to half the Rectangle ot the Radius 
into its Arch, by Theorem 4. Therefore, c. 

T H h h Exam. 


Erample. Let the Diameter of its Baſe be PRES 
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Example. Suppoſe the Length of the Cone's Side to be YB, or 
FA = 42,7551, and the Diameter of its Baſe, viz. BA = 16 
(as before) then will 50, 2656 be the Periphery of its Baſe, and 

2656 , 

2 —ç.— = 1074, 5553. Cc. the Curve of the Super- 

ficies ; to which if there be added the Area of its Baſe, the Sum 
will be the Superficies of the whole (viz, all the) Cone. 

= TT hat 1s, 1074,5553 | 

| + 201,0624 the Area of the Baſe. 


Sum 1275,6177 is the total Super ficies, &c. 
Note, The Truth of this Theorem may be prov'd from the Conſi- 
deration of the laſt Theorem and Definition 20. 


Scholium. 


From the 10th and 13th Theorems may be eaſily deduced ſeveral 
Theorems for finding the jolid Content of any Fruſtum or Part, either 
of a Pyramid or Cone, cut by a plain Parallel to its Baſe. 


| V 
Suppoſe a ſquare Pyramid, as BVA, to be a 
cut by a Plain at a5, parallel to its Baſe £35, 
B A, and it were requir'd to find the Solidi- #5 . 
ty of the Fruſtum or Part ab AB ; let there nf | 1 


be given D=B A the Side of the greater 
Baſe. 4 = ba the Side of the leſſer Baſe, 
H = CP the perpendicular Height. | 


Firſt, D -A: H:: d: . = VC by the Fi 
iſt} 1D —d: H:: d: = = y the Figure. 
* * D 1 Pyramid 57 
5 B By Theorem 10. , 
And] 31ddX3F/C = the Pygmid a V6 cut off. 
DDDH | 
Viz, 1, 2| 4 ; 5 = the whole Pyramid BVA. 
Is 3228 be | 
And 1, 3 s 55 = the Pyramid a/6. 
4 — 5| 61} = = the Froftum ab 4B. 
6. Redur. DDB D444 x1 H = the Fruſtum ab AB. 


Which in Words gives this following Theorem. 
THE O- 


— 
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THEOREM XV. 


To the Reflangle of the Sides of the two Baſes, add the Sum of their 
Squares; that Sum, being multiply'd into one Third of the Fruſtum's 
Height, will give its Solidity. 


Example. Suppoſe the Side of the greater Baſe B A = 16, and 
the Side of the leſſer Baſe (or Top] ab = 12 the Height CP = q. 
Then the 16 X 12 = 192. 16X 16 = 256. and 12 X12 = 144. 


Next 192 + 256 + I44 = 592. and — — 1776. Or 592 


= 1776 the Content of the Fruſtum of a ſquare Pyramid. 

And if it were the like Fruflum of a Right Cone, it may be 
found by the ſame Theorem. Suppoling D = the Diameter of the 
greater Baſe, 4 = the Diameter of the leſſer, and H = the 
Height of the Fruſtum, then the Sum of all the Squares which 
conſtitute the Fru/?um of a ſquare Pyramid, are to the Sum of all 
the Circles which conſtitute the I;xe Fru/tum of a right Cone, in 
the Ratio of 1: to 0,7854 (or of 452 : to 355) therefore it will 


— — — — 


be 1: 0, 7854: : DD + DA Ad ͤ H: 0,7854 DD + 


0,7854 Dd + 0,7854 dd X* H = the Cone's Fruflum, that is, 


in the laſt Example, 1': 0,7854 :: 1776 : 1394,8704 the like 
Fruſtum of a right Cone. Or becauſe = = 1.273236, Cc. 
Therefore it may be made 1, 27 3236) DV + A + da x; H 
(= the ſame Fruſtum; that is, 1,273236) 1776 (1394,87, Cc. as 
before. And if you take the Triple of this Diviſor, viz. 1,27 3236 


X 3, it will be 3,8197) DD + Dd dd: x H(= the Fruſtum, &c. 


Again, 
Suppoſe | K = D—4, and F= the Fruſlum. 
Then| 2 DD + Dd + 44 = I, by the 7th Step of the laſt, 
1 0+ | 21xzx== DD - 2D4d A dd ; 
QF 
2 — 3| 43 Dd 7 Ox 
4 = 31 5jOD= x, or Dd +3 e 
5 X H E = F the Fruſtum ab AB. 


F _ we have another eaſy Theorem for finding the ſame 
ruſtum, - e Fr. OOF e 
5 1-4 Hhhz2 T H E Q- 


* * A — - _ hs . = = - = '2 * A 2 "SO » — *, 
2 pe 2 Fe I ST — ; "= 


—— 
— — 


—— 
2 - = 


— 


— 
— —  - _ —— * 


— ——— —_ 
— 


has WT 4 a" 
— dy 4 
- ww. + = 
r — S > > 
- — — —. — 4 ñ =» 
— = tte ——> _ — — 4 — 


—— 


— . Sl — 


— — 
——— 


8 4 


2 — — — — 
— , — — 
——— —-F — 
— — — — — 
SE — — - * — — — 


8 _ 28 
„ 

No — — 
C — bo . 


<< *% 
= _— p_—_— 5 — — — E 


— — — 
A 


— = — 4 wv 
a a" - 4 - 
1 "RNS NY — 


— 2 


I EE I" 


420 The Arithmetick of Jnfinites, Part V. 


THEOREM XVI. 


To the Rectangle of the Sides of the two Baſes, add one third Part 
of the Square of their Difference; that Sum, being multiply'd inte 
the Height, will produce the Solidity. 


Example, Let D = 16. 4 = 12. and H= , as before; 
then Dd = 192. D—d=4=s. {xx = 4X4 — 553333. 


| 3 
and 192 + $,3333 = 1973333: Laſtly, 197,3333X9 = 1775, 
9997 the Solidity of the Fruſtum of the ſquare Pyramid, as before, 


And 3,8 1968) 1775,9997 (1394, 87, &c. the like Fruſtum of a 
right Cone, as before. 
Either of the two laſt Theorems (being rightly apply'd) will 
produce the true ſalid Content of all Fruſtums of any kind of Py- 
ramids, that are intercepted between two parallel and alike Plains 
or Baſes : As above. | 

But if ſuch Fruſtums are cut through the Extremities of both 
Baſes by a Diagonal Plain (as 46 in the a b 
annexed Figure) into two Parts, Aab | 
and A Bb, call'd Hos; then the Soli- 
dity of thoſe Hoofs is uſually found by 
dividing the middle Term D 4 of the 
LEquatin Dd + Dad + dd into two 
Parts, and adding one of thoſe Parts to the 1 
Square of each Baſe. Thus, DD +7 Dd e H = the great 
Hoof AB, and ad ++ Dd X + H = the leſſer Hoof Aa b of 
the Fruſtum of any ſquare Pyramid. Then 3,8197) DD +3 Dax 


H (=) the greater Hof of a Cone. And 3,8197) dd +3 DaX 
H (=) the leſſer Hof, &c. | 


Theſe are the Theorems made Uſe of by Mr. Darie, in his Book 
of Gauging, and are pretty near the Truth, but not exactly ſo; 
for they give the Solidity of the upper Hoof Aab a ſmall Matter 
too big, and the lower Hoof 4 Bb as much too little. 

Now, in order to rectify that ſmall Error, I ſhall here propoſe 
the two following Theorems, which come very near the Truth, and 
are more eaſily perform'd than thoſe propos'd in the f Impreſſion 
of this Book. 


— 


Firſt, BB Dd + Da x 4 1 will ke the Solidin of the 


* 
1 


greater Hef A Bb. 
RT Secondly, 


©@ 1 


U 
— — 
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Secondly, 44 +5 Dd + 4—D X H will give the Solidity of 
the leſſer Hoof A ab, of the Fruſtum of any ſquare Pyramid. 

And for the like Hoofs of the Fruſtum of any right Cone, it 
will be 5 ä 
Thus, 3, 8 19%) DD + 3Dd + D— 4d x* ( the greater Hoof. 
And 3,8197) 4d +; Dd +4 —Dx H(= theleffer Hoof. 

Note, In order to avoid many Words in the following Demon- 


ſtrations, let © ſignify any Circle in general; and if any two Let- 
ters be join'd to it, thus, © BA, &c. it then denotes the Area of 


ſuch a Circle as thoſe two Letters repreſent the Radius of. 


THEOREM XVII. 


The Superficies of every Sphere (or Globe) is equal to four Times 
the Area of its greateſt Circle. 


That is, of a Circle whoſe Diameter is the Axis of the Sphere. 


Demoi;ffration. 


If any Semicircle (as ATGS) be turn'd or moved about its 
Diameter (TS) it will deſcribe a ſolid Body call'd a Sphere, which 
will be conſtituted of an infinite Series 
of concentrick or parallel Circles, whoſe 
Diameters are Chords, viz. © ab, O 
ed, © ef, &c. by Definition 14. Con- 
ſequently, the Superficres of the Sphere 
will be compos'd of the Peripheriss of A 
thoſe Circles which conſtitute its Soli- 
dity, by Definition 20. 

Let D T, the Axis of any Sphere. 
Then, according to the Property of a 
Circle, it 

will be I D—ThbxXTb=[ab 
That is, 2 D x Thb—Q T= ab 


Therefore 3 Dx Th = aT, for Oab+ [O Th= 7. 


41D x Td=QeT 
TE: j SID x Tf=O 7, &c. 


The Error is here corrected, which Mr. J. Robertſon takes Notice of in his Book, 
entitled, A Compleat Treatiſe of Menſuration, Page 160, 


Hence 
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ws 


Hence 'tis evident, that the Series OaT, U e, OyT, &c. 
are in the ſame Ratio with Tb, Tad, Tf, &c. viz. in Arithmetick 
Progreſſion ; whence it follows, that the © @ T = the Sum of all 
the Circle's Peripheries between T and h, and © eT = the Sum of 
all the Circle's Peripheries between Tand d, &c. Conſequently, that 
the © AT = the Sum of all the Circle's Peripheries included be- 
tween 7 and C; that is, © AT = the Super ſicies of the Hemi- 
ſphere. And becauſe 0 AC+ OTC=DOAT, and Q AC 
OTC. Therefore © AT =2 © AC is the Superfictes of the 
Hemiſphere. Conſequently, 4 © AC will be the Superficies of 
the whole Sphere, Q. E. D. 


Example. Suppoſe the Axis TS = D = 16. Then DD = 256, 
and 1: 0,7854 : : 256: 201,0624 = © AC, for ; D = AC. 
Then 201,0624 x 4 = 804, 2490, the Superficies of the whole 
Sphere. Or, becauſe 3,1416 is four Times 0,7854, therefore it 
will always be 1: 3,1416:: DD: 3,1416 DD, the Super fictes of 
the Sphere (as before); and it is equal to the curve Super ficies of the 
right Cylinder, whoſe Diameter and Height are each = D the Axis 
of the Sphere. For 3,1416 D = the Periphery of the Cylinders 
Baſe, and that, multiply'd with D its Height, will be 3,1416 DD 
the curve Superficies of the Cylinder, by Theorem 12. And if to this 
there be added the Area of its two Baſes (or Ends) viz, 1,5708 
DD, then *tis evident, that the whole Super ficies of the Cylinder 
will be to that of the Sphere in Proportion of 3 to 2. 


Scholium. 


From the Method here uſed in proving the laſt Theorem twill 
be eaſy to find the curve Superficies of any Segment, or Part of a 
Sphere, that is cut off by a Right Line or Plain, viz. ſuch as the 
Segment a 7 min the laſt Scheme, whoſe curve Superficies is © 4 
T (as above). Therefore (becauſe 0 ab + oO Tb = U 47) 
it will be © ab + © Tb = the curve Superficies of that Seg- 
ment, 


| But if the Axis TS, and Height Tb, of the Segment are given, 
then will it be 7Sx Tb 47; as in the third Step above: 
Which gives this Proportion or Theorem; . 


1 h *. 


Vizs 


FA 
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As the Axis of the Sphere: is to the whole Superficies of the 

Viz Sphere :: /o is the Height of any Segment to its curve Su- 
perficies. 

To which if there be added the Area of the Segment's Baſe, the 


Sum will be the Superficies of the whole Segment. 


THEOREM XVIIL 
Every Sphere is equal to two Thirds of its circumſcribing Cylinder. 


T hat is, of a Cylinder whoſe Height and Diameter of its Baſe 
are each equal to the Axis of the Sphere. | 


Demonſtration. 


According to the Work in the laſt Theorem it appears, that 

O ab, © ed, © yf, &c. do conſtitute the 
Solidity of the Sphere; and that O aT, 
De, Oy 7, &c. are a Series of Terms 
in Arithmetick Progreſſion, A being 
the greateſt Term, and 7 C the Number 
of Terms; therefore © AT Xi TC= 
the Sum of all the Series. per Lemma 2. 
And becauſe U AT —DOTb =O ab, 
De — T4 N ed, T- T | 
= 0.54 IJ4T — 0T0C=.0 49, * 
& c. wherein T, O Ta, OT f, &c. are a Series of Squares 
whoſe Roots T b, T 4, T f, are in Arithmetick Progreſſion, OTC 
being the gieateſt Term, and TC the Number of Terms; therefore 
O TCT C= the Sum of all that Series, per Lemma 3, con- 
ſequently, © 47 X4TC—© TCx4 TC = the Sum of the 
Series © ab, Oed, © yf, &c. which conſtitute the Solidity of 
the half Sphere 476. Put D =2 TC the Axis of the *phere; 
then DSC, and DSC. And becauſe 0 AT =2D 
TC; therefore © 4#T =2©' TC= 1,5708 DD. And 1,5708 
DD DS o 3927 D DD. | | 

Again, DTCx41C = 00,7854 DDX3D = 0.1309 DDD, 
then o, 3027 DD P—0,1209 DDD==0,2618 DDD the volidity of 
the Semi- ſphere AG; conſcquently, 0,2618 PP, 5230, 
DDD vill be the ſolid Content of the whole Sphere, which is equal 
to two Thirds of the Cylinder whoſe Diameter of its Haſe and 
Height = D. For 0,7854 DDD = the Solidity of the Cylinder, 
by Theorem 11. But 4 of 0,7854 DDD = 0,5236 DDD; as be- 
fore. Therefore, c.: as by Theorem. 

1 E xam- 


_ 
* . 
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Example. Suppoſe the Axis D = 16, then DDD = 4096, and 
1: 0,5236 : : 4096: 2144, 6656 the ſolid Content of that Sphere. 


Corollaries. 


1. Hence it appears, that the ſolid Content of every Sphere is 
equal to its Super ficies multiply'd into one ſixth Part of its Axis. 
For its Superficies is 3, 1416 D D, by Theorem 17. But 3, 1416 x 
3 D = o, 5236 D DD the ſolid Content, as before. 


2. And hence 'tis alſo evident, that there is the like Ratio or 
Habitude between the Cube and its inſcrib'd Sphere, as is betwixt 
the Square and its inſcribed Circle; and that is, as the Superficies 
of any Cube: is to the Superficies of its inſcrib'd Sphere : : ſo is 
the ſolid Content of that Cube: to the ſolid Content of the Sphere. 
[ See the Circle's Proportion, Page 407.] For if D = the Side 
of the Cube, then 6 DD = its Superficies, and DDD = its Soli- 
dity, and 3,1416 DD = the Spbere's Superficies. But 6 DD: 
S140 6 DD:: DDD: 0,5236 DDD the Solidity of the Sphere; 
"AS above. 


Scholium, 


From the Proof of this Theorem *twill be eaſy to deduce or 
Taiſe Theorems for finding the ſolid Content of any Fruſtum or Seg- 
ment of a Sphere, as à T m in the laſt Figure. For we there ſup- 
poſe the Segment à Tm to be conſtituted of an infinite Series of 
Circles, which have the ſame Ratio with all thoſe Circles that con- 
ſtitute the Semz-ſphere. Therefore it follows, that © at x2 Tb 
—ObTX43T b will be the Sum of all the Circles intercepted 
between T and b. Conſequently *rwill be the Solidity of that Seg- 
ment. And becauſe Jab + U Tb = DO @T : therefore 
©ab+©Thbx:iTb—©TbX4b= the ſame Solidity, 

Let c = a6 half the Sezgment's Baſe; h = T b its Height; and 
S = the Solidity of the Segment or Fruſtum : Then © ab = 3,14 
16e, and © Th = 3,1416+hh. Conſequently, 


321416cev + 3141626b __ 31416bbb f, Which being reduced 


3 
will become Zech hh, 5236 2 . Or 1, 909855) 3cch-+bb 
(SS. for o, 5236) 1, oooo (1, 909855. Which is one Theorem 
for finding the Fruftum's Solidity. 


= Note, 
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Note, Here we ſuppoſe the Height of the Segment, and the 
Diameter of its Baſe to be given; but if the Axis of the Sphere, 
and the Height of the Segment be given, then putting D = the 
Sphere's Axis, Y = the Segment's Height, and c as before, 'twill be 


— N - 2 = — * = 1 = — 2 2 
f = — = > 
— — — — — — — — - 2 = 


B= X D ce, viz. D) — bb = cc. Therefore 3 D hh — 2555 
= Jec h + hhh, conſequently 3 Dhh—2hbhx , $270 =2 S, 
the Fruſtum's Solidity. Or 1,99985) 3 DH — 25% % (=, 
as before. Which is a ſecond Theorem for finding the ſame Frus 
tum a Tm. : 


And if it be requir'd to find the middle Part am MA, uſually 
call'd the middle Zone of a Sphere, then T 
becauſe tis ſuppos'd that a N, or 
which is all one, that 6C = C B, there- 
fore it is plain, that, if twice the Segment 
4 T m be taken from the Solidity of the 
whole Sphere, there will remain the Mid- 
dle Zone a m N K. But, becauſe that 
Work is a little troubleſome, I ſhall here 
ſhew how to raiſe a Theorem for the do- 
ing it. N 

Firſt, Becauſe IC = C= = TC. Therefore it 
will be AC - CF = O0. UAC - CAS Ded. 
OAC—OCh=Oad, &c. Here becauſe D AC. Q AC. 


GAC, &c. are a Series of Equals, and C the Number of all. 


the Terms, therefoie AH CXC = the Sum of all that Series, 
by Lemma 1, And CF. Cd. 0 Cb, &c. being a Series 


of Squares whoſe Roots are in Arithmetick Progreſſim, beginning at 


the Center or Point C, viz. o, Cf, Cd, Cb, &c, wherein the 
greateſt Term is J Cb, and Number of Terms is Cb. Ergo (1 
CX CS the Sum of all the Series by Lemma 3. Conſe- 


quently, the O ACX Cb— © ChbX4Ch = the Sum of all the, : 


Series O) F. Oed. © a b, &c. which do conftitute the So- 
lidity of the half Zone a m AG. And becauſe O AC— 1 C5 


= Jab. Ergo © AC — © ab = © C5. Conſequently O AC. 
2 ACÞ©ad x3Cb will be the 


g en 8 > Ch 
„ OAC— Dl b 


3 
Solidity of the half Zone. 


Pu D =4G =2AC.x=dm,ad H=bB=2Cs. 
Then © AC — o. 7854 DD. © ab = 0,7854 x x. And if 


we turn the common Factor 0,7854 into the Diviſor 1,25 323, 
| | 111 | ' and 


a — 2 
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— 


and then take the Triple of that Diviſor, viz. 3,8197 (as before in 
the Fruſtum of Pyramids) the Reſult of the precedent Work will 
produce this following Theorem. 


THEOR. XIX. I KHS V 


THEOREM XX. 


Spheres are in Proportion one to another as the Cubes of their Diameters, 
(18, e. 12.) 


_ Demonſtration, 

Suppoſe D = the Diameter or Axis of any Sphere, and d = the 
Diameter of another Sphere, either greater or leſſer, Then is 
0.5236 DD D = the Solidity of one Sphere, and o, 5 2 364dd = the 
Sol:dity of the other Sphere, by Theorem 18, But DDD: ddd:: 
0,5236 DDD: o, 52 30dad. Q. E. D. 


THEOREM XXI. 


The ſolid Content of every Spheroid is equal to two Third. of its cir- 
cumſcribing Cylinder. 


Demonfration. 


Suppoſe the Figure NTS N, in the annex'd Scheme, to re- 
preſent a Spheraid, form'd by the Rotation of the Semi- Elligſis TNS, 
about its Tranſverſe Axis T & (as by Definition 15.) 

Let D= TS, the Length of the Spheroid, and the Axis of its 
circumſcribing Sphere; and d = N n, the Diameter of the greateſt 
Circle of the Spheroid Then becauſe DTC: ONC:: U Al: 
{7 ab, by Step 3 in Theor, 7, therefore it will be D D: dd:: U 46 
J ab::O Ab: © ab, &c. But the Sum of an infinite Series 
of ſuch Circles as © A ( whoſe Diameters 1 
are Chords) do conſtitute the Solidity of 
the Sphere, (as before at Theorem 18) and 
the Sum of an infinite Series of ſuch Cir- 
cles as © a b (viz. whoſe Diameters are 
Ordinates of the Ellipſis) do conſtitute 
the Solidity of the Spheroid, by Definiti- 
on 15. ErgoDD:dd::0,5236 DDD: 
0,5236dd D = theSolidity ofthe Spheroid, 
by Lemma 6. 


3 | 
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— —  — — — — 


Bur 0,523bdd D = 5 of the Cylinder whoſe Diameter is = 4, and 
Height = D, by Theorem 11. Q. E. D. 


Now, from this Proportion between the Sphere and its inſcrib'd 
Spheroid, twill be very eaſy to deduce Theorems for finding the So- 
lid Content either of the Segment or middle Zone of any Spheroid, hav- 
ing the ſame Height with that of the Sphere. 


Spheroid : : ſo is any Part of the Sphere : to the like Part of the 
Spheroid, by the Converſe to Lemma 6. 


As for Inſtance ; ſuppoſe it were requir'd to find the middle 
Zone of any Spheraid: Let D = TS, and 4 = Nn, as above; and 


As the Solidity of the whole Sphere : is to the Solidity of the whole 
For 


H= b B, x = A M, as in Theorem 19, and let c am. Then 


2DD + xx 


x H the middle Zone of the Sphere. And o, 5236 DDD 


3.8197 
: . 2DD+ xx 24 X H NH 
e 3,8197 3.8197 T 3.879755 Mo, 


middle Zone of the Spheroid. 
x dd 


Again, DD: dd: : xx: ce, therefore . = cc. conſequent- 


DD 
xX dA H 
ly, 2 X 7570 = I —— X H, which being taken inſtead 


4 xxdd X H 
3-8197 DD? 


THEOREM XXII. 2dd+ce 21888 


3,8197 of the Spheroid 
being the very ſame with Theorem 19. 


the 


there will ariſe this following 


Note, In the ſame Manner you may raiſe Theorems for finding the 
of a Spheroid, cat Mat either of its Ends, &c. 


THEOREM XXIII. 


The Area of every Parabola ts equal to two Thirds of its circumſcribing 
Parallelogram. 


Demonſtration, 


Let the Figure SA B repreſent half a Parabala. Make DB 
parallel to the Axis S A, and & d parallel to the Semi Ordinate A B, 
and ſuppoſe & 4 to be divided into an infinite Series of equidiſtant 


Iii 2 Paints, 


_—_— 


. p — 4 1 
| — — = "OI. — — —— - — —— —— — — - 


( | 
; 


— —— 
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Points, as f, g, b, &c. and from thoſe Points imagine a Series of pa- 
rallel Lines, viz. F m, g n, h p, &c. to touch the Curve of the Para- 
Bala, and meet the Semiordinates ma, ne, yp, & c. Then, according 
to the Property of the Parabzla, it will | 

iiS4:n AB::S$Sa;Oam 
be 


2 $4; QO AB::Se:nenr 

3SA:Q0 AB::Sy:QyhP, &c, 

Sa = ſm. Se = gn. Sy = hp. SA=4dB 
Therefore alternately it wil be 

3. 40 1B:dB::Oyp:bp 

2, SiO AB:dB::Oen:gn | 

1, [6/DAB:dB::Qam: fm, &c. 6 A 


\ 
: B 
In theſe Proportions U a m, Den, U y p, &c. are a Series of 
Sguares whoſe Roots & f, S g, & h, &c. are in Aruthmetick Progreſſion, 
beginning at the Point S. And becauſe the Lines h p, g n, F m, &c. 
have the ſame Ratio, therefote they are as ſuch a Series of Sguares, 
wherein d B is the greateit Term, and 8d the Number of Terms. 
a 4 = the Sum of all thoſe Lines, by Lemma 3, 


SAX AB 


Conſequent] y 


But S4XAB =4dB X $4. Therefore = the Sum of 


all that Series of Lines; but all thoſe Lines do conſtitute the Area of 
the Semi Paralola's Complement, viz. the Area of what half the Para- 
bola wants of compleating or filling up the Parallelogram & d A B. 
Wherefore SAX A B — SAAB = 2L : . 
Area oi half the Parabola SAB. Conſequently, 3S Ax b B will be 
the Area of the whole Parabola S B. Q. E. D. | 


Example. Suppoſe the Baſe, or greateſt Ordinate, of a Parab:/a 
to be b R = 24, and its intercepted Diameter (or Axis) be S A = 
335 then 2S \xbB =66 x 24 = 1584. and 3) 1584 (528 the 
Area of that Parabola, | | 


THEOREM XXIV. 


Every Parabolick Conoid is equal to one Half of its circumſcribing 
Cylinger, 
* 


Demecn: 


— "IR 


— „ IC” 


apply d to Superficies and Solſds 429 


Demonſtration. 

If any Semi-Parabola (as B S A) be turn'd or mov'd about its 
Axis (SA) "twill form a folid Parabolical Conoid, conſtituted of an 
infinite Series of Circles, viz. © b a, © fe, © g, &c. by Defini- 
tion 17. 

Now, according to the Property of every Parabola, it will be, 


SA: AB:: AB: = —=L, the Latus Rectum. 


83 a 50 L= 332 
155587 = Ofe 
(SyxXL =DOgy, &c. 

Here Sa XL, Se XL, Syx L, &c. are 
a Series of Terms in Arithmetick Progreſſion : 
therefore Ja, Ne, Qgy, &c. are allo 
a Series of Terms in the ſame Progreſſion, be- 
ginning at the Point $; wherein Q AB is 
the greateſt Term, and 84 the Number of alt" --- 
the Terms, Therefore 1 ABN A = the Sum 5 all hs Series 
by Lemma 2. Conſequently, © ABX+$S A = the Sum of all the 
Series © ba, © fe, © gy, &c. which do conſtitute the Solrdity of 
the Conoid. And putting D=2 AB, and H = SA. Theno,7854 
D Dx 3H = 0,3927 DDA will be the ſolid Content of the Conoid, 
which is juſt half the Cylinder whoſe Baſe = D and Height = H. 
See Theorem 11. ] Q. E. D. 

This being underſtood, *twill be ealy to raiſe a Theorem for 
finding the lower Fruſſum of any Parabolick Conoid. For ſuppoſ- 
ing h = a A the Height of the Fruſtum, and p & a the Height of 
the Part þ S & cut off; ; then Y ＋ p = S A, the Height of the 
2 =: LEXL = = Solidity of 


whole Conoid. Conſequently, 


the whole Conoid. And ba #f = = the 1 


dity of the Part cut off. 2 
| pn; ABX = ON. 1 


the Solidity of the Fruſtum. 


Ergo |1 


Butz % ＋ p : AB:; 5: 1. 
Conſeq. 3% : © AB :ip: © ba 
33 O ABP OLAT ONE 
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Part V. 
4—©laxp| 5|O ABXp— © baxp= © baxh 


192 blo ABXhb+ © ABXp—Obaxp=2F 
6 — 5| 71 ABxhb=2F—Obaxh 
7+ © baxh % %K ＋ OKS 


8 — 2] 9 2 0% x þ = F the Fruſtum's Solidity. 


Let D = AB, as before, and 4 = 2332 the Diameter of the 
Part cut off ; then we ſhall have this following 
THEOREM xv. {607 06 I- 03997 £82 = the 
Solidity of the Fruſtum requir'd. 
0 0 DDA dd | 
ſr a 


2,5404 Xhþ the Hraſtum; for, 3027) 1,0000 (= 2,5464 


and becauſe 2,5464 + 25404 = 3,8196; thefefore it may be 
made 32,8796) DD-+4d x4 h (= the ſame Fruſlum, &c. 


ote, Tee Negſen why I have reduced this Theorem to have the 
ſame Divitor with Lee at the Fruſtums of Pyramids, &c. 

| will beft appear farther on, viz. when they all come to be apply'd 
70 Praaiie in Gauging. 


THEOREM XXVI. 


Every Paraisii:k Spindie (ot Pyramidoid) is equal to eight Fifteenth: if 
| ts circumſcribing Cylinder. 


Demonſtration. 


If any acute Parabola, as b $ B, be turn'd or mov'd about its great- 
eſt Ordinate b A B, it will form a Solid call'd a Parabolich Sprndle, 
conſtituted of an infinite Series of © ma, © ne, Op, &c: by De- 
finition 18, | 

Let us ſuppoſe the Line S 4, parallel to 4 B, &c. (as at Theorem 
23) then it hath already been prov'd, that the Lines f m, g n, h p, 
&c. are a Series of Squares whoſe Roots are in Arithmetick Progreſ- 
ſion: conſequently their Squares, viz. y m, O un, U p. &c. 
will be a Series of Biguadrates, whoſe OE 
Roots will be in Arithmerick Progreſs . a 
Aon: which being premis'd, we may Rt 2 


proceed thus : | 
SA —fm=ma Fig 
SA —p1 = 


I 
ie 
3184 — p = py &c, 59 1 


— — 
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OSA—2SAxfm+Ofm=00 ma 


_— 


168. [4 
2 8 5 [USA — 28x g ＋ UE Une 
3 © 6 USA - 28A + O hp = O py, &c. 


In theſe #quations the U SA, US 4, USA being a Series of 
Equals, and A B the Number of all the Terms; therefore it will 
be 1 SAXA B = the Sum of the Series, by Lemma 1. 
2. Becauſe fm, gn, h p, &c. are as a Series of Squares where. 
in S Ais the greatgf Term, and AB the Number of all the Terms 3 
therefore 249 > 2 = —.— will be the Sum of all that 
Series, by Lemma 3. 

3. And the Vn, IgA, Op, &c. will be a Series of 
Terms in the Ratio of Biquadrates, as above; OdB=084 
being the great Term, and A B the Number of all the Terms; 


therefore it will be — X22 = the Sum of all that Series, by 


Lemma 5. 


Whence it follows, that Li $4 x AB A + 


— = the Sum of all the Series of I ma, I ne, D py 


&c, That is, — 2 — — 4D = the Sum of all the Series of O ma, 


One, Up, UAB. &c. conſequently, 3 © AED 4 the Sum 
of all the Series of © ma, One, Of y, &c which do conſtitute 
the Solidity of half the Spindle, viz. of SA B. Therefore putting 
D=2$4, and H=2AB, (viz. b AB) it will be 0.41888 DDH 
= the Solidity of the whole Parabolick Spindle b S B, being J of 
0,7854 DDH the Solidity of its circumſcribing Cylinder. Q. E. D. 

From hence we may alſo raiſe a Theorem for finding the Fruſtum 
$A py of the laſt Figure. For © S A being the greateſt Term, 
© þ y the leaſt Term, and 4 y the Number of all the Terms or Cir- 
cles included between A and y, 


| —2JA1xbp, hp 5 
Therefore a U 1 ET” * = 2 the Sum 
of all the Series U SA, Oma, O gn, Op 


5 — , Th , 
1x3] 2]3084—284x)p+E=Ex = 


2 — A4 
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2 4 3130 84—284xb3 + _ 5 
But 4 SA —28AXbp -p, by th Step, 
3 — % sh = —cp,+0p 
5 + &c.| 62084 ＋ 0 py —+ Obey = 
Conſeq. | 7,2 © SA + © py - ON Ay 2, the Sum 


of all the Series of © S A, © ma, © ne, © þy, which do 
conſtitute the Solidity of the Fruſlum & A py. Therefore put- 
ting D280 A, as before. C — 2957. & 2 hp. and H = Ay, 
it will be 1.5708 DD + 0,7854 CC - 0,31416 xx x 4 H= the 
Fruſtum & A py. And if we make L = 2H. Then 
4,5708 DD + 0,7854 CC — 0,31416 xx X 4+ L = Double of 
that Fru/tum, being the middle Zone. And by turning theſe Factort 
into one common Diviſor, as in the Fruſtum of the Conoid at Theo- 
rem 25, Page 430, there will ariſe this following Theorem. 


THEOREM XXVII. 


38196) 2 DD +CC—o0,4xxxL(= 
4 the middle Zone of a Parabulick Spindle. 


It may be here expected that I ſhould now proceed to ſhew how 
the Area « f any Fhperbola, and the Contents of ſuch Solids as may be 
form'd by the Rotation of that Figure about its Axis, &c. may be 
found; but becauſe thoſe Things cannot be exactly perform'd by 
any certain or ſettled Theorem, as theſe of the Circle, Ellip/is, and 
Parabola have been, I haye therefore omitted them, and refer the 
Reader to Dr. Wallis's Algebra, Chap. go, &c. or to the Phil:ſcp1. 
Tranſat. Numb. 34, wherein he may find the Method of forming 
infinite Series relating to the ſquaring of an Hyperbola, &c. which 
are too tedious to be fully explain'd and demonſtrated in this ſmall 
Tra, it being only intended as an Introduction, the which I {ball 
here conclude. | 


E 
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Practical Gauging. 


* H E Art of Gauging is that Branch of the Mathematicks 
called Stereometry, or the Meaſuring of Solids, becauſe 
the Capacities or Contents of all Sorts of Veſſels uſed for 
Liquors, &c. are computed as tho? they were really ſolid Bodies; 
which any one that hath made himſelf Maſter of the *foregoing 
Parts of this Treatiſe may eaſily underſtand, without any farther 
Directions. * | 

However, becauſe *tis not to be ſuppos'd that every one, who 
deſigns to undertake the Office or Employment of a Gauger, hath 
made ſo great a Progreſs in Mathematical Learning, I have there- 
fore preſented the young Gauger with this Appendix, wherein I 
have only inſerted ſuch Rules as are uſeful in Gauging, and have 
been already demonſtrated in this Treatiſe. But herein, I pre- 
ſuppoſe that he hath acquir'd (or if not, 'tis very neceſſary he 
ſhould acquire) a competent Knowledge both in Arithmetick and 
Geometry : That is, 

I. In Arichmetick he ſhould underſtand the principal Rules very 
well, eſpecially Multiplication and Diviſion, both in whole Num- 
bers and Decimal Parts, (which may be eaſily learnt out of the 
2d, 3d, and 5th Chapters of Part 1.) that ſo he may be ready at 
computing the Contents of any Veſſel, and caſting up his Gauges 
by the Pen only, viz. without the Help of thoſe Lines of Num- 
bers upon Sliding-Rules, ſo much applauded, and but too much 
practis'd, which at beſt do but help to gueſs at the Truth; I mean 
ſuch Pocket-Rules as are but nine Inches (or a Foot) long, whoſe 
Radius of the double Line of Numbers is not fix Inches; and 
therefore the Graduations or Diviſions of thoſe Lines are ſo very 
cloſe, that they cannot be well diftinguiſh'd. Tis true, when the 
Rules are made two or three Feet long (I had one of {ix Feet) 
there they may be of ſome Uſe, eſpecially in ſmall Numbers; al- 
tho” even then the Operations may be much better (and almoſt as 
ſoon) done by the Pen: For, indeed, the chief Uſe of Sliding- 
Rules is only in taking of Dimenſions, and for that Purpoſe they 
ae very convenient. 

K k k II. In 
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II. In Geometry the Gauger ſhould underſtand not only how to 
take Dimenſions (which is beſt learnt by Practice) but alſo how 
to divide any irregular Figure or Superficies, as Brewers Backs or 
Coolers, &c. into the eaſieſt and feweſt regular Figures they will 
admit of, that ſo their Area's may be truly computed with the 
leaſt Trouble. And this may be learn'd (with a little Care and 
Diligence) out of the 1ſt, 2d, and 5th Chapters of Part III, which 
the Gauger ſhould be well acquainted with. Alſo he ought to have 
ſo much Skill in Solids, as to be able, even at fight (but this muſt 
be acquired by Experience) to determine what ſort of Figure any 
Veſſel is of (viz. any Tun or cloſe Caſk) or what Figures it may 
be beſt reduced to, fo that its Dimenſions may be truly taken, 
and the Content thereof computed with the leaſt Error. I fay, 
with the leaſt Error, becauſe *tis very difficult, if not impoſſible, 
to do it exactly; for there is not any Tun, or cloſe Caſk, &c. fo 
regularly made, as by the Rples of Art *tis requir'd to be. 

IIT. Beſides the aforemention'd, the young Gauger muſt know, 
that all Dimenſions uſeful in Gauging are to be taken in Inches, 
and Decimal Parts of an Inch; and if they are taken in any other 
Meaſures, as Feet, Yards, &c. thoſe Meaſures muſt be reduced 
to Inches, (ſee Se. 4. Page 42.) becauſe the Contents of all Sorts 
of Veſſels (taken Notice of in Gauging) are computed by the Stan- 
dard Gallon of its Kind, whoſe Content is known to be a certain 
Number of Cubick Inches: That is, the Beer or Ale Gallon con- 
tains 282, the Wine 231, and the Corn Gallon 268, 8 Cubick In- 
ches. [See the hve Tables, &c. in Pages 34, 35, 36, which [I here 
ſuppoſe the Gauger to have learnt perfectly, by heart.] Conſe- 
quently, if either the ſuperficial or ſolid Content of any Veſſel, 25 
Back, Tun, Caſk, &c. be once computed in Cubick Inches, twill 
be eaſy to know how many Gallons, either of Ale, Wine, or 
Corn, that Veſſel will hold. | 

Note, I have here ſaid, the Superficial Content in Cubick Inches, 
which may ſeem to be very improper, according to the Definition 
given of a Superficies in Page 279; but you muſt know, that, in 
the Buſineſs of Gauging, all Superficies or Area's are always un- 
derſtood to be one Inch deep, otherwiſe it could not be ſaid (as 
in the Gauger's Language it is) that the Area of ſuch a Back, or 
of ſuch a Circle, &c. is ſo many Gallons, 

Theſe Things being very well underſtood, the young Gauger 
will be fitly prepar'd to underſtand the following Problems, which 
are ſuch as have (moſt of them) been already propos'd in the 'fore- 
going Parts of this Treatiſe, and only are here apply'd to Practice; 


and therefore I ſhall, for Brevity's Sake, often refer to thoſe Theo- 
rems and Problems. Sect. 
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SeR. 1. To find the Area of any right-lined Superficies in Gallons. 


PROBLEM, 


To find the Arca of any ſquare Tun, Back, or Cooler, &c, either 
in Ale, Wine, or Corn Gallons. 


Multiply the given Length or Breadth (being here equal) 
into itſelf, and the Product will be the Area in Inches ; 
then divide that Area by 282, or 231, or 268,8 and 
the Quotient will be the Area requir'd. 


RULE. 


Example. Suppoſe the Side of a Square Tun, Back, or Cooler 
be 124,5 Inches, what will its Area be in Gallons ? 


Firſt 124,5 X 124,5 = 15500,25 the Area in Inches. 

Then 282 54,96 Ec. | Ale Gallons. 
And 231 15500, 25 N 76, 10 80 the Arca in IVine Gallons 
Or 268,8 57566 Cc. Corn Gallons. 


But if any one would rather work by Multiplication than by Di- 
viſion, he may turn or change any Diviſor into a Multiplicator, if 
he divide Unity, or 1, by that Diviſor. (Vide Probl. 3. Pag. 402.) 


Thus 282 o, oo 3546 Ale Gallons. 
And 231 8 1,000000 5 0,004329 the Multipli. for I. Gallons. 
Or 268,8 0,0037229 C. Gallons, 


Conſequently 15 500, 2 5, oo3546 2 54, 96 &c. the Area in Ale 
Gallons; as before and ſo on for the reſt. 


PROBLEM II. 


To find the Area of any Tun, Back, or Cooler in the Form of 4 
Right-angled Parallelogram in Ale Gallons, &c. 


See the Rule for finding its Area in Inches, at Probl. I. P. 339. 
then either divide (or multiply) that Area as above, and you will 
have the Area in Gallons. | 


Example, Suppoſe the Length of a Brewer's Tun, Back, or 
Cooler be 217,5 Inches, and its Breadth 85,6 Inches, what will 
its Area be in Ale or Beer Gallons, &c. ? 


Firſt 217,5x85,6 = 18648. Then 282) 18648 (66,12, Cc. 
Or 18648, 03540 = 66,12, Sc. the Area requir'd, c. 
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. PROBLEM III. 


To find the Area of any Triangular Tun, Back, or Cooler, ix 
Ale Gallons, Ec. 


See the Rule for finding its Area in Inches at Prob. 3, p. 340; 


then divide (or multiply) that Area as before, and you will have 
the Area requir'd. 


Example, If the Length of the Baſe of a Triangular Cooler be 


86,4 Inches, and 'its Perpendicular Breadth be 57 Inches, what 
will its Area be in Ale Gallons ? 


_ Firſt, 86, 4x57 = 2462,4. Then 282) 2462,4 (8,73 Ec. 
Or 2462,4 x 0,003546 = 8,73 Cc. the Area in Ale Gallons. 
Proceeding thus, you may eatily find the Area of any Tun, Back, 
or Cooler, whether it be in the Form of a Rhombus, Rhomboides, 
Trapezium, or any other Polygon, either regular or irregular, 
in Ale or Beer Gallons, &c. if you firſt divide it into Triangles, 
and then find the Area's of thoſe Triangles ; (as in the 2d, 4th, 
5th, and 6th Problems in Chap. 5, Part III.) the Sum of thoſe 
Area's being divided (or multiply'd) by its proper Diviſor (or Mul- 
tiplicator) as above, will give the Area requir'd. 

Now, the Practical Way of dividing any Polygonous Tun, 
Back, c. into Triangles, is by help of a chalk'd Line, ſuch as 
the Carpenters uſe, and may be thus perform'd. 

Suppoſe any Brewer's T'un, Back, or Cooler in the Form of the 
annex'd Figure ABC DFG. Let one End of the chalk'd Line 
be faſten'd with a Nail (or otherwiſe) in any Corner or Angle 
of the Back, as at 4; then ſtraining 
it to the Angle at C, ſtrike the Dia- 
gonal Line AC, upon the Bottom of 
the Back; and ftraining it again to 
the Angle D, ftrike another Diagonal 
Line, as AD, and ſo on for the Dia- 
gonal Line G D, &c. Then having 
mark'd out all the Diagonals, the Perpendiculars may be thus 
found : Faſten (as before) one End of the chalk'd Line in the 
Angle B, and then, by moving it t and fro upon the Stretch, 
find out the neareſt Diſtance between the Angle at B and the 
Diagonal Line AC; and there ftrike a Line, and it will mark out 
the Perpendicular from B to the Line AC, and ſo on for the 
other Perpendiculars : Which being all mark'd out upon the Bot- 
tom of the Back, meaſure them and each Diagonal by a LINE of 

nches, 


3 — 
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Inches, &c. and then the Area of that Back may be computed, 
as directed above. 

And here, by the Way, it may be obſerved, that the Number 
of Triangles will always be leſs by two, and the Number of the 
Diagonals leſs by three, than the Number of the Sides of any 
Right-lin'd Figure that is fo divided. 

Having found (as above) the true Area of any Brewer's Back or 
Cooler (which, according to the Laws of Exciſe, ought always to 
be fix'd or immoveable) the next Thing will be to find out the true 
dipping or gauging, Place in that Back, that ſo the true Quantity 
of Worts may be computed or (caft up) at any Depth ; which may 
be thus done. 

I. When the Bottom of the Back is covered all over (of any 
Depth) either with Worts or Liquor (viz. Vater) then dip it in 
eight or ten ſeveral Places (more or leſs according to the Largeneſs 
of the Back) as remote and equally diſtant one from another as 
you well can, noting down the wet Inches and decimal Parts of 
every Dip. 

2. Divide the Sum of all thoſe Dips or wet Inches by the Num- 


ber of Places you dipp'd in, and the Quotient will be the mean 


Wet of all thoſe Dips. 

3. Laſtly, find out ſuch a Place by the Side of the Back (if you 
can) that juſt wets the ſame with that mean Dip, and make a 
Notch or Mark there, for the true and conſtant Dipping-place of 
that Back. Then if any Quantity of Worts (which do cover the 
whole Back) be dipp'd or gaug'd at that Place, and the wet Inches 
ſo taken be multiply'd into the Area of the Back in Gallons, the 
Product will ſhew that Quantity (viz. how many Gallons) of 
Worts are in that Back at that Time, provided the Sides of the 
Back do ſtand at Right Angles with its Bottom. 


Sect. 2. To find the Area of any Circular and Elliptical 


Superhcies 77 Gallons, 


1. I have demonſtrated in Cap. 6, Part III, and Theorem 3, 5, 
6. Part V. that the Periphery of the Circle whoſe Diameter is 
Unity, or 1, is 3,14159265 &c. (or for common Uſe 3,1416) 
and that its Area is 0,785 39816 Cc. (or o, 7854 fere.) 

2. Alſo, that the Peripheries of all Circles are in Proportion 


one to another as their Diameters are; and their Area's are in 


Proportion to the Squares of the Diameters, That is, as 
1: 3,1416 : : the Diameter of any Circle: to its Periphery. And 
I : 0,7854 :: the Square of the Diameter: to the Area. 


Upon 
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; Upon theſe two Proportions depend the Solutions of all the com- 
mon or practical Queſtions about a Circle. [See Page 408, 409. 


PROBLEM IV. 


The Diameter of any Circle being given in Inches, to find the 
Periphery. 


Multiply the given Diameter with 3,1416, and the Pro- 


RULE: I duct will be the Periphery requir d. See Prob. 1. p. 408.] 


Example. Suppoſe the Diameter of a Circle be 54,5 Inches, 
and it were requir'd to find its Periphery. Then 54,5X3,1410 
= 171,21, Sc. Inches is the Periphery requir'd. The Converſe 
of this is eaſy, viz, by having the Periphery given, to find the Di- 
ameter. [See Prob. 3. Page 408. ] 


PROBLEM V. 


The Diameter of any Circle being given (in Inches) to find its 
Area in Gallons, 


Multiply the Square of the propos'd Diameter ints 
0.7854, and the Product will be the Area in Inches; 
[See Probl. 2, P. 408.] that Area being divided by 282, 
or 231, &c. the Quotient will be the Area required. 


RULE. 


Example. Suppoſe the given Diameter be 54, 5 Inches as above. 


Firſt, 54,5 X 54,5 = 2970,25. And 2970,25 X 0,7854 = 
2332,83 the Area in Inches. 


Then 282 8,2724 Al: or Beer Gallons, 
And 231 | 2332.85} 10,0988 =_ in) ine Gallons. 
Or 268,8 8,6788 Corn Gallons, 


But theſe Area's in Gallons may be much eaſier found without 
knowing the Circle's Area in Inches, as above, by having the 
Square of the Diameter of that Circle whoſe Area is one Gallon ; 
which may be thus found, by Theorem 6, Page 407. 


0,785398: 1:: 282: 359,05 the Square of the Diameter of the 
Cucle whoſe Area is 282 cubick Inches, v:z. one Ale Gallon. 
And from this Proportion will ariſe the following Diviſors; 


282,000000 (359,05 A. G. 
viz. O, 785 398 J 231,000000 (294,12 F will be a Diviſor for 3 W. G. 
208,8 09090 (342,24 C. G. 


If 
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If the Square of the Diameter of any Circle be divided by any 
one of theſe conſtant or fixed Diviſors, the Quotient will ſhew that 
Circle's Area in their reſpective Gallons. As for Inſtance, in the 
laſt Circle, whoſe Square of its Diameter is 2970,25. 


Then 359,05 8,2725 A. G. 
And 294,12 „2970, 25 & 10,0988 >the Area in . G. p as before. 
Or 342,24 13, 6788 C. G. 


Now theſe Diviſors may be turn'd into Multiplicators by divid- 
ing Unity or 1, as in Page 435: Or rather by dividing the Area 
in Inches of that Circle whoſe Diameter is 1. | 

That is, 0,785 398 by 282. Or by 231, &c. 


Thus 282 0,002785 Ale Gal. 


And 231 >0,7853984 9,003399 the Multiplicator for & Wine Gal. 
Or 268,8 0,002922 \ Corn Gal. 


Theſe Multiplicators are the reſpective Area's of a Circle whoſe 
Diameter is 1; and therefore, if the Square of the Diameter of 
any Circle be multiplied with any of theſe Numbers, the Product 
will be that Circle's Area in Gallons of the ſame Name: 

Viz. 2970,25X0,002785 = 8,2725 the Area in A.G. as above. 
And 2970,25X0,003399 = 10,0988 the Area in V. G. Cc. 
Thus you ſee, that if the Diameter of any Circle be given in 


Inches, there are three ſeveral Ways of finding its Area in Gal- 


lons, and all equally true; but that which is perform'd by the con- 
ſtant Diviſors is moſt generally practis'd. 


PROBLEM VI. 


The Tranſverſe (or longeſt Diameter) and the Conjugate (or ſhort-. 


teſt Diameter) of any Elliptical Superficies being given, to find 
its Area in Gallons, 


Multiply the two Diameters (viz, the Length and 


Breadth) together, and divide their Product by 259,05 
RULE. 4 for Ale Gallons, or 294, 12 for Wine Gallons, &c. the 


Quotient will be the Area requir'd. [| Sze I heorem 7, 
Page 412.] 


Example. Suppoſe the longeſt Diameter to be 7 3,5 Inches and 
the ſhorteſt Diameter to be 51,6 Inches; what will the Area be 
in Ale Gallons ? | 

Firſt 73,5X51,6 = 3792,6. Then 359,05) 3792,6 (10,56 
the Area in Ale Gallons. Or 294,12) 2792, (12,89 th: Arca 
in Wine Gallons, Sc. | 
| I Rote, 
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Note, The two laſt Problems are of a great Uſe in Gauging of 
Worts amongſt Country Victuallers, who generally brew but ſhort 
Lengths of Ale (perhaps between 20 and 60 Gallons at a Brewing) 
and cool their Worts in ſeveral ſmall open Veſſels or Tubs, whoſe 
Baſes or Bottoms are either a Circle, or an Ellipſis, having their 
Sides but low, and are moſt commonly wider at the 'Top than at 
the Bottom. 

Now a practical Way of computing the Quantity of Worts, 
that are at any Time in one of thoſe open Tubs, is briefly thus : 
When the 'Tub is dry, find the true Area of its Bottom according 
to its Figure (as above) and either mark that Area on the Out- 
ſide of the Tub (which was the Way I generally us'd to order, 
becauſe the Victuallers did often lend their cooling Tubs one to 
another) or elſe number the 'Tub, and enter its Area (and its 
Number) into the Stock-book ; then, when any of thoſe Tubs 
hath Worts in it, take the Diameter of the Surface or Top of the 
Worts, and find that Area, adding it and the bottom Area toge- 
ther. If either the half Sum of thoſe two Area's be multiply'd with 
the Depth of the Worts (taken as near the Middle of the Tub as 
you well can) or, if the Sum of thoſe two Area's be multiply'd 
with half the Depth (ſo taken) the Product will ſhew the Quantity 
of thoſe Worts very near the Truth. | 


PROBLEM VII. 


The Diameter of any Circle, and the verſed Sine, (viz. the Height 
of any Segment) being given, to find the Area of that Segment in 
allons. 


In the 410th and 412th Pages you have two Ways (and their 
Examples) of finding the Area of any Segment of a Circle in 
Inches; then if that Area in Inches be divided by 282, or 231 Cc. 
the Quotient will be its Area in Gallons. But becauſe the Area of 
any ſuch Segment may be readily found in Gallons (without find- 
ing its Area in Inches) by help of a Table of Segments, whoſe 
Conſtruction is laid down in the Problem, Page 411, &c. I have 
here inſerted a Compendium of ſuch a Table, which will ſerve very 
well for common Practice, not only to find the Area of any Seg- 
ment of a Circle in Gallons, but alſo to find the Number of Gal- 
lons that are either drawn out, or remaining in any Cylindrick 
Veſſel lying along; or of any cloſe Caſk (being firſt reduced to 
a Cylinder) its Axis lying parallel to the Horizon, uſually call'd 
the Ullage of a Caſk ; as ſhall be ſhew'd farther on. 


A Table 
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A Table of the Segments of a Circle whoſe Area is Unity or 1, 
the Diameter being divided by parallel Chord- Lines into 100 
equal Parts. | 


— 


7 Segment. VS, Segment, | V. S.] Segment, .S. Segment, 
1] 0,0017 20 C, 2066 510,5 127 7610, 815 5 
12 o, 048 270, 2178 20,5255 7 | 0,8262 
3 | £,0087 28 | C,2292 5310, 5 382 78, 8369 
4,0134 29, 2407 549.5509 798.8474 

5 [o, 187 | 300,523 5510, 5035 80, 8576 

{ 6] 0,0245 3110, 2640 59610, 5762 810.8677 
7 | 0,0308 320, 2759 57,5888 820.8776 

| 8 | 0,0375 330, 2878 58 o, 6014 8310, 8873 
| 9 0,9446 34,2998 59, %% 84.8968 
10 o,B o 20 35 0, 3119 6010, 5265 85 | 0,9059 
11 | 0,0598 360, 3241 61 | 0,63ec 86] 0,9149 
12 | 0,0680 3710, 3364 6210,65 14 87,9236 
13,0764 38 0, 3480 63 | 0,0636 38 | 0,9320 
14] 0,08;1 34) | 0,3611 6110, 975 89,9402 
1; | 0,0941 40 | 0,3735 65 | 0,0881 90 | 0,9480 
0,1032 o, 3860 O,7002 0,056 4 
0,1127 o, 3986 0,7122 0, 9628 
0,1224 0,4112 „7241 0.9692 

, 1323 0, 4238 o, 7360 0.9755 

o, 1424 o, 4365 0,7477 0,9813 

— | | 

0,15 26 0,4491 87593 o, 860 

0, 1631 0,4018 „77 0, 13 

6, 1738 o, 4745 0,7822 0, 998 2 

, 1845 o, 4873 | 0,7 934 | 0,9883. 
„1955 0,500 | ned | LEDEE 


The Uſe of this Table of Segments depends upon the following 


Proportion, 


viz, 


Then, if the tabular Segment, which ſtands againſt that verſed 
dine, be multiply'd into the Circle's Area (either in Inches or 
Gallons) the Product will be the Area of the Segment requir'd 
{of the ſame Name] viz. If the Circle's Area be Inches, the Seg- 
ment will be Inches; if Gallons, the Segment will be Gallons. 


I. 11 


Example. 


As the Diameter of any propos'd Circle : is to 100. (the 
Diameter of the tabular Circle) : : ſo is the Height of any 
Segment ofthe propos'd Circle : to a verſed Sine in the Table. 
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Example. Let the Diameter of the given Circle be DA = 62,5 
Inches, and the Height of the Segment 


fought be FA = 20 Inches; What will 
ics Area be in Ale Gallons? 

Firſt, the Area of the whole Circle 
will be 19,8793 Ale Gallons (by Pro- 
blem 5.) and the Proportion will ſtand 
thus, 62,5: 100 ;:20 : 32 the ver- 
ſed Sine of the Table whoſe Segment is 
0,2759. Then, 10,8720X0,2759 = 13, 
0016 Ale Gallons, being the Area of the Segment BAG F, as 
was requir'd. The like may be done for Wine Gallons, Corn 
Gallons, or Inches, 

And, upon Occaſion, the like Segments of any Ellipſis may be 
ealily found. See the Proportions in the Corollaries to the 7th 
and 8th Theorems, Page 412, Sc. to which I here, for Brevity's 
Sake, refer the Reader. | 
Sect. 3. To compute the Contents of ſuch Veſſels (viz. Tuns, &c.) 

as are in the Form of the following Solids. 

Note, Before the young Gauger proceeds to theſe Computa- 
tions, he ſhould be well acquainted with ſuch Solids as are defin'd 
in P. 402 and 403, and then he may eaſily underſtand what Sort 


of Figures are meant in the following Problems, without the Re- 
petition of many Words. 


B 


PROB LE M: VIII. 


To find the Content of any Priſm whoſe Sides are Parallelograms, 
what Form ſcever its Baſe is of. 


That is, to compute the Content (in Gallons) of any Tun, &c. 
whoſe Sides are Parallelograms which ſtand upright, or at Right 
Angles with its Bottom, 

Firſt, find its ſolid Content in Inches, by Theorem 9, Page 414 
then divide that Content by 282, or 231, or by 268,8; the Quo- 
tient will ſhew the Content in their reſpective Gallons, viz. in Ale, 
Wine, or Corn Gallons. | 

Or <lſe multiply the Content in Inches with 0,003546, of 
o 004329, Sc. [See the Multiplicators, Page 435] thoſe Products 
will be the Content in their reſpective Gallons. 

Or otherwiſe thus: 

Find the true Area of the Tun's Baſe or Bottom, as directed in 

Se. 1, P. 435; that Area being multiply'd with the Tun's 


Height Geis. Depth within) will produce the Content in Gallons, 
as before; I take 
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I take the Work of this Problem to be ſo very eaſy, that it 
needs no Example. 


PROBLEM IX. 


To find the Content of any Pyramid (in Gallons) whoſe Baſe is 
bounded with Right Lines. 


Every Pyramid is one Fhird-part of its circumſcribing Priſm, 
by Theorem 10, Page 415. Therefore, if the Area of the Baſe 
of any Pyramid, in Gallons, be multiply'd in one Third of its 
perpendicular Height; or if one Third of that Area be multiply'd 
with the whole Height, either of thoſe Products will be the Con- 
tent of the Pyramid in Gallons, &c, But the Content of any 
ſquare Pyramid may be eaſily found in Gallons by this Rule: 

Square the Side of its Baſe, and multiply that Square 
with the perpendicular Height ; then divide that Pro- 
RULE. < duct by 846 = 2B2x3 for Ale Gallons, or by 693 = 231 
x 3 for Wine Gallons, or by 806,4 = 268,8 x 3for Corn 
Gallons, the Quotient will be the Content requir'd. 

Or, if you multiply the ſaid Product with 0,001182 for AG. 
or with 0,001443 for  G. or, laſtly, with 0,001241 for C. G. 
the Reſult will be the Content requir'd, as before. 


PROBLEM X. 


To find the Content (in Gallons) of the Fruſtum of any ſquare Pyra- 
| mid, cut off by a Plain parallel to its Baſe. 


Firſt, either by Theorem 15, Page 419, or Theorem 16, P.420, 
find the propos'd Fruſtum's Solidity in Cubick Inches; then di- 
vide that Content in Cubick Inches by 282 or 231, &c. and the 
Quotient will be the Content of the Fruſtum in their reſpective 
Gallons. | 

But, from the foreſaid Theorem 15, there may be eaſily deduced 
the following general Rule for finding the Content of the like Fru- 
ſtum of any Pyramid, what Form ſoever its Baſes are of (ſuppoſing 
them to be parallel) whether they are alike or unlike. 

Firſt, find the Area of each Baſe, (viz. the top and bot- 
tom Area's of the propos'd Fruſtum ;) then find a Geo- 
metrical Mean between thoſe two Area's (by Lemma 1, 
Page 83;) the Sum of thoſe two Area's and their Mean, 
being multiply'd intoone Third of the Fruſtum's Height, 
will produce the Content required, 
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Example. Suppoſe a Tun in the Form of the lower Fruſtum of 
a Pyramid, whoſe Baſes are Equilateral Triangles: Let the Side 
of the Top be 42 Inches, the Side of the Bottom be 63,4 Inches, 
and its Height [viz Depth] be 33 Inches; What will the Content 
of that Tun be in Ale Gallons !? 

Firſt, find the Area of that Baſe in Inches, by Probl. 7, P. 343; 
then find what thoſe Area's are in Ale Gallons, by Probl. 3, P. 436. 
Multiply thoſe two Area's together and the ſquare Root of their 
Product will be the mean Area, c. as in this Example: 


Top 2,71 
Example. The} Bottom (Area is 5 6,12 Ale Gallons, 
Mean 4407 


Their Sum 12,90 
Then 12,9X— =-141,9- Or — 33 141, the Content 


required. | 
PROBLEM XI. 


To find the Content of any right Cylinder in Gallons. 


That is, to compute the Content of any round Tun, &c. whoſe 
Diameters at Top and Bottom are equal, and at Right Angles 
with its Sides. | 

The Content of ſuch a Tun may be found by Theorem 11, 
Page 415 ; or otherwiſe by the following Rule. 

Multiply the Square of the Diameter into the Height, 
Ri: and divide the Product by 359,05 (or multiply with 
0,002785) ec. as in Page 439, that Quotient (or Pro- 

(duct) will be the Content required. 
Exam. Suppoſe the Diameter be 42, 5, and the Height 31,5 Inches. 
Firſt 42,5X42,5 = 1806, 25. And 1806,25X31,5 = 56896, 875. 
Then 359,05) 56896, 875 (158,46 the Content in Ale Gal. Oc. 


| PROBLEM XlI. 
Ts find the Content of any Cone or round Pyramid in Gallons. 


Becauſe every Cone is one Third of its circumſcribing Cylin- 
der, {dee Theorem 13, Page 416] therefore its Content may be 
truly found by the following Rule. | 
| " Multiply the Square of the Diameter of its Baſe into 

| the perpendicular Height, then divide their Product 
RULE. 4 by 1077,15 = 259,05 X 3 for Ale Gallons, or by 

882, 36 = 294,12X 3 tor Wine Gallons, Cc. and the 
Quotient will be the Content required, 0 
3 . r 
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0,0027806. 
3 
thoſe Products will be the Content 


Or if the ſaid Product be multiply d with 0,000928 = 


or with 0,001133 = SU 
in their reſpective Gallons. 

Example. Suppoſe the Diameter of the Baſe be 42,5, and the 
perpendicular Height be 31,5 Inches, what will the Content be 
in Ale Gallons? (as before. 
Firſt 42,5X42,5 = 1806, 25. And 1806,25X31,5 = 56896,875 
Then 1077,15) 56896, 875 (52,82. Or 56896, 25X00,000928 
= 52,82 the Content in Ale Gallons. And fo on for Wine or 


Corn Gallons. 
PROBLEM XIII. 


To find the Content of the lower Fruſtum of any Cone in Gallons. 


That is, to compute the Content of any round Tun, Cc. whoſe 
Diameters at Top and Bottom are parallel, but unequal. 


The Content of ſuch a Tun may be found by the Rule at Pro- 


blem 10; but from Theorem 16, Page 420, *twill be eaſy to de- 
duce this following Rule. | 
To the triple Product of the Top and bottom Diameters 


add the Square of their Difference; multiply that Sum 


RULE. A into the Height (or Depth): then divide the laſt Pro- 
duct by 1077,15 for Ale Gallons, or by 882, 36 for Wine 
Gallons ; the Quotient will be the Content requir'd. 
Example, Suppoſe the Diameter at the Top to be 52,4 Inches, 
the Diameter at the Bottom 45,6, and the Height 30 Inches. 
Pirſt, 52,4 X 44,0==2337,04 ; and 2337,04X 3 =7011,12 {Add 
Alio, 52,4 —-44,0= 7,8 3 and 7,8 X 7,8 = Gogfg 
0 h 3.8 4 30 X 7071,96=212158,8, 
hen 1077,15) 212158,8 (196,9 . 
CET: 529,588 = 196,96 + the Content in Ale Gallons. 
And ſoon for either Wine or Corn Gallons, as Occaſion requires. 
But if the Tun (or Veſſel) be not truly circular, that is, if either 
its Top or Bottom (or both of *em) be Elliptical, whether they are 
alike or unlike, it matters not,' the Content of ſuch a Tun may 
be truly found by the general Rule at Problem 10. 


PROBLEM XIV. 


The Axis or Diameter of any Sphere or Glibe being given in Inches, 


to find its Content in Gallons, 


| Every Sphere is two Thirds of its circumſcribing Cylinder, by 
Theor, 18, Page 4233 from whence and Theor. 20, Page 20, tis 
| proved, 
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roved, that if the Cube of the Axis of any Sphere (taken in 
3 be multiply'd into o, 52 36, the Product will be the Con- 
tent of that Sphere in Inches. Conſequently, if that Content be 
divided by 282, or by 231, Cc. the Quotient will be the Content 
in Gallons. 
But thoſe two Works of multiplying with o, 5236, and then 
dividing by 282, or by 231, Sc. may be contracted into one. 


hve 282 1.8236 , h { will be a Multiplicator for$ #. G. 


And 231 0% 0:266 NV. G. 
282 J 535,57 | £5 Ale Gallons. 
oro, ez 231 ; 441,17 will be a Divifor for Wine Gallons, 


From hence ariſes this following Rule. 
If the Cube of the Axis of any Sphere be divided by 
528,57 ; or multiply'd with o, oo18 56: or divided by 
RULE. < 441,17; orelſe multiply*d with o, oo2266; the Quotient, 
or Product, will be the Sphere's Content in their re- 
ſpective Gallons. 
Example. Suppoſe the Axis or Diameter of a Sphere or Globe 
be 22 Inches, how many Ale Gallons may it hold? | 
Here 2222X22 = 10648; and 538,57) 10648 (19,76 A.G. 
Or 10548 :X 0,001856 = 19,76 Ale Gal. the Content required. 
And ſo for either Wine or Corn Gallons, as Occaſion requires, 


| FROBLEM XV. 
To find the Content of a Segment of a Sphere in Gallons: 


In the Scholium, P. 424, there are two Theorems for reſolving 
this Problem according to the Data, 3 | 
1. If the Diameter of the Segment's Baſe and its Height are 
given, the Content may be found by the firſt of thoſe "Theorems, 

which gives this Rule : 
To the Triple Square of half the Diameter add the 
J] Square of the Height; then multiply that Sum into 
RULE x. . . | 
the Height, and divide the Product by 538,57 for 
148, or by 441,17 for VG, &c. as above. 
2. But if the Axis of the Sphere and the Height of the Seg- 
ment are given, the Content may be found by the Second of thoſe 


'T heoremais. 


From the triple Product of the Axis into the Height 
ſubtract twice the Square of the Height ; then mul- 
tiply the Remainder into the Height, and divide that 
Product by 538,57, Sc. as in the laſt Problem. 


Either 


RULE 2: 
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— 


Either of theſe Rules will produce the Content of the Segment 
in Gallons. 


Example. Suppoſe the Diameter of the Segment's Baſe be 28 
Inches, and its Height be 8 Inches, what may it contain in Ale 
Gallons? 


Firſt 2) 28 (14. Then (by Rule 1.) 14* 4&3 = 588. 
And þx6 = 36. Next 588 + 36 624. Again G24 = 3744. 
Laſtly, 538,57) 3744 (6,95 the Content required, 


Note, This Problem may be of Uſe in Gauging the Crowns of 
Brewers Coppers, &c. 


Sect. 4. The Practical Meithid of Cauging any fix d Tun or Copper, 
and making a Table to ſhew what it will hold at every Inch deep, 
uſually called Inching of a Tun, &C, 


Firſt, you muſt know, that moſt (if not all) Brewers Tuns 
are ſo fix'd as to lean a little for Conveniency of cleanſing their 
Drink, which is uſually call'd the Drip or Fall of the Tun. Now 
this Drip or Fall of any Tun is the Hoof of ſuch a Solid as that 
Tun is ſuppos'd to repreſent, and under that Conſideration it may 
be found, as in Theor. 16, P. 420: But the practical (and in leed 
the beſt) Way is, to meaſure into the Tun {when ' tis dry) ſo much 
Liquor as will juſt cover its Bottom ; for by that means you do not 
only find the true Fall, but alſo a true horizontal or level Plain 
over the Bottom of the 'Tun ; from which if the Depth of the Tun 
(viz. the neareſt Diſtance from the Top of the Fun to the Surface 
of the Liquor) be ſet off upon every one of its Sides, you will then 
have a true parallel Plain at the Top of the Fun to that of the Li- 
 quor, Then, if the Sides of the Fun are ſtreight from the Top to 
the Bottom, take as many Dimenſions in the. aforeſaid two Plains 
as are needful to find the true Area of each; and by thoſe two 
Area's and the foreſaid Depth find ſo much of the Pun's Content 

by the general Rule at Problem X.) as is betwixt thoſe two 
lains. 

Next, to inch that Tun, divide the Difference between the Top 
and Bottom Area's by the aforeſaid Depth, and the Quotient will 
be an Addend or fixed Number; which being added to the leſſer 
Area, the Sum will be the Area of the next Inch; and, being add- 
ed to that Area, their Sum will be the Area of the third Inch; 
and fo on from Inch to Inch, until the Area of every ſingle Inch 
be found; the Sum of thoſe Area's (if the Work be true) will 
amount (or be equal) to the Content found, as above. And of 
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the Tun's Drip or Fall be added to the Sum of all thoſe Area's, 
that Sum will be the whole or full Content of that Tun. 
Now, from hence it muſt needs be eaſy to conceive, that if 1, 


2, 3, or any Number of thoſe Area's accounted from the Bot- 


tom, be added to the Fall, that Sum will ſhew the Quantity of 
Liquor or Drink that is in the Tun, to ſuch a Number of wet 
Inches from the Bottom as there were Area's added together. Or, 
if the Sum of any Number of thoſe Area's {being accounted from 
the Top) be ſubtracted from the Tun's whole Content, the Re- 
mainder will ſhew what Quantity of Liquor or Drink is in the 
Tun, when there is ſuch a Number of dry Inches from the Top 
as there were Area's ſubtracted. | 

This being well conſider'd, it will be eaſy to make a Table 
either to every wet or dry Inch of any regular Tun (viz. whoſe 
Sides are ſtreight from Top to Bottom) what Form ſoever its Baſes 
are of, and whether it ſtand upon the greater or leſſer Baſe. 

But if the Sides of the Fun are irregular (viz. not ſtreight from 
its Top to the Bottom) then the beſt and eaſieſt Way will be to di- 
vide or part the Tun into ſeveral Fruſtums, each of ten Inches 
(deep; and finding the Content of every ſingle Fruſtum, by taking 
the Diameters in the Middle of every one of thoſe ten Inches 
(that is, the firſt Diameter at 5 Inches from the Top; the ſecond 
Diameter at 15 Inches from the Top, Cc.) and multiplying their 
reſpective Area's with 10, (which is done by only removing the 
ſeparating Comma's one Place forward to the right Hand) it the 
Sum of all thoſe Fruſtums to be added to the Fall, (as before); that 
Sum will he the whole Content of the Tun. 

Nite, If you take the Height of the *toreſaid ten Inch Fruſtums 
in the Side of the Fun, you muſt allow for the Difference between 
the flant Height and the Perpendicular Height in every Fruſtum. 

_ Laſtly, If from the whole Content of the Tun you ſubtract the 
mean Area of the firſt Fruſtum ten Times, and from the Remain- 
der ſubtract the mean Area of the ſecond Fruſtum ten Times, and 
from the Jaſt Remainder ſubtract the mean Area of the third Fru- 
ſtum, Oc. until there remain nothing but the Fall or Hoof of the 
Tun, you will then by that Means have a Table that will ſhew 
what Quantity of Drink is in theTun to any Number of dry Inches. 

And this is alſo the Method of Gauging and Inching Brewers 
Coppers, viz. by firſt meaſuring into the Copper lo much Liquor 
as will juſt cover its Crown, and then dividing its perpendicular 
Height into Fraſtums, and its Sides into four equal Parts; that fo 
croſs Diameters may be taken in the Middle of each F . 

| ut 
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but if the Copper be much wider at the Top than at the Bottom, 
and its Sides ſpheroidal or arching, as generally all large Coppers 
are ; then, inſtead of taking thoſe mean Diameters in the Middle of 
every ten Inches, as above, you muſt take them in the Middle of 
every fix Inches, and proceed on as before. 

Now the Quantity of Liquor, that would cover the Crown of 
the Copper, may be found without meaſuring it, as above. In 
order to that, I do ſuppoſe the Crown to be the Segment of a Sphere, 
and the lower Part of the Copper wherein the Crown atiſeth, to 
be the Fruſtum of a parabolick Conoid ; then, if the Diameter at 
the Top of the Crown and its perpendicular Height are given, 
the Quantity of Liquor may be found by this following Rule : 


From the Area of the Plain at the Top of the Crown 
ſubtract 3 of the Area of the Crown's Height; the 

RuLe. <4 Remainder, being multiply'd into half the Height of 
the Crown, will produce the Quantity or Number of 
Gallons that will cover the Crown, 


This Rule is deduced from Scholium, Page 424, and Theorem 
15. Page 430. 


$24. 5. To compute the Content of any cloſe Caſk in Gallons, 
viz, of any Butt, Pipe, Hogſhead, Barrel, Ce. 


In order to perform this difficult Part of Gauging, the three 
following Dimenſions of the propoſed Caſk muſt be truly taken in 
Inches, and Decima! Parts of an Inch. 


T The Bulge or Bung Diameter within the Caſk, 
Viz. J Either of the Head Diameters ſuppoſing them both equal. 
And the Length of the Caſk within. 


Note, In taking of theſe Dimenſions, it muſt be carefully obſerved, 


I. That the Bung-hole be in the Middle of the Cafk ; alſo that 
the Bung-ftaff and the Staff over-againſt the Bung hole are both 
regular or even within. 


2, That the Heads of the Caſk are equal and truly circular ; 
if ſo, the Diſtance between the Inſide of the Chine to the Outſide 
of its oppoſite Staff will be the Head Diameter withia the Caſk, 
very near. 


3. With a ſliding pair of Calipers (made on purpoſe for that 
Uſe) take the ſhorteſt Diſtance at Length between the Outſides 
of the two Heads; (ſuppoling them even) from that Length 
ſubtract 1 Inch (more, or leſs, according to the Largeneſs of the 


Mm m Caſk), 


222 ²˙ A oe OE rar ˙ A —— 


— — 
122 


— 


> 4, owe 
= . A ——— 


—_— — — 9 — 


—— — ——— ——— ——pͤ 
1 - 


a 


4.50 Of Prattical Gauging, 


Catk) for the Thickneſs of the two Heads, the Remainder will be 
the Length of the Caſk within, 


Now by theſe Dimenſions, one would ſuppoſe the Content of 
the Caſk were perfectly limited; but it will be eaſy to perceive, 
by the following Figure, that the Diameters (aboveſaid) and the 
Length of one Caſk may be equal to thoſe of another, and yet one 
of thuſe Caſks may contain or hold ſeveral Gallons more than the 

other. 


As for Inſtance, ſuppoſe the annex'd Figure 4 BC DG F, to 

repteſent a Caſk; then it is plain, that. | 
if the outward and curved Lines ABC 
and FGD are the Bounds or Staves of 
the Caſk, it muſt needs hold more than 
if the inner ſtreight or prick'd Lines 
were its Bounds or Staves ; and yet the 
Bung Diameter B G, Head Diameter 
CD and A F, and the Length LH, are 
the ſame in both thoſe Caſks, 


Whence it plainly appears, that no one certain or general Rule 
can be preſcrib'd to find the true Content of all Sorts of Caſk, 
and therefore Gaugers do uſually ſuppoſe every Caſk to be in Form 
of ſome one of theſe following Solids, 


I. The middle Zone or Fruſtum of a Spheroid. 
Viz II. The middle Zone or Fruſtum of a Parabolick Spindie. 
| III. The lower Fruſtumsof two equal Parabolick Conovic:. 
IV. The lower Fruſtums cf two equal Cones, 


Now the Way of Gueſſing at the Caſk's Form, and computing 


its Content, according to its ſuppos'd Ferm, I ſhall here ſhew in 
their Order. 


I. If the Staves of the Caſk are very much curved or arching (as 
the outward Lines of the laſt Figure) then the Caſk is ſuppos'd to 
be in the Form of the middle Zone or Fruſtum of a Spheroid, 
whoſe Content may be computed, by Theorem 22. Page 427, 
which gives theſe two Rules. 


To twice the Square of the Bung Diameter add the 
Square of the Head Diameter; multiply that Sum in- 
RLE 1, 4 to the Length, and divide the Product by 1077.15- 
Viz. 3. 819% 282 for Ale Gallons; and by 882,36 

Viz, 3, 8197x231 for Wine Gallons, Or thus, 


3 " RvuLE 
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To twice the Area of the Bung Circle, add the Area 

Sores 7 the Head Circle; multiply their Sum into one 

* } Third of the Length, and the Prodect will be the 
Content in their reſpective Gallons. 

Example 1. Suppoſe a Caſk in the Form of the middle Zone 

of a Spheroid, whoſe Bung Diameter is 31,5, Head Diameter 


24,5, and its Length 42 Iaches. 


Firſt 31,5X31,5X2==1984,5. And 24,5X24,5=600,25 

Again 1984,5 +600,25=2584,75. And 2524.7 5x42 2 1085 5%, 5 
Then 1077,15)108559.5(100,78 the Content in Ale Gallons. 
And 882,35) 108559,5 (123,03 the Content in Wine Gallons, 


| Or thus, by the Second Rule. 
Bung Diameter 31,5 twice its Circle's Area is 5.5270 
Head Diameter 24.5 its Circle's Area is 1.0718 
The Length 42 divided by 3 is 14. 7,1988= their Sum. 
Then 7,1988x14 = 100,78, the Content in A. Gallons as before. 
And ſo the Content in Wine Gallons may be found, 


II. Tf the Staves of the Caſk are not quite ſo much curved or 
arching, as was ſuppos'd before, the Caſk is then taken for the 
middle Fruſtum of a parabolick Spindle, and its Content is com- 
puted, as by Theorem 27. Page 432. Which gives this Rule. 


To twice the Square of the Bung Diameter add the 
| Square of the Head Diameter ; from their Nifference 
Rur . J ſubtract four Tenths of the Square of the Difference 

* $ of the Diameters ; multiply the Remainder into the 
| Length, and divide the Product by 1077,15, Cc. as 
(above. 


Example 2. Suppoſe the Dimenſions the ſame as before. Then 
31.5 X 31,5 X 2: + 24,5 X 24,5 = 2884,78. And 31,5 — 
24,5=7. Again 7X7X0,4 = 19,6. And 2584.75 — 19 6X42 = 
197736 3. Then 1077,15) 1077 39,3 (100,01 the Cont. in A, G. 
Se. for I. G. 


III. When the Staves of the Caſk are but very little curved or 
arching, then it's ſuppos'd to be in the Form of the Fruſtums of 
two equal parabolick Conoids, abutting or joining together upon 
ane common Baſe at the Bulge, and the Content may be found 
by Theorem 25, Page 430, which gives theſe Rules. 
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Jo the Square of the Bung Diameter add the Square 
of the Head Diameter; multiply their Sum into the 
RULE 1. J Length, end divide the Product by 718,08 (viz. 
2.5494282) for Ale Gallons: or by 588,22 (viz, 
2. 5464231) for Wine Gallons. Or thus, 
To the Arca of the Bung Circle add the Area of the 
RULE 2. | Hea Circle; multiply the Sum into half the Length, 
and the Product will be the Content required. 


Example 3. With the ſame Dimenſions as before. Then 


315X31,5 + 24.5X24,5 = 1592,5. And 1592,5x42 66885 
And 718,08) 66885 (93,01 the Content in Ale Gallons. 
Or, 588,22) 66885 (113,7 the Content in Wine Gallons. 


IV. If the Staves of the Caſk are ſtreight from the Bulge to the 
Head, as the inner prick'd Lines in the laſt Figure (if ſuch a Caſk 
can be made) it is then taken for the lower Fruſtums of two equal 
Cones, abutting or joining together upon one common Baſe at the 
Bulze. And its Content may be computed as at Problem 13. Page 
445+ or by Theorem. 15. Page 419. Thus, 


To the Sum of the Squares of the Head and Bung Dia- 
Rur E. J meters add their Product; then multiply that Sum into 
' } the Length, and divide the laſt Product by 1077, 15. 
Lr by 882,36. The Quotient will be the Content, Oc. 


Example 4. With the ſame Dimenſions as before. 


Firſt 31,5X31,5 + 24, 524,5 + 31, 54,5 = 2364425 
And 2364, 2542 = 99298,5. Then 1079.15) 99298,5 (92,18 
the Content in Ale Gallons, and ſo on for Wine Gallons. 


Thus you have the Methods of computing the true Contents of 
the four Solids, in whoſe Form all Caſks 
are ſuppos'd to be. And by the Exame Ale Gallons. | 
ples it appears, that four ſuch Caſks as] I, 100,78 Differ. 
have their Dimenſions all equal, and the] II. 100,01 0,77 
fame with thoſc above-menticn'd, their III. 93.01 7500 
Contents will be as in the Margin. IV. 92,18 | 0,83 


From the Diſproportion or Inequality of theſe Differences it 
will be eaſy to corceive, that there may be ſeveral Caſks whoſe 
Con'ents cannot be truly found, according to the aforeſaid ſup- 
pos'd Forms; and therefore, in order to rectify the ſaid Inequali- 
ties, ſome Authors (that bave written upon this Subject) have 
Jaid down Theorems of their own Invention; and yet call'd them 


by 
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by theſe Names) others have propos'd Tables for the ſame Pur- 
poſe. But ſince it is (6, that we can only gueſs at the Truth, the 
plaineſt and eaſieſt Way is to be preſetr'd in Practice; and that is, 
by finding ſuch a mean Diameter as will reduce the propos'd Caſk 
to a Cylinder, ; 

(Multiply the Difference between the Head and Bung 
Diameters, with 0,7. or with 0,65. or with o, 6. or with 
Thus, 0.55. according as the Staves of the Caſk are more or 
* leſs arching z add the Product to the Head Diameter, and 
the Sum will be the mean Diameter required, Then 

(find the Content, as at Prob. 11. Page 444. 


Example. With the ſame Dimenſions as before. Then the 
Bung Diameter leſ the Head Diam. is 31,5—24,5 =7. And 


MD. AG, Cont, | Dif. 
TX0,7 = 29,40 its Area 2,407 3X42 = 101, 10 
7X0,b5s = 29.05 2,3504X42 = 98,71 | 2,39 
7x0,6 = 28,70 2, 294 1x42 = 96,35 | 2, 36 
7X0,55 = 28,35 — 2,2385x42 = 94,02 | 2,32 


From theſe it may be obſerv'd, that the Difference between 
each Caſk's Content is regular, and very near equal; which plainly 
ſhews, that there is not ſo much Room left for Error this Way of 
computing their Contents, as was by the aforeſaid Forms, 

Now the firſt of theſe four (viz. with 0,7) is very commonly 
uſed among Gaugers for all Sorts of Caſks; but I did never 
gauge any Caſk that would contain quite fo much as that Rule 
did make it; and the Reaſon doth appear - very plain from 
Theorem 22. Page 427. being compat'd with Theorem 19. Page 
426. and the laſt Figure; wiz. that no (Cafk being regularly 
made) can hold more than the middle Fruſtum of a Spheroid. But 
I always found by Experience, that if the ſecond and third of theſe 
Rules (viz. with ng ns 0,6) were duly apply'd, they would 
anſwer very near the Truth amongft the common Sort of Caſks ; 
and the fourth Rule (viz. with 0,55) will come pretty near the 
Truth in computing the Contents of Cafks, whoſe Staves are 
almoſt ſtreight betwixt the Head and Bung, viz. ſuch as Wire 
Pipes, &fc. 

8, 6. To find what Quantity of Liquor is either drawn forth, 
or remaining in any ſpheroidical Caſk, uſually call'd the Ullage 

of a Caſk; hath two Caſes. 

Caſe 1. To find what Quantity of Liquor is in the Caſk, when 
its Axis is perpendicular to the Horizon, viz. when it ſtands 
upright upon one of its Heads, 
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In order to perform this the eaſieſt Way, it will be convenient 
to know how to calculate the Area of any Circle betwixt the Bung 
and Head, whoſe Diftance from the Bung or middle of the Caſk 
is given, Now that may be done by this Proportion, 


As the Square of half the Length of the Caſk: is to the 
Difference between the Bung and Head Area's : : ſo is the 

Viz. < Square of any Circle's Diſtance from the Bung : to the Dif- 
terence between the Bung Area, and the Area of the Circle, 
viz. the Arca of the Liquor's Surface. 


'. Demonſtration, N 
H = Half the Length of the Caſk „ 2. 
Let F = Half the Bung Diameter, 8 3 
d = Halt the Head Diameter. : : 


57. 


the Bung 


= the Diſtance of any Circle from 
And = 
a = Half the Diameter of that Circle. 


Then according to the common Property of the Ellipſis, Page 
368, it will be, 3 3 
BB: DD::BB— HH: dd. And BB: DD:: B B—-PP. as. 


DDHH DP P- 
Eso] B= = B B. And | eee 


Conſequently, J HD — HFF 


T bis AÆquation, being brought out of the Fractions, will 
become DD HH—aa HH=DDPPAddPP, which gives this 
Analogy HH: DD—adad::PP:DD—aa. Then DD —aa, 
being ſubtracted from DD, will leave aa, But Circles Area's 
are in Proportion to the Squares of their Diameters, by Theorem 6. 
Page 407. Therefore, Cc. Q. E. D. Then, from the Bung 
Area ſubtract one third Part of the aforeſaid Difference, viz. be- 
tween the Bung Area and the Area of the Liquor's Surface ; mul- 
tiply the Remainder with the Liquor's Diſtance from the Bunge, 
and the Pioduct will ſhew what Quantity of Liquor is either above 
or under half the Content of the Caſk. 


Example. Let us ſuppoſe a Caſk of the ſame Dimenſions with 
that in the firſt Example, Page 451. and let it be required to 
find what Quantit of Liquor is in it (of Ale Meaſure} when 
there is but 9 Inches wet. Here half the Length of the _ « 21 

| nches, 
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Inches, whoſe Square is 441, and the Liquor's Diſtance from 

the Bung is 21—q9=12, lis Square is 144. The Difference 

between the Bung and Head Area's is 1,0917 (= 2,7635 — 

1,0718.) Then 441: 1,0917: : 144: 0.35064. 

And 2.7635 — , 3564 = 2,4071 the Atca of the Liquot's 
Surface, 


Again 3) 0,3564 (0,1188. And 2.7635 — 0,1188 = 2,6447 
Then 2,0447x12 = 31,7 364, what the Caſk wants of being 
half full. Conſequently 50, 39 — 31,73 == 18,66 will be the 
Quantity of Liquor in the Caſk at ꝙ Inches wet in Ale Gallons. 

And if the Caſk had wanted but q Inches of being fall; then 
59,39 -+ 31,73 = 82,12 would have been the Quantity of Liquor 
in the Ceſk. 


Note, Becauſe the two firſt Terms (viz. 441 and 1,0917) in 
the Proportion are fix'd, viz. continue ihe fame for any Dittance, 
'twill be very eaſy to calculate the Area's of all the Circles betwixt 
the Bung and Head to every Inch, and by that Means to make a 
Table thet will new what Quantity of Liquor is cither drawn out 
or remaining in the. Caſk at any Depth, 


Caſe 2. To find what Quantity of Liquor is in any C:fk, when iis 
Axis is parallel to the Horizon, viz. when it lics along. 

There are Variety of Tables to be found in Books of Garging 
for this Purpoſe ; but I always obſerved, that the following Me- 
thod of computing the Ullage, by a Table of the Sexments of a 
Circle, came very near the Truth in all Sorts of Ceſks, which is 
thus per form'd: | | 

1. By the Bung and Head Diametets, find ſuch a mean Dia- 
meter as you judge will reduce the propos'd Caſk to a Cylinder, by 
the Method laid down in Page 453. And then find its full Cun- 
tent, as in thoſe Examples. 

2' From the Bung Diameter ſubttact the mean Diameter and 
half the Difference, (viz. divide it by 2.) 

3. From the wet Inches of the propoſed Ullage, ful tract the 
ſaid half Difference, and call it x; then obſerve this Proportion. 


As the mean Diameter: is to 100 (the Diameter of the 
Viz. J tabular Circle) :: fo is the laſt Difference {wiz. x} : to a 
verſed Sine in the Table. (Page 441.) 6 


Then if the tabular Segment, which ſtands againſt that verſe] 
Sine, be multiply'd into the Content of the (aſk, the Product will 
ſhew the Ullage, viz. what Quantity of Liquor is either in the 
C.ſk, or drawn forth. 
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Example 1. Let the Caſk be that of the ſecond Sort, in Page 
45 3. viz. whoſe Bung Diameter is 21,5 Inches, mean Diameter 
29,05, and the Content 98,71 Ale Gallons; and ſuppoſe there 
were 10,5 Inches wet in it, it is required to find the wet and dry 


Gallons ? 


Here 3x1,5-—29,05=2,453 its half is 1,12. And 10,5—1,22=29,28 
Then 29,05 : 100: : 9,28 : 0,319 = V. Sine; its Segm. is 0,2748 
And 98, 7 , 2748 = 27,12 the Number of wet Gallons. 


Again 31,5—1T0,5=21 the dry Inches; and 21—1,22=19,78 
Then 29,05 : 100 :: 19,78: 0,68 ; its Segment is 0,7241 

And 98.7 10, 7241271. 48 the Number of dry Gallons, 

Proof 71,48+27,12==98,6 the Contents of the Caſk very near; 
which plainly ſhews the Truth of this Method. | 


Thus far may ſuffice concerning Gauging of Backs or Coolers, 
Tuns, Coppers, and Caſks, &c. To which I ſhall only add, that 
as the Contents of all Brewers Utenſils are to be computed by the 
Ale Gallons, ſo the Contents of all Diſtillers Utenfils (viz. all 
their Waſh. Backs, Stills, and Caſks, &c.) muſt be computed by 
the Wine Gallon. | 

And in gauging of Malt (upon which there is now a Duty of 
four Shillings per Buſhel) you muſt obſerve, That a Corn or 
Malt-Buſhel doth contain 2150,42 cubick Inches; (See Page 42.) 
and therefore in gauging of Malt Ciſterns, or other Vollels, 
2150,42 will be a conſtant or fix'd Diviſor for finding the Area's 
of rigbt-lin'd Figures in Buſhels at one Inch deep, and 2738 
will be a conſtant or fix'd Diviſor for finding the Area's of circular 
Figures. | | 

I have omitted the Buſineſs of gauging Maſh-Tuns, and taking 
an Account of the Goods or Grains, in order to eſtimate what 
Quantity of Worts were produced from them, &c. becauſe I 
could never find (by all my Obſervations) any Certainty therein; 
nor is it paſſible there ſhould be any, by Reaſon of the great Dif— 
ference that is in Malt (and its Grinding too) for the beſt Malt 
(well ground) will yield or produce the moſt Worts, and leaſt 
trains; on the contrary, bad Malt (being ill ground) yields the 
leaſt Worts and moſt Grains. 
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THE 


PR E FA CE. 


HE Mathematics formerly received conſiderable 

Advantages ; firſt, by the Introduction of the In- 
dian Cbaracters, and afterwards by the Invention of 
Decimal Fractions; yet has it ſince repeated at leaſt as 
much from the Invention of Logarithms, as from both the 
other two. The Uſe of theſe, every one knows, is of the 
greateſt Extent, and runs through all Parts of Mathe- 
matichs. By their Means it is that Numbers almoſt 
infinite, and ſuch as are otherwiſe impracticable, are 
managed with Eaſe and Expedition. By their Aſſiſtance 
the Mariner fleers bis Veſſel, the Geometrician inveſti- 
gates the Nature of the higher Curves, the Aſtronomer 
determines the Places of he Stars, the Philoſopher ac- 
counts for other Phenomena of Nature; and th, the 
Uſurer computes the Intereſt of his Money. 

The Subject of the following Treatiſe has been culti- 
vated by Mathematicians of the firſt Rank; ; ſome of whom, 
taking in the whole Doctrine, have indeed wrote learn- 
edly, but ſcarcely intelligible to any but Maſters. Others, 
again, accommodating Tear to the Apprebenſion of 
Novices, have ſelected out ſome of the moſt eaſy and ob- 
vious Properties of Logarithms, but have left their 
Nature and more intimate Properties untouched, My 
Defign therefore, in the following Tradt, is to ſupply 
what ſeemed ſtill wanting, viz. to diſcover and explain 
the Doctrine of Logarithms, to thoſe who are not yet 


got beyond the Elements of Algebra and Geometry. 
I 


The 
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1 


The wonderful Invention of Logarithms ae owe to the 
Lord Neper, ho was the firſt that conſtructed and pub- 
liſhed a Canon thereof, at Edinburgh, in the Year 1614. 
This wwas very graciouſly received by all Mathematicians, 
who were immediately ſenſible of the extreme Uſefulneſs 
thereof. And tho' it is uſual to have various Nations 
contending for the Glory of any notable Invention, yet 
Neper is untverſally allowed the Inventor of Legariihms, 
and enjoys the whole Honour thereof without any Rival. 

The ſame Lord Neper afterwards invenied another 
and more commedicus Ferm of Logarithms, which be af- 
terwards communicated to Mr. Henry Briggs, Profeſſor 
of Geometry at Oxford, who was hereby introduced as a 
Sharer in the completing thereof : But, the Lord Neper 
dying, the whole Buſineſs remaining was devolved upon 
Mr. Briggs, who, with prodigious Application, and an 
uncommon Dexterity, compaſſed a Logarithmic Canon, a- 
greeable to that new Form for the firſt twenty Chiliads 
of Numbers (or from 1 to 20000) and for eleven other 
Chiliads, viz. from goooo to 10 1000. For all which 
Numbers he calculated the Logarithms to fourteen Pla- 
ces of Figures. This Canon was publiſhed at London 
in the Year 1624. | | 

Adrian Vlacq publiſhed again this Canon at Goudæ 
in Holland in the Year 1628, with the intermediate 
Chiliads before omitted, filled up according to Briggs's 
Preſcriptions; but theſe Tables are not ſo uſeful as Briggs's, 
becauſe the Logarithms are continued but to 10 Places 
of Figures. | 

Mr. Briggs alſs Das calculated the Logarithms of the 
Sines and Tangents of every Degree, and the hundredth 
Parts of Degrees to 1 5 Places of Figures, and has ſub- 
joined to them the natural Sines, Tangents, and Secants, 
to 15 Places of Figures. The Logarithms of the Sines 
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and Tangents are called Artificial Sines and Tangents, 
but the Sines and Tangents themſelves are called natural, 
Theſe Tables, together with their Conſtruction and Uſe, 
were publiſhed after Briggs's Death, at London, in the 
Year 1633, by Henry Gellibrand, and by him called 
Trigonometria Britannica, 

Since then, there have been publiſhed, in ſeveral Pla- 
ces, compendious Tables, wherein the Sines and Tan- 
gents, and their Logarithms, conſiſt of but ſeven Places 
of Figures, and wherein are only the Logarithms of the 
Numbers from 1 to 100000, which may be ſufficient 
for moſt Uſes. 

The bejt Diſpoſition of theſe Tables, in my Opinion, is 
that, firſt thought of by Nathaniel Roe, of Suffolk ; 
and, with ſome Alterations for the better, followed by 
Sherwin in bis Mathematical Tables publiſhed at Lon- 
don in 1705 ; wherein are the Logarithms from 1 to 
10 1000 conſiſting of 7 Places of Figures. To which 
are ſubjoined the Differences and proportional Parts, by 
Means of which may be found eaſily the Logarithms of 
Numbers to 10000000, obſerving at the ſame Time 
that theſe Logarithms conſiſt only of 7 Places of Figures. 
Here are alſo the Sines, Tangents, and Secants, with the 
Logarithms and Differences for every Degree and Mi- 
nute of the Quadrant, with ſome other Tables of Uſe in 
practical Mathematicks, 
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HES E moſt excellent and uſeful Numbers were firſt in- 
vented by the famous and never to be forgotten Lord 
Neper, Baron of Merchiſton in Scotland, aforeſaid (Ann. 
1614.) who ingeniouſly contriv'd to perform Multiplica- 
tion and Diviſion of Natural Numbers, by only adding or ſub- 
tracting certain Artificial Numbers, which he called Logarithms, 
and the Extraction of Roots by dividing the Log. by 2 for the 
Square: by 3 for the Cube: by 4 for the Biquadrate, &c. 

This Invention of his (no doubt) proceeded from a mature Con- 
ſideration of the Coherence that is betwixt Numbers in Geometri- 
cal Proportion and thoſe in Arithmetical Progreſſion. 

As in theſe following : 

Viz 4 I.2.4.8. 16 .,32 . 64. 128, Cc. Geometrical. 
; O0. 1. 2. 3. 4 + 5. 6 . 7, Sc. Arithmetical. 

It is very perceptible, that, as the Numbers in the Geometrical 
Proportionals are produced by Multiplication or Diviſion, thoſe in the 
Arithmetical Progreſſion are produced by Addition or Subtraction: 
As doth appear in this Example: 

;— 4x42 =1283 7: 128 — 22 = 4 Geometr. 

Viz. ] 2 I% = 7 oy 7 del = 2 Arithmet. 
Again ; I . 10. 100. 1000. 10000. 100000, &c. Geometr. 
C04 4.4 $4 $5. 4 © "65 "Fe Araner. 


The ſame Coherence is betwixt theſe latter, as was between the 
two firſt Ranks. 


Vi. graf fr SP ; I00000—1000=100(zeometr. 

3 + 18 4 1 — 2 Arithmet, 
Either of theſe Examples do ſufficiently ſhew the Reaſon and very 
Ground of Logarithms. 


And from the latter of theſe it was, that the prime Logarithme 
or Characteriſtics were firſt aſſigned. 


As 
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As in this Table : 


| Natural Num. Logarithms, | 


1 | 0,0000000 
10 | 1,0000000 

100 | 2,0000000 

1000 | 3,0000000 

I0000 | 4,0000000 

I00000 5, ooooooo 


* Mc tr 8 ** —— 


Having laid this Foundation, the next Work was to find out 
the Logarithms of the intermediate Numbers ſituated betwixt 1 
and 10, v1z. of 2, 3, 4, 5, 6, 7, Cc. and of thoſe betwixt 10 and 
100, viz. of I1, 12, 13, 14, 15, Sc. and ſo on for the reſt. This 
was a Work of ſome Difficulty, and very laborious. 

The firſt Step in order thereunto (as I conceive) was to find out 
a Rank of continual Means betwixt 10 and 1, ſo as that the laſt 
(and leaft thereof) might be a mixed Number leſs than 2, and fo 
near 1, as to have ſuch a Number of Cyphers before the ſignificant 
Figures thereof, as was intended the Places of Logarithms in the 
Table ſhould conſiſt of. Which Means are to be found, by ex- 
tracting the ſquare Root of 10 (having firſt annexed a competent 
Number of Cyphers thereunto ;) then extracting the Root of that 
Root, and ſo by a continued Extraction of Root out of Root, until 
there be a Root ſo qualify'd as before-mention'd : Which, to make 
a Table to ſeven Places in the Logarithm, will require twenty-five 
ſeveral ExtraQtions, the laſt of which will produce this Number, 
I,00000006862238. : JS: 

The next Step was to find out a Number betwixt (1) and (o) 
in Arithmetical Progreſſion, that might truly correſpond with the 
Mean before found (betwixt 10 and 1) ſuch a Number muſt con- 
ſequently be its Logarithm. And this may be found by a continual 
biſecting (or halving) of 1, ſo often as was the Number of the fore- 
going Extractions (to wit, twenty-five) the laſt of which Biſecti- 
ons will produce 0,000000029802 322, &c. the true Logarithm of 
1,000000068622 38. | 

For as 1, 000000068622 38 by twenty-five continued Involutions 
(viz, firſt into itſelf, then that Product into itſelf, and fo on ſuc- 
ceſſively) will produce 10; ſo will o, 000000029802 32, by the 
like Number of Doublings and Redoublings, produce 1. 

This Mean (or Number) and its Logarithm being thus found, it 
will follow by Proportion, As the ſignificant Figures of this Mean 
: are to the ſignificant Figures of its Logarithm ; : ſo are the ſigni- 


ficant 
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ficant Figures of any Mean, betwixt any given Number and 1 : 
(having ſeven Cyphers before ſuch Figures, as this hath) to the ſig- 
nificant Figures of its Logaritbhm. To which muſt be prefixed ſe- 
ven Cyphers to complete it. After which, being doubled, and re- 
doubled according to the Number of ExtraCtions required to produce 
its correſponding Mean, will at laſt diſcover the true Logarithm 
of the given Number. For the clearing of this, take an Example. 

Suppoſe it were required to find the Logarithm of the Number 2, 
to ſeven Places. Firſt, by a continued Extraction of Root out of 
Root, beginning at 2, find ſuch a Mean, or Root as before, betwixt 
2 and 1, as Will have ſeven Cyphers before its ſignificant Figures ; 
which, after twenty-three ſeveral Extractions, will be this Number 


. 


1,00200008262958. Then, according to the foregoing Proportions, 


it will be 6862238 : 2980232 : : 8262958 : 3588557. To 
which prefix ſeven Cypbers, as before directed, then will 
1,000000082699 58 have for its Logarithm, 2 5885573 
which being doubled and redoubled, as aboveſaid, will produce 
o, 30 102997958658, the true Logarithm of 2; which being con- 
tracted to ſeven Places, according to the firſt Deſign, and agreeable 
to the ſeven Places of Cyphers, then it will become o, 3010299: But, 
in all the Tables that I have ſeen, the Logarithm of 2 is o, 3010300 : I 
conceive the Reaſon is, becauſe the remaining Figures 7958658 
come ſo near Unity of the laſt Place in the retained Figures. 

And, bythe ſame Method that this Logarithmof 2 is made, may 
the Logarithm of any other Number be found. But when once 
the Logarithms of a few of the prime Numbers, v2z. of 3. 7. 11. 13. 
Sc. (that is, of ſuch Numbers as cannot be produced by the mul- 


tiplying of two Integer Factors) are obtained, the reſt may be eaſily 


compoſed by Additign and Subtraction only. For as 3X2 = 6 
ſo Log. of 3 + Log. of 2 = Log. of 6. And as 10 —2= 5 
ſo Log. of 10 — Log. of 2 = Log of 5. The like of all Numbers 
that have aliquot Parts (that is, ſuch Integer Numbers as may be 
divided by Integers.) And indeed the Logarithms of ſeveral of the 
prime Numbers may alſo be obtained by Addition or Subtraction, as 
might eaſily be ſhewed, and is not difficult to conceive by any 
one, who but duly conſiders the Nature and Deſign of Loga- 
rithms, Cc. of which I ſhall forbear ſaying any thing in this 
Place, and keep to my firſt Deſign herein, which was to give a 
brief Account of the ingenious Author's Method, as I conceive it, of 

making the ſame; who undoubtedly found it a very difficult Work, 
by Reaſon there are required ſo many ſeveral Extractions of Roots 
out of Roots, which muſt needs render it both troubleſome and la- 
borious. Then to propoſe a different Method of raiſing the Loga- 


rithms 
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rithms of ſuch prime Numbers before-mentioned, which require 
the Extraction of Roots to obtain their reſpective Means, with one 
teath Part of the Trouble and Time required by the foregoing Me- 
thod, And not only fo, but more exact; for, by our preſent Me- 
thod of converging Series, the Root of any Power, how high ſo- 
ever it be, is eaſily found at one ſingle Extraction: and thereby 
the Errors which would ariſe by extracting a Surd Root out of a 
Surd Root, eſpecially when often repeated, are avoided; and con- 
ſequently ſuch a Mean, as may be required betwixt any Number 
and Unity, is thereby more exactly found. 

Now, how this may be performed, I here intend to ſhew, as 
briefly as I can. In order thereunto, take this as a Model. 

Leta=the Root,or Mean required betwixt anyNumber andUnity: 

92 3 =D. :.cc = Us 
Then =O. =O" K U 
=O fsb”. =o" 

And ſo on ſucceſſively with the Indices in Geometrical Progreſſi- 
on, until the Power of @ be made equal to ſuch a Term in that 
Progreſſion, as that the Root, or Value of a may have, betwixt U- 
nity and its ſignificant Figures, ſo many Cyphers, as are the in- 
tended Number of Places in the OG 

For Inſtance, let it be required to find the Mean between 10 and 
1, then the Power of à muſt be @ 3355444* = 10, this Index 3355+43* 
being the 25th Term in Geometrical Pregreflion, which may be 
thus determined. 

Let 1, the Characteriſtic or Logarithm of 10, be divided by ſuch a 
Term in Geometrical Progreſſion, as will cauſe ſuch a Number of 
Cyphers to be before the fignificant Figures in the Quotient, as are 
required to be before the Figures of the Root a ; ſuppole 7, as betore. 
Then 1, = 33554432 = ,000000029802 32, &c. which is the 
true Arithmetical Mean (as before found, by a continual biſeCting 
of 1) correſpondent to that fignify'd by ; and therefore the Value 
of a found by extracting the reſpective Root of 10 = @ 3554437 will 
be the Mean required; viz. 1,00000026862238 whoſe Log. is 
,000000029802 32. Theſe, being found, are the Foundation of the 
reſt, as before. 

Then ſuppoſe it be required to find the Logarithm of any of the 
prime Numbers ; if you pleaſe, that of two. In order thereunto, 
let a = the Root or Mean ſought betwixt 2 and 1, as before; then 
muſt à be continually involved, as by the above Model, until its 
Index be equal to the greateſt Term in Geometrical Progreſſion, 
whoſe Number of Places of Figures are to be equal to the Number 


of required Cyphers before a, to wit 7. According to which, the 
| Power 


on 


5 
— — —  ———— -. 


: Conſtruction of Logarithms. 465 


Power of a will be a 939% — 2 (this 8 388608 being the 234 Term 
in Geometrical Progreſſion) conſequently the reſpective Root of 
2 = @ 5355535 vill be the Mean requir'd. 


Example. 

Letr 2 4 85 
Then will 7586. 8388608 15335507 & 
＋35 184367894528 753599 22 = a 2 

Suppoſe 1 = 1 | 
Then 1 + 8388608 ＋35 1843678945286 2 
That is 8388608 + 351843678945 28 ee = 1 

Each Part being divided by the Co- efficient found prefixed to #7, 
viz. 351843, &c. then it will become 

,0000002 3eee=,0000000000000284 = D 


D 2 4 

Conſequently 12 — 31e 5 1 
,0000000000000284 = D | 

,00000023 248 (,00000008 = #4 ; 

+ e = ,00000008 — 1 
— 30 : 
Diviſor ,0000003t 8 
Firſtr = 1, [ 
Ter ,00000008 5 


New r = 1,00000008 . 3 _ | 
which being duly involved, in the ſame Order as the Model de- 
notes, and multiplied into the reſpective Co-efficients, will then 
produce theſe Numbers, 

Viz. 1, 9563638907 + 16411168 7688 3341606 289 2 
Then 16411168 ＋ 6883341606628 9% = 0436361033 
And ,0000002384e-ee=,000000000000000632393 = D 


3 
Conſequently } ,00000023384-Fe — © 


,000000000000000603393 = D 


— 
2 


ie hadron < 
— Ty * 3 a fi 


— - —— 1 — = —_ b 
C ˙ ¾m I ACIDIC ©. as SF 4-5 SER 


,0200002 384. 480 (,00000000263 e 

Ter ,0000000026 — 

. — — 15393 
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Laſt r = 1,00000008 
+ e = ,00000000263 


New r = 1,00000008263 


I take only 1,0000000268 = r ; the which being involved, and 
ordered as before, will produce theſe following Numbers, viz. 
1,999503084807 + 1677 3028e + 703512674 54094 ee =2 
Then 16773028 e + 70351267454084 ee = ,000496315133 
0000002384 18e + ee = 00000000000000000705481443 =D 


„ SO 
Conſequently f ,0000002334186 Te F 


e = ,0000000000295 _ 


— — 2286214 
Diviſor , ooO0O0023843 2146023 
Diviſor ,000000238447 14019143 

— — 11922405 


Diviſor ooOO 00023844815 AG: — 
| 209673800 (879 e 


Here I deſiſt ſorming a new 19075848 
Diviſor and make uſe of the — 
Abridgement. | 891532 

1669136 
222396 
Laſt r = 1,0000000826 | 214596 

+ e = ,0000000000295879 — 4c 


a= 1,0020000826295879 , 


This Value of a = 1,0000000826295879 is the Geometrical 
Mean betwixt 2 and 1, as was required ; (agrecable to that before 
found, by twenty-three ſeveral Extractions.) And by this Method 
of proceeding, may be found the Mean betwixt 10 and 1, viz 
1,0000000608622 38, or betwixt any other of the (before- men- 
tioned) Prime Numbers and Unity, as might eaſily be ſhewed. But 
for Brevity Sake, I ſhall omit giving more Examples thereof, this 
one being ſufficient (eſpecially to the Ingenious) if well confidered, 
and but once underſtood, to ſhew the Nature of, and Manner 
how to proceed on the like Occaſion, of finding any 4 

Lean. 
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Mean. The next Thing will be to find the Logarithm of the 
Number from whence ſuch Mean was produced, which may be 
thus performed: 

Firſt, find its correſponding Arithmetical Mean, or Logarithm, 
by Proportion (as in Page 462.) Then multiply that correſponding 
Mean, ſo found, into the Index Number of ſuch Power as the 
Geometrical Mean was produced from; that Product will be the 
Logarithm of the given Number (without a continued Doubling 
and Redoubling, as before.) For the clearing of this, let it be re- 
quired to complete the Logarithm of 2. 

Having firſt found 1, 000000068622 38, the proper Geometri- 
cal Mean betwixt 10 and 1; alſo its correſponding Logarithm 
,00000002980232 (as before directed) with them and the Mean 
betwixt 2 and 1, laſt found, viz. 1,0000000826295879 ; make 
uſe of the above-mentioned Proportion (as in Page 463.) viz. 

6862238 : 2980232 : : 826295879 : 358855729 
To which prefix ſeven Cyphers to complete it (as before.) Then 
it will become ,0000000358855729., This Number being mul- 
tiplied into the Power of à (what that is, ſee Page 465.) will pro- 
duce the Logarithm of 2. 

viz. 0000000358855729X 8388608 = 0,30103000391352 

But according to the,firſt Deſign, it is required to have but ſeven 
Places, viz. O30 1 300; Which is the true Logarithm of 2 without 
any Defect. 

Thus I have preſented you with a new and expeditious Method 
of making Logarithms ; which if they were required to fourteen 
or fiftzen Places (I can modeſtly fay) they might then be made 
with one twentieth Part of the Time and Trouble required by the 
firſt Method. 
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METHOD III. 


1 New Tak» of Logarithms. Compos'd by My. Lows. 
Finding te Legarithm by Diviſion only, and the Natu- 


ral Number belonging to a Logarithm, by Multiplication 
only. 


Log. Nat. Num. Log. Nat. Num. 
1o,9 7. 943282347 lo, oooog 1.00 207254 
o, 8 6. 309573445 [o,00008 1.00 184224 
10, 5. 011872330 o, oo [1.000161 194 
o, 6 3.908 107170 0,00006 1000 138 105 
0, 5 3. 0 0,00005 1.000115136 
10,4 42.5 11886432 Jo, ooo j1.000092106 
| 9-3 1.995 26235 [0,00003 t.cooobgo80 
1 0,2 11-584393193] [0,00002 | .C0004905 3 
o. 11.25 8925412] 0, oon [1 00003 e 
o, og 1. 230268771] lo, oo | 1.0000207 24 
40 o 1. 202264435 O, o οο {1 000018421 
o, oy 1. 174597555 ,o  {1.000016118 
{ 0,00 1.148153621] jo,005005 1.00001 3816 
0,05 . 122018454] [2,000005 It 000011513 
| 0,04 |1.090478196] Jo, ooo [1.00000g210 
10,03 1.071519305| fo, o o H11.000000908 
| 0,02 1.047:123548 j2--00 02 1.000004505 
| 0,01 11.023292992] o,000001 [1-000002302]: 
| ———_—— — — 
4 0,009 Ji .0209 394.84 o, ooo [1.000002072 
| 0,008 [1.018591483] [o,ooo008 [1 000001842 
0,007 1.0 16248694 jo,oooooo7 [1.00000161 1! 
| 0,006 1.013911330j [o,0000006 [1.000001 381 
2,005 1. 11579454 [0,0000005 [1.005001151 
0,004 j1.009252:886] J[o,comoco4 [1.00c000921 
| 0,003 1.00693 1669 fo, oo . oo οοο 
1 0,002 1. 04615794] |0,0000002 |1.000000450 
| 0,001 1.002305 238 [0,0000001 Ii 000000230 
o, oc fi. 02074475 [0,00000009 | 1.000000207 
0,0008 1.001843796] [0,00000008 {1.0000001 84 
0,9007 1. 001613109 [|0,00000007 [1.000c00161 
0,0000 1 001382506 0,c0000006 i 0000001 38 
o, oo 1. 01151956 fo, oo οο οοο , |1.0000001 15 
o, ooo4 1.000921459] |o,00000004. |1.020000092 
0,0003 t.coogloig} [0,00000003 |1.c00000009 
0,000'2 I.coo4bap23] [o,o0000002 |1.000000040 
o, oo 1. ooo 2 30285] Jo,coooco01 |[1.000000023 | This 
— — — . 
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This Table I ſometimes make uſe of for finding the Logarithm 
of any Number propos'd, and vice verſa. Suppoſe I had Occaſion 
to find the Logarithm of 2000. I look in the firſt Claſs of my 
Table (the whole Table conſiſts of 8 Claſſes) for the next leſs to 2, 
which is 1 995262315, and againſt it is 3, which conſequently is 
the firſt Figure of the Logarithm ſought. Again, dividing the 
Number propos'd 2, by 1.995262315 the Number found in the 
Table, the Quotient is 1.592237 44%7 3 which being look'd for in 
the ſecond Claſs of the Table, and finding neither its Equal, nor a 
Leſſer, I add © to the Part of the Logarithm before found, and 
look for the ſaid Quotient, 1.00 237446 in the third Claſs, where 
the next leſs is 1.002 305238, and againſt it is 1, to be added to 
the Part of the Logarithm already found ; and dividing the Quo- 
tient 1.002374407, by 1-002395238, laſt found in the Table, 
the Quotient is 1.000069070 ; which being ſought in the fourth 
Claſs gives o, but being ſought in the fifth Claſs gives 2, to be 
added to the Part of the Logarithm already found; and dividing 
the lat Quotient by the Number laſt found in the Table, viz. 

1.00004605 3, the Quotient is 1.00002 ZOI5, Which, being ſought 
in the ſixth Claſs, gives ꝙ to the Part of the Logarithm already 
found: And dividing the laſt Quotient by the new. Diviſor, viz. 
1.000002072, the Quotient is 1.0000002 19, which being greater 
than 1.000000115 ſhews that the Logarithm already found, viz. 
3-3010299, is leſs than the Truth by more than half an Unit 
whereſore adding 1, you have Briggs's Logarithm of 2000, viz. 
3. 30 10300. 

any Logarithm be given, ſuppoſe 3, 30 10300, throw away 
the Characteriſtic, then overagainſt theſe Figures 3. 0. 1. o 
. o, you have in their reſpeCtive Claſſes 1,995 262318. o 255 
1, 0023052338 o. . « I, 0000609080....0... 0 which 
multiply'd continually into one another, the Product is 
2.00000001 9996, which, by reaſon the Characteriſtic is 3, becomes 
2,000,000019966,&c. that is, 2000, the Natural Number deſired. 
J ſhall not mention the Method by which this Table is fram'd, be- 
cauſe you will eaſily ſee that from the Uſe of it. 

It is obvious to the intelligent Reader, that theſe Claſſes of 
Numbers are no other than ſo many Scales of mean Proportionals: 
in the firſt Claſs, between 1 and 10; ſo that the laſt Number 
thereof, viz. 1, 258925412, is the tenth Root of 10, and the reſt in 
order aſcending are the Powers thereof. So in the ſecond Claſs, the 
laſt Number 1,023292992 is the hundreth Root of 10, and the 
reſt in the ſame Manner are Powers thereof. So 1.002 3052 38, in 
the third Claſs, is the tenth Root of the laſt of.the ſecond, and 

9 the 
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the reſt its Powers, &c. Or, which is all one, each Number, in 
the preceding Claſs, is the tenth Power of the correſponding Num- 
ber in the next following Claſs: Whence 'tis pl in, that to con- 
ſtruct theſe Tables requires no more than one Extraction of the 
fifth or ſurſolid Root for each Claſs, the reſt of the Work being 
done by the common Rules of Arithmetick. 


——— 


MET H O D IV. 


Their Conſtruction. according to the common Rules, given by 
many Extractions of Roots, is tedious ; the beſt Way yet known 
is this which follows. 


To make a Table of Logarithms. 


Firftl, Put for the Logarithm of 1 a Cypher for the Index, and 
a competent Number of Cyphers for the Logarithm, according to 
the Number of Places you would have your Logarithms conſiſt of; 
for 10 an Unit, with the ſame Number of Cyphers ; for 100, 2, 
with as many Cyphers ; for 1000, 3, with as many Cyphers, &c. 

Secondly, Find the Difference between ſome two Logarithms 
above 1000, or rather above 10000, that differ by Unity ; thus 
multiply the two Numbers together, and that Product you muſt 
multiply again by 43429448190325183896 * which laſt Product 
divided by the Arithmetical Mean between both Numbers, the 
Quotient is the Difference ſought. 

Suppoſe we would find the Difference between the Log. 10000, 
and 10001, the Product of theſe two Numbers is 1.000 10000, which 
muitiplied by 4343 produced 434343433 this divided by T0000. 5, 
quotes 4343. Now if to the Logarithm of 10000, which is 
4+0000000, you add the Difference before found, to wit, 434, the 
Sum 4-0CC04 34 1s the true Logarithm of 10001 to 7 Places. 

Thirdly, Having thus found the Difference of any two Logarithms 
differing by Unity, and conſequently ſome of the Logarithms by 
dividing the Difference found by the Arithmetical Mean, between 
any two Numbers differing by Unity, you-ſhall have the Diffe- 
rence of the Logarichm of thoſe two Numbers. 

Thus to find the Difference betwixt the Logarithm 274, and 
275; divide 4343, the Difference of the Logarithm of 10000, and 
10001 by 2745 the Quotient 15821, is the Difference ſought. 

Fourthly, Having by this Means found a few of the prime Lo- 
_ garithms, the reſt are made by Addition and Subtraction, and bav- 

| ing 


ich is the Subtangent of the Curve expreſſing Briggs's Logarithms, See Keil's 71g. 
Pag, I35, 140, Se 
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— 


ing made the Canon upwards, above 1c00 to 10000, by Conſe- 
quence it is made for all inferior Numbers, 

The prime' Numbers to which Logarithms muſt be found, in 
the firſt Place are theſe, 2.3.7.11.13.17.19. 23. 29. 31 
37 · 41 · 43.47. 53+ 59-61.07.71. 73-79. 89.497, c. or 
the ſame Numbers with Cyphers. 

But ſince it was very tedious and laborious, to find the Loga- 
rithms of the prime Numbers, and not eaſy to compute Logarithms 


by Interpolation, by firſt, ſecond, and third, &c. Differences, 


therefore the great Men, Sir Iſaac Newton, Mercator, Gregory, 
Wallis, and laſtly, Dr. Halley, have publiſhed infinite converging 
Series, by which the Logarithms of Numbers to any Number of 
Places may be had more expeditiouſly and truer : Concerning 
which Series, Dr. Halley has written a learned Tract, in the Phi- 
loſophical Tranſactions, wherein he has demonſtrated thoſe Series 
after-a new Way, and ſhews how to compute the Logarithms by 
them. But I think it may be more proper here to add a new 
Series, by Means of which may be found, eaſily and expeditiouſly, 
the Logarithms of large Numbers. 

Let z be an odd Number, whoſe Logarithm is ſought ; then 
ſhall the Number z— 1 and z + 1 be even, and accordingly their 
Logarithms, and the Difference of the Logarithms will be had, 
which let be called y : Therefore, alſo the Logarithm of a Number 
which is a Geometrical Mean between z — 1 and z + 1 will be 
given, viz. equal to the half Sum of the Logarithms. Now the 

, I ns 7 181 . 

n K 3 + 3002) T 15120z7 7 25 20029 Fe. mon 
be equal to the Logarithm of the Ratio, which the Geometrical 
Mean between the Numbers 2 — 1 and z ＋ 1, has to the Arith- 
metical Mean, viz. to the Number z. 


If the Number exceeds 1c09, the firſt Term of the Series — Is 
ſufficient for producing the Logarithm to 13 or 14 Places of Fi- 
gures, and the ſecond l'erm will give the Logarithm to 20 Places 
of Figures. But if z be greater than 190000, the firſt "Term will 
exhibit the Logarithm to 18 Places of Figures; and ſo this Series 
is of great Uſe in filling up the, Logarithms of the Chiliads omit- 
ted by Briggs. For Example : Itis required to find the Logarithm 
of 20001. The Logarithm of 20000 is the ſame as the Logarithm 
of 2, with the Index 4 prefix'd to it; and the Difference of the Lo- 
garithms of 20000 and 29002, is the ſame as the Difference of the 
Logarithms of the Numbers 10000 and 10001, IZ. o. 00434272 

7687. And if this Difference be divided by 4z, or $004, the 
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— 


Quotient * (hall be - 0. ocooo 0000542814 


4 

And if the Logarithm or the Geometri- 4. 30105 1709302416 
= Mean * to the Quotient, the — —— 

um will be the Logarithm of 20001. 4. 20105 1709845220 
Wherefore it is manifeſt, that to have W 
the Logarithm to 14 Places of Figures, there is no Neceſſity of 
continuing out the Quotient beyond 6 Places of Figures. But if 
you have a Mind to have the Logarithm to 10 Places of Figures 
only, as they are in Vlacg's Tables, the two firſt Figures of the 
Quotient are enough. And if the Logarithms of the Numbers 
above 20000 are to be found by this Way, the Labour of doing 
them will moſtly conſiſt in ſetting down the Numbers. Note, This 
Series is eaſily deduced from that found out by Dr. Halley; and 
thoſe who have a Mind to be inform'd more in this Matter, le: 
them conſult his abovenamed Treatiſe. 


Mr. /ARD's Eaſy Method of making the Canon of 
Sines, Tangents, &c. 


IRS T, let me premiſe two Things, that the Periphery of a 
Circle, whoſe Radius is Unity or 1, is 6.283185, &c. ant 
. that the natural Sine of one Minute doth ſo inſenſibly differ from 
the Length of the Arch of one Minute, that it may be taken for 
the ſame. 


As the Periphery in Minutes: is to the Pert- 

phery in equal Parts of . the Radius:: ſo 1 

Conſequently, one Minute: to the Parts agreeing ta 1hai 
| Minute. 


That is, 216007: 6,283185 : : 17“: 0,000290888 = the Na- 
tural Sine of one Minute; which agrecs with the largeſt Table of 
Sines I ever ſaw. 

Having thus got the Sine of one Minute, its Co- ſine may be 
thus found: 


Suppoſe 


* 
I 
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Suppoſe RA= RS the Radius of any Circle, & N = the Sine of the 
Arch & 4. Then RN=CSis the Co- 
Sine of that Arch. But) RS - 
S N = E N, conſequently 
/ OKS—DSN=RN. 

That is, From the Square of the 8 ＋ 
Radius, ſubtract the Square of the C 
Sine of 1”, the ſquare Root of the 
Remainder will be the Co-Sine of 
17, per Chap. q. Prop. 1. In Num- | 
bers, the Sine of 17 is 000290885, its | 
Square is 0,000000984612; and I R NA 
— 0,000000084612 = 0,99999991 5 388, the Square Root there- 
of is ,99999995 = the Co-Sine required. 

The Sine and Co-Sine of one Minute being thus obtain'd, all 
the reſt of the Sines in the Quadrant may be gradually calculated 
by Mr. Michael Dary's Sinical Proportions ; which I ſhall here in- 
ſert, to the ſame Effect as they are in his Miſcellanies ; and then 
explain and demonſtrate the Truth of thoſe Proportions. 

If a Rank of Arches be equi-different ; 


As the Sine of any Arch in that Rank : is to the Sum of the 
Sines of any two Arches equally remote from it on each Sage : : 
Then \ /# is the Sine of any other Arch in the ſaid Rank : to the Sum 
of the Sines of two Arches next it on each Side; having the 
fame common Diſtance. 
Immediately after theſe Proportions, he lays down the following 
Aquations : 
Three Arches equi-different being propoſed ; if (faith he) you 
put Z = the Sine of the great Extreme, y = the Sine of the leſſer 
Extreme; = the Sine of the Mean; m — the Co-Sine thereof; 


D the Sine of the common Difference; 4 = the Co-Sine thereof; 
and R = the Radius. 


1. Then Z py = 


2 m D. 
R 


3. Then Z y = MM—D P. 4. Then Z . 


. Then 2 —5 2 


2 Md 
K 


y Md— A 
From the foregoing it is evident (faith he) that if two Thirds, 
diz. either the former or latter 60 Degrees, or the former 39 
Degrees, and the latter 30 Degrees of the Quadrant be completed 
with Sines; the remaining Part of the Quadrant may be completed 
by Addition, or Subtraction only. 
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Thus far is from the ingenious Mr. Dary, concerning theſe ex- 
cellent Proportions; the 
Truth whereof I ſhall 
thus demonſtrate. 


In the annexed Cir- 
cle DA = da are Dia- 
meters, F ha gab = 
be, are equal Arches. 


Draw / T parallel to 
D 4A; then will Ne = 
Lf. AndtheAdac, 
like the A G f e, being 
both right-angled at c 
and e, and / d = / G 
becauſe ſubtended by 
the equal Arches a c = 


a. 

1 Therefore da: de:: Gf: Ge. 

Conſequently da: de:: 1 6: Ge, But Hh = Gf, whence HA. 
= 1 ,., and da = the Radius, 4p = Ac. Therefore it will be, 
Radius: 2 4p :: AM=3Gf:GN+Ne=GN+Lf. That 
is, as the Radius: is to twice the Sine d : : ſo is the Sine HM: to 
the Sum of the two Sines GN and FL =f L. Q. E. D. 

I ſhall now explain theſe Proportions, and ſhew how they may 
be applied in Practice: Having the Sine of one Minute, and its 
Co-Sine as before; let the Radius be made the mean or middle 
Term between thoſe two Extremes ; then the Proportions will run 

As the Radius: is to the double Co. ſine of one Minute: : ſo is 
the Sine of one Minute : to the Sine of two Minutes, and of 
Thus J oo”: and ſo is the Sine of 2/ : : to the Sum of the Sines of 3 
and 1” : : and ſo is the Sine of 3 : ta the Sum of the 
Sine of 4 and 2. 
And ſo on in a ſucceſſive Order, from Minute to Minute. 


And then, if from the Sum of the Sines of 3“ and 1“ be taken 
the Sine of 1”, the Remainder will be the Sine of 3“: And the like, 
if, from the Sum of the Sines of 4/ and 27, be taken the Sine of 20 
there will remain the Sine of 4', c. 8 

Proceeding on by this Method, all the Natural Sines in the Qua- 
drant may be eaſily calculated by Addition, and Subtraction only. 


For the Radius, or Firſt Term in the Proportion, being 1,0000000 
or 


— 
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or Unity, Diviſion is wholly avoided: And becauſe the ſecond 
Term in the Proportion varies not, if a Tariffa, or ſmall Table be 
made thereof, to all the nine Digits, then Multiplication is alſo 
avoided, For, by the Help of that Tariffa, the whole Work may 
be perform'd by Addition and Subtraction, until all the Sines are 
gradually made, 

Thus you have an eaſy Way of making the Canon of Sines; 
which being once done, the Tangents and Secants may be found 
by the following 
| As the Co. fine of any Arch: is to the Sine of that Arch: : 

fo is the Radius: to the Tangent of the ſame Arch, 
That is, by the fit Scheme of this Problem, 

RN: & N:: RA: TA. And RN: RS:: RA: RT = the Se- 
cant of that Arch. 


Proportions 


* * — 
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Plane Trigonometry. 
DEFINITIONS. 


I, „ Vr is ſuppos'd to be di- 
vided into 360 equal Parts, 
called Degrees; and each Degree 
into 60 equal Parts, called Mi- 
nutes; and each Minute into 60 
equal Parts, called Seconds, &c. 
Any Portion of whoſe Circumfe- 
rence is called an Arch, and is 
meaſured by the Number of De- 
grees it contains. 
2. A Chord or Subtenſe is a 
ſtraight Line, connecting the Ex- 


tremities of an Arch; as BE is the al 
Chord of the Arches BAE, BDE. | by 

3. A Sine (or Right. ſine) is a ſtraight Line drawn from one End X 
of an Arch perpendicular to that Diameter paſſing thro' the other } 
End; or it is half the Chord of twice the Arch; ſo BF is the Sine "I 
of the Arches BA, BD. And here it is evident, that the Sine of 1 


90 Degrees (which is equa! to the Radius or Semi- Diameter of the 
Circle) is the greateſt of all Sines, the Sine of an Arch greater than 
a Quadrant being leſs than the Radius. 

4. The Difference of an Arch from a Quadrant, whether it be 
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greater or leſs, is call'd its Complement ; ſo HB is the Complement 
of the Arches BA, BD; BI is the Sine of that Complement, 
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and therefore it is called the Co- ſine, or Sine Complement of the 
Arches BA, BD. 

5. The Secant of an Arch is a ſtraight Line drawn from the Cen- 
ter thro' one End of the Arch till it meet with the Tangent, which 
is a ſtraight Line touching the Circle at the Extremity of that Dia- 
meter which cuts the other End of the Arch ; ſo CG is the Secant, 
and AG the Tangent of the Arches BA, BD: And CK is the Co- 
ſecant, and HK the Co- tangent of the ſaid Arches. 

6. A Verſed Sine is the Segment of the Diameter intercepted be- 
tween the Arch and its Sine: Thus FA is the Verſed Sine of the 
Arch BA, and FD of the Arch BD. : 

. Whatever Number of Degrees an Arch wants of a Semi- 
Circle is called its Supplement. 

8. That Part of the Radius which is betwixt the Center and Sine 
is equal to the Co- ſine; thus CF is = IB. 

9. If an Arch be greater or leſs than a Quadrant, the Sum or 
Difference of the Radius or Co- ſine is equal to the Verſed Sine. 

In a Triangle are fix Parts, viz. three Sides and three Angles: 
Any three of which being given, except the three Angles of a Plain 
Triangle, the other three may be fourſd either Mechanically, by the 
Help of a Scale of equal Parts and Line of Chords, or by an Arith- 
metical Calculation, if, ſuppoſing the Radius divided into any Num- 
ber of equal Parts, we know how many of thoſe equal Parts are in 
the Sine, Tangent, or Secant of any Arch propos'd : The Art of 
inferring which is called 7rigonometry, and it is either Plane or 
Spherical, 

Plane Triganom*try is ſolv'd by the Help of four fundamental 
Propoſitions, call'd Axioms. 

Axiom I. 

In a Right-angled Triangle ABC, C 
if one Leg of the Right-angle, as AB ö 
or CB, be made the Radius of a Circle, 
then ſhall the other Leg CB or AB be 
the Tangent of the Angle oppoſite to 
it, and the Hypothenuſe AC (or Side 
oppoſite to the Right - angle) its Secant 
(by Definition 5.) | 

But if the Hypothenuſe AC be 
made the Radius of a Circle, then 
will the Legs (or Sides including the 
Right-angle) to wit, CB and AB be 
the Sines of the Angles oppoſite (by Definition 3.) 


Upon 
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Upon this aum depends the Solution of the ſeven Caſes of 
Right-angled Piane Triangles. 

Note, That the three Angles of a Plane Triangle make two 
Right-Angles, or 180 Degrees, by 32. 1 Eucl. 

For the more eaſy making the Proportions for the Solution of 
Righr-angled Triangles, obſerve, that as different Sides are made 
Radius, ſo the other Sides acquire different Names, which Names 
are either Sines, Tangents, or Secants, and are to be taken out of 
your Table. 

To find a Side, any Side may be made Radius: Then ſay, as the 
Name of the Side given is to the Name of the Side required; fo is 
the Side given to the Side required, 

But to find an Angle, one of the given Sides muſt be made Ra- 
dius; then, as the Side made Radius, is ts the other Side; fo is the 
Name of the firſt Side (which is Radius) to the Name of the ſecond 
Side; which fourth Proportional muſt be found among the Sines or 
Tangents, Oc. to be determined by the Side made Radius, and 
againſt i it is the Angle required, 

The Proportions for the Solution of ſeven Caſes of Plane Right- 


angled Triangles, [See the next foregoing Fig.] 
Given. | Regd, | Proportions. Nad. Caſe. 
AB Coſi. A: Si. A: : AB: BC, AC 
A and BC Rinn! . AB 1 
C i AB:BC B C 
AB Coli. A: R :: A: AC. F 
A and Ac R: See. A:: AB: AU. AB 2 
C Tan. A: Coſe. A: AB: AC. [BC 
r BCT: TR: Tan & TAB] - 
and Complement is C. | 
BC C BC: AB :; R: Tan; CBC 3 
Complement is A. 2 
AB | T then A 
Aeg R: An Ae. AC 
IVA UBC: AC per 47. 1. 4 
| | SE EG El 
AB A and AC:BC:: R: Coli A. AC|s 
AC C AB: AC:: 2K Secant A. AB 
AB AC: AB :: R: Coſi. A; then AC 
AC | BC R: Tan. £4 AB: BC, or AB 6 
| VDACEDAB : = BC. 3 
AC R: Col A:; AC:; ARB. AC 
Aand{-AB-}j See A; RA ACtAD. AB 7 
hg Col. A: Cot A:: AC: AB, BC 


Axion. 
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Axiom II. 
In any Triangle the Sides are proportional to the Sines of the 
oppoſite Angles. 


Demonſtration, 
＋. 
* * e 1. 1 IT: 
5 B So... 


Produce the leſſer Side of the Triangle ABC, to wit AB to F, 
making AF = BC : Let fall the Perpendiculars BD, FE, upon the 
Side CA produc'd if Need be; then will FE be the Sine of the An- 
gle A, and BD the Sine of the Angle C, to the Radius BC = AF. 

Now the Triangles ABD and AFE, having the / A common 
to them both, and the  D = / E = to a Right- Angle, are ſimi- 
lar; wherefore (by 4. 6 Eucl. Elem.) AF (BC): AB:: FE: BD; 

biz. :: Si. A: Si. C. Q, E. D. Otherwiſe thus; by Ar. I. AB: 
3 BUD Si. A, * BC: R:: BD: Si. C; therefore AB x Si. 
A (= R x BD) = BC XSi, C; wherefore AB: BC: : Si. C: Si. 


A. E, D. 
Axiom III. 


The Sum of the Legs of any Angle of a Plane Triangle is to 
their Difference, as the Tangent of half the Sum of the Angles op- 
polite to thoſe Legs is to the Tangent of half their Difference. 
Demonſtration. 

Inthe Triangle ABC 
produce CB, the leſſer A 
Leg of the Angle B, till 
BD becomes =BA, the 
greater Leg, and then 
biſect CD in E; join A 
D and biſect it alſo in N 
F; draw BF, which (by KEE ACA 
8. 1 Eudl. El.) will be ee e 
perpen. to AD; and 0 * 'E D 
draw EF, which (by 2. 6 Eucl. Elem. ) will be parallel to AC, Then 
will the Angle ABF = FBD = Z ABD, which external Angle 
ABD is (by 32. 1 Eucl. Elem.) = BAC ＋ C, that is to the Sum of 
the oppoſite Angles required. 

Draw then BG parallel to CA, fo will the Angle GBA be (by 29. 
1 Eucl. Elem. ) equal to its Alternate one BAC; Nd if from half the 

Sum 
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Sum of the oppoſite Angles you take the leſſer Angle, i. e. If from 
ABF you take the / GBA, there will remain / GBF = half 
the Difference of the oppolite Angles : And ſo alſo, if from CE half 
the Sum of the Legs, you take CB the leſſer Leg, there will remain 
BE equal to half the Difference of the Legs. And then ſince the 
AABF is Right-angled, if BF be made Radius, AF will be the 
Tangent of / ABF (i. e. the Tangent of half the Sum of the op- 
poſite Angles) ; and in the little A GBF, FG will be the Tangent 
of the / GBF (i. e. the Tangent of half the Difference of the oppoſite 
Angles) : But the Segments of the Legs of any Triangle cut by Lines 
parallel to the Baſe, being (by Schol. to 2. 6 Eucl. El) proportional; 
EC: EB :: FA: FG; that is in Words, half the Sum of the Legs is 
to half their Difference, as the Tangent of half the Sum of the op- 
poſite Angles is to the Tangent of half their Difference: But Wholes 
are as their Halves; wherefore the Sum of the Legs is to their 
Difference, as the Tangent of half the Sum of the Angles oppoſite is 
to the Tangent of half their Difference. ©. E. D. 
Axiom IV. .. 

The Baſe or greateſt Side of any Bog 
Plane Triangle is to the Sum of 007 
the Legs, as the Difference of the 2 - 
Legs is to the Difference of the Seg- B.- : 


ments of the Baſe made by a Per- | : 
pendicular Jet fall from the Angle 3 E 


oppoſite to the Baſe. EP F 


Demenftration. 7 

From the / B, on the Baſe AC, 4 N 
of the A ABC, let fall the Per- 3 
pendicular BD ; on B, as a Center, with the greater Leg BC, as a 
Radius, deſcribe the Circle Bx Cy Z; and produce AB to and y, 
and CA to Z. Then by the 35. 3 Eucl. Elm, Ay x Ax is = AC 
XAL ; viz. : BC—BA: Xx: BC + BA: = AC x: DC — DA: 
therefore AC: BC + BA :: BC — BA: DC- DA. 9. E. D. 
Otherwiſe, let the Difference of the Squares of the Sides BC and 
AB be taken and divided by the Baſe AC, the Quotient ſhall be 
the Difference of the Segments of the Baſe aforeſaid : Or, ſquare 
all the 3 Sides, and deduct the Square of one of the leſs Sides out 
of the Sum of the other two Squares, divide half the Remainder by 
the longeſt Side, the Quotient is the Alternate Segment of the Baſe. 

The Proportions for the Solution of the ſix Caſes of Plane ob- 
lique Triangles. { See the laſt Fig.] 


Given. 
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Given | Regd. | Proportions. | Ax. | Caſe. 


BC A AB: BC:: Si. C: Si. A. 2 1 
and C | 


N. B. 18, If the given Angle be Obtuſe, the other two Angles then are each Acute. 

2ly, If the Side oppoſite to the given Angle is longer than the Side oppoſite to the 
Angle ſought, then is the Angle ſought Acute; but if ſhorter, then is the ſaid Angle 
doubtful, and may be either Acute or Obtuſe, becauſe both the Sine and its Complement 
to two Right-Angles are the ſame : Wherefore to be certain of what Quality the Angle 
oppoſite to the greateſt Side is: Take the Sum and Difference of the greateſt Side and 
Middle (or leaſt) and their Logarithms, if the Half of them be equal to the Logarithm of 
the third Side, the Angle oppoſite to the greateſt Side 1s a Right-Angle ; but if the Lo- 
garithm of the third Side be greater than the Half, it is Acute, if leſs, it is Obtuſe: Or, 
without Logarithms, multiply the ſaid Sum by the Difference aboveſaid, and extract the 
Square Root, 


Equal to | Right 
which if } Greater than p the third Side, then is the greateſt Angle 4 Obtuſe 


Leſs than Acute 

AB AB:;BC::m E: Si. A. 

BC] AC | Hence, by Subtraction, the Z B will be 22 
and C known. 

Si. K: . :: BC AG. 


ge AB Si. A: S. C:: BC: AB. 3 
B BC AB: BC AB:: Ian. 4 dum of 8 
AB the /s oppoſite: Tan. 5 Difference of 


BC | Aand| the /s oppoſite. Then 2 Sum + 2 4 
C | Difference = greater / A; and © Sum| 3 

— 3 Difference leſſer / C. 

B Firſt, find the Angles by the latt ; then 3 

AB | AC 8i. C: Si. B:: AB: AC. 25 


AB AC : BC + BA:: BC—BA: PC- DA 


> | 


BC A Then AC -r DC — EDA = DC. 
AC | B And: AC—-:* DC—iDA:=DA.|. [6 
C Then AB: AD: : R: Coſi. A. 1 
And CB: DC:: R: Coſi. C. 1 


| And 180? — / A- , CS 2B. BY 
Or more readily at one Operation, 

From half the Sum of the Sides inbduct each particular Side, and let the Sum of the 
Logarithm of the half Sum and Difference of the Side ſubtending the enquired Angle te 
ſubdued from the Sum of the Log. of the other Difference and the double Radius, half 
the Remainder ſhall be the Log. ot the Tangent of half the enquired Angle. 

Agrecable to this Axiom in Gellibrand's Trig, Pritann'c:, p. 46. 

As the Rectangle of half the Sum of the Sides and the Difference b+*twween that half Sum 
and the Side oppoſite to the Angle required, is to the Rectargle of the other tauo Remainder: ; 
fo is the 2 of Radius to the Square of the Tas gent of half the Ang'e ſought, 

Ex Angulis latera, wel ex lateribus Angulos & mixtim in Triangulis tam plaris quam 
Sphericts aſſeqri, Summa Gloria Mathematici eft : Sic enim Calum & Teras & Ma- 
ria felici & admirando cal:ulo menſurat, Fran, Vieta, 

F804: 


Page. 

Bſciſſa — 380, 386 

A Abſolute Number 144 
Acute Triangle 288 

— its Properties 319 


Addition of whole Numbers 8 
— of Weights and Meaſures 


39 
— of Vulgar Fractions 53 
— of Decimal Fractions 59 


of Algebraick Integers 


147 
—— of Algebraick Fractions 
167 
—— of Surds — — 172 
Adfected Equations, their Solu- 
tion — — — 2234 — 
Adjacent Side — — 326 
Affirmatiye. See Quantity. 
Ale Meaſure — — — 35 
Algebra — — 2, 143 
Alligation Medial 110 
— Alternate 112 
— Partial — — 114 
— Total — 1157227 
Alternate Segment — 323 


Altitude of a Figure — 289 
Amblygonium — 288 
Analogies or Proportions 193 
Angle, Right, Obtuſe, Acute 284 


Page, 
Angle, in a Segment — 287 
how biſefted — 20 
at the Center — 2k 
— at the Peri PRery ibid. 
Annuities. See Penſions. 
Antecedent  —. — 73 
Apothecaries Weights — 32 
Arch, how biſected = 293 
= trileted — — 249 
Are — ”_ 
Arithmetick — — — 


Aſymptotes of a Hyperbola 265 


— how drawn 295 
Averdupois Weight —— 32 
Axiom, what — — 291 
Axiome — — 146, 301 
Axis of a Cone — — 302 


of a Sphere —— 403 
—— of a Spheroid — ibid. 


B. 


Back, its Area gauged 425 
Barrel, how gauged — 449 
Bartering Commodities 104 
Baſe of a Triangle — 288 

of a Cone — — 362 

of a Pyramid — 4:8 
—— of a Fruſtum — ibid. 
Beer Meaſure — — 35 
Binomial — — — 155 
Biquatrate — — — 124 
294 Biquadrate 


IN D E X. 


Page. 
Bi juadrate its Root extracted 
134» 23) 

Body. See Solid. 
Butt gauged 


* 


449 
Calipers ſliding — — 449 
Carracts of Gold and Silver 118 
Caſk gauged — — 449 
Cathetus 288 
Center of a Circle 286 
of an Ellipſis 304 
common particular ibid. 
Change of Order in Things 82 
Chord of a Circle 287 
Circie 286 


6—v—h a nmn—_ 


—— its Properties — 315 
—— how divided — 356 
— its Area found — 406 
— the ſame gauged 4.38 


Circumference of a Circle 286 
deſcribed through three 
Points 


ad Eat Bionad.. 

how found 347 
Coefficient — — 144 
Coin — — — — 1 


Common Meaſure 52, 166 


Compaſſes eee. — 375 


Cooler, how gauged — E: 
Cone and its Sections I 
its Content found 

—— its Curve Superficies ibid. 
its Content gauged 444 
Conjugal Hyperbolas — 394 
Conjugate Diameter — 364 
Conoid. See Parabolick Conoid, 
Conſequent 78, 187 


Conſtruction of Equations 324 


Copper how gauged — 448 
Corn Meaſure — 36 
Corollary or Conſe&tary 291 
Cube Arithmetical 123 


—— its Root extracted 131 


Drip or Fall of a Tun 
E 


Page. 

Cube Geometrical — 402 

its Content found 414 
Cubick, See Equation. 

CYNOEE: © =; =: "202 

its Content found 415 

—— its curve Superficies 416 

— its Content gauged 444 


Cypher — — — — 
= 3 


Decagon, how formed 299 
inſcribed in a Circle 345 


its Area found 386 
Decimal. See Fractions. 
Decimal Tables — — 70 
Demonſtration — — 291 
Denominator — — 48 
Diagonal of a Trapezium 290 


its Property ina Circle 316 
Diameter of a Circle — 286 
—— of an Ellipſis 363 
Digit — 3 
Dimenſions — — 2, 123 
Direct Rule of Three — 85 
Dividend 21 


Diviſion of Integers — ibid. 


of Vulgar Fractions 56 
of Decimals 65 


of Algebraick Integers 153 
— of Algebraick Fractions 


199 
of Surds — — 173 
Tails oo ae” ws” Of 


Dodecagon, how formed 269 
inſcribed in a Circle 346 
— its Area, how found 347 


447 


Ellipſis — 
— its Properties 
— its Parameter found 
— its Focus found — 
Ellipſis how deſcribed — 

Ellip 185 


E 


Page. 
Ellipſis, its Area found 412 
the ſame gauged 439 
Elliptical Compaſſes — 375 
Engliſh Corn — — 31 
Equation — — — 175 
—— Quadratick ſolved 194 


—— the ſame conſtructed 324 
Equations, Cubick, Biquadra- 
tick, &c. ſolved 237, 337 


Equations how turned into Ana- 
logies 


e e ee 
Equilateral Triangle — 288 
deſcribed — — 296 
inſcribed in a Circle 342 
its Area found — 343 
Evolution, or Extraction 123 


of Algebraick Integers 


| 160 

of Fractions — 170 

Exchange of Coins — 105 
Exponent. See Index. N 

Extream— — — 73 

EF. 

FaQors — — 144 

Fellowſhip Single — 99 

Double — — 101 

Figure in Arithmetick — 3 

in Geometry — 285 

Fraction Vulgar — — 48 

Decimal — — 57 

— Algebraick —— 145 

Freehold or real Eſtate, how 

purchaſed — — 282 

Fruſtum of a Cone found 418 

— the ſame gauged 445 

of a Pyramid found 419 

the ſame gauged 443 

of a Conoid found 429 

— the ſame gauged 452 


Fruſtum of a Pyramidoid. See 
Zone. 


Fruſtum of a Sphere. See Seg- 


Page 
ment. 

G. 
Gauging practical 433 
Geometry — 2 

Globe. See Sphere. 

Golden Rule Single — 85 
Double 94 

H. 
Harmonical Proportion 189 
Heptagon 2 0 
Hexagon ibid. 


how both are formed 299 
Hogſhead, how gauged — 449 
Hoofs of Pyramids or Cours, 


their Contents found 420 
Hoofs, how gauged — 447 
Hyperbola 264 

its Properties — 385 
— its Parameter found 338 
— its Focus found 389 
— hw deſcribed — 390 
— its Aſymptotes drawn 
395 
Hyperbolas corqugal — 394 
Hyperbolick Conoid — 493 
Hypothenuſe 238 
Imperfect Cone 362 
Inching a Tun, &. — 447 
Inclining Lines — — 284 
their Property —— 302 
Indices of Powers — 124 
Infinites, their Arithmetick 
397 
Integer Numeral -- — 3 
— Alzebratcx 147 
Intereſt Simple 2.45 
Compound — 253 
Interſecting Lines — 302 
Inverſe Rule fingle -- — 9 
double -— — 9z 
Involution — 124 


lavolaton 


Qqq 2 


EN . 


Page. 
Involution of Algebraick Inte- 
gers 15 5 
—— of Fractions — 170 
of Surds — — 174 
Irrationality —— 144 
Iſoſceles Triangle 288 
| K. 
Kerſey's Ænigma ſolved 231 
| L 


Latus Rectum of an Ellipſis 364 


— of a Parabola — 365 
— cf a Hyperbola 366 
Leaſes in ReverſionQsQ — 271 
Lemma 291 
Line Right, cc. — 283 
— how biſected — 293 


how any Way divided 


Os 295 
Liquid Meaſure — — 34 
Load of Ore — — 37 
Long Meaſure — 33 
Mathematicks — — 1 
Mean — — — — 73 


Mean proportional Line how 


found — — — 313 
Meaſures — — 33 
Mixed Numbers — — 50 
Multiplicand — — 14 
Alultiplication, of Integers 15 

of Vulgar Fractions 55 

— of Decimal — 61 

of Algebraick Integers 

150 

of Aigebraick FraQtions 

| 168 

—— Of Surds — — 173 

Multiplier — — 14 

Mufical e — 189 
Negative. Sce Quantity. 

Node, Sec Focus, 


Oval 


Page. 


Notation or Numeration 
Notation of Decimals 


Number 
Numerator 


— 


| | 


Oblate Spheroid — — 
Oblique. See Triangle. 
Oblique or Scalene Cone 
Obtuſe. See Angle. 
Obtuſe Triangle 
its Property 
Octagon 
how formed 
inſcribed in a Circle 
— its Area how found 
Oppolite Angle — — 
Ordinate 


o 


— 


Outward Angle — — 
Oxygonium 


Parabola 
— its Properties — 
— its Parameter found 
—— its Focus found — 
how deſcribed — 
its Area found 
Parabolick Conoid 
— its Content 
—— the ſame gauged 
Parallel Lines 
— how drawn | 
— their Property — 
Parallelograms 
— how formed 
— their Property — 
Their Arcas found 
the ſame gauged 
Parallelopwpedon — — 


—— —ü . — 


1 — — 


— — 
— 


4 


— 


6 


57 
of Integral Quantities 144 
of Fractional Quantities 


163 
3 
48 


403 


402 


Paralle- 


1 ND K- ©. 


Page, 
Parallelopipedon its Content 

414 
— how gauged — 444 


Parameter Right 304 
Penſions in Arrears computed 
at Simple Intereſt 248 
at Compound Intereſt 266 
Penſions their preſent Worth 
computed at Simple Intereſt 


Page. 

Problem 291 
Product 14 
Progreſſion Arithmetical 73 
—— Geometrical — 76 
Proportion Continued - 76 
Disjunct, See Golden 

Rule. 


Proportion Compound — 94 
Duplicate and Triplicate 


251 192 
— at compound Intereſt 268 Proportional Line, third how 
Pentagon — — — 290 found - 313 
— how formed — 299 Fourth how found 314 

inſcribed in a Circle 343 Pyramid 403 
— its Area found — 344 its Content found 415 
Perimeter of a Triangle 326 the ſame gauged 443 
— of a Square — 407 Pyramidoid 403 
Periods of Numbers — 6 — its Content found 430 

of Powers — 126 Pythagorick Theorem 308 
Periphery. See Circumference. 
Perpendicular —— 285 Quadrangle 316 
—— how let fall — 294 Quadrant —_— 287 

how raiſed — ibid. Quantity — — — 2 
Pipe, how gauged — 449 Simple and Compound 
Plane Geometrical — 285 144 
In Plano, to deſcribe an Ellipſis —— Affirmative and Negative 

| 2 145 
— a Parabola — 364 Queſt ois limited and unlimited 
— a Hyperbola — 390 176, 227 
Point Geometrical — 283 Quotient — — — 21 
Points, to deſcribe an Ellipſis by R. 

374 Radius — — — 286 
— a Parabola .-— 385 Ratio 1 3 
—— a Hyperbola — 392 Reciprocal Proportion 91 

Polygons regular — 290 Rectangle Arithmetical 187 
— how deſcribed — 299 Geometrical — 308 
—— their Areas found 341 Reduction Deſcending — 43 
Polygon irregular — 290 Aſcending — — 45 

owers — — — 123 Reduction of Fractions 51 
Prime Numbers — — 51 Reduction of Equations 177 
Priſm 328 — 402 Regiſtring, c. — — 145 
— its Content found 414 Reſidual 156 

; 9 Reverſions 


LN DB. As 


Page. 
Reverſions 271 
Rhombus and Rhomboides 289 
—— their Areas found 339 
Right-angled Triangle 288 
its chief Properties 308, 


310 
Right Cone — — 362 
Right-line — — — 283 


———— how cut into Extream and 


Mean Proportion 320 
Right Parameter, See Latus 
Rectum. 

8. 
Scalenous Triangle — 288 
Scholium — — — 291 
Sector of a Circle — 287 
its Area — — 406 
Segments of a Bale — 319 
Segment of a Circle — 287 
its Area gauged 444 
Segment of a Sphere — 424 
the ſame gauged 446 
Segment of a Spheroid 427 
Semiciicle — — — 286 
its Property —— 307 
Signs Algebraick 4, 5, 144, and 
| 227 
—— Geometrical — 301 
Similar I riangles — — 310 
their Properties 315 


Sines Natural, calculated 2356 
Sliding Rule 433 
Solid 3 
Specifick Gravity — — 117 


Sphere 403 
— its Superficies — 421 
— its Content — 423 


its Content gauged 445 
Sphcroid 403 
— its Content 426 
Spindle Parabolick. See Pyra- 
midoid. 


— ̃ 


Page. 

Square Arithmetical — 423 

its Root extracted 126, 

234 

Square imperfect, compleated 
I 

Square Geometrical — 280 

how formed — 296 


deſcribed about a Circle 


298 

Standard for Gold and Silver 

118 

Sterling Money — — 31 
Steps. See Regiſtring, &c. 

Subtend — — — 305 

Subtenſe or Chord — 331 

Subſtitution 194 

Subtraction of Integers 11 

of Weights and Meaſures 

41 


of Vulgar Fractions 54 
of Decimal Fractions co 
of Algebraick Integers | 


— — — 
— —ꝛ—ʒꝛ —ę— 
— — — 
— — —— 


148 
of Algebraick Fractions 
168 
of Surds — — 172 
Subtrahend — — — 13 
Superficies or Surface — 285 
— 
Firſt Surſolid Root eder 
35, 230 
Second Surſolid Root i 
139 

hs 
Tangents Natural calculated 
350 
Tangent drawn to an Ellipfis 
—-— to a Parabola — 285 
—— to a Hyperbola — 393 
Tara | on ( ns: 30 
Theorem — — — 291 


Time, 


TH DEX 


Page. 


37 
1 


Time, its Meaſure 
Tranſverſe Diameter 


Tranſverſe Axis — — 365 
Trapezium — — 290 
— inſcribed in a Circle 316 
Triangle 287 
— how formed — 296 

including a Circle 298 


— — 


the Sum of its Angles 304 
inſcribed in a Circle 316 


—— 


—— its Area 404 

its Area gauged 436 
Triangulate — — 341 
Troy Weight — — 31 
Tun, how * — 447 


Van Culen's Circle's Circum- 
ference 355 
Variation. See Change. 


7 


FTI 


Page. 

Vertex of a Cone — — 362 

Vertical Angle — — 328 
U 


Ullage of a A 4 454 
Unciz of Powers, how found 


/ I57 
P 
Unlimited Queſtions — 227 

W. 

Weights — — — 31 
Wine Meaſure — — 34 
d 

Year Julian — — — 
= 37 


Middle Zone of a Sphere 425 
of a Spheroid — 427 


— ͤ —v—ů— 


this gauged — — 450 
131 
451 


of a Pyramidoĩid 
the ſame gauged 
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FRENCH CONVERSATION, 


| With new, familiar, and eaſy 
DIALOGUES, 
Each preceded by a: 


* VOCABULARY 


I N. 
FRENCH and ENGLISH; 
Deſigned particularly for the USE of SCHOOLS. 


By 7 OHN PE R R I N. —vA 


THE SECOND EDITION. 


| * 
Printed for B. LAW, in Av z- Mawr eu 
| Mpccixxvi. 


PR E FA V4 


HE French. Tongue being confeſſedly an eſſential 

Part of a liberal Education, every attempt to 
render the Study leſs painful, andthe attainment. 

of that faſhionable Language more expeditious, cannot” 


but meet with Encouragement from the judicious Part 
of the Public, 


Dialogues have, at ſeveral Times, been publiſhed, 
deſignedly for the Uſe of Schools; but, it muſt be ac- 
knowledged, that they are, for the moſt Part, injudici- 
ouſly collected, containing, at the very Beginning, idio- 
matical Expreſſions, which, far from forwarding the 
Student in his Purſuits, ſerve only to perplex his Under- 
ſtanding : In the following Sheets Care has been taken 
to lead him gradually, and the Vocabularies ſuitable to 
and containing almoſt all the Words of each ſucceeding 
Dialogue, muſt of Courſe greatly help his Memory. 


The Dialogues, as well as the Plan of the whole 
Work, are entirely new, and I doubt not but they may 
be improved, and, if rightly purſued, will render this 

Under 


——_  —_ D—ä — — —_— 
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Undertaking, not only the moſt uſeful, but likewiſe. 


the firſt Book to be put in the Hands of all thoſe who 
learn the French Language. 


Conciſeneſs, Eaſe, and Perſpicuity ought tobe aimed 
at in all elementary Performances; how far I have ſuc- 
ceeded in theſe Particulars, is left to the Determination 
of candid and impartial Judges. 


N. B. The Words of the Vocabularies, to make Senſe 
in ſome Places, are generally to be aſked from the Left 
to the right, which a Maſter will eaſily perceive, 


SS DF Ho 


Page 17. Line 9. Peignez votre tete, read Pelanes-want. 
— 19. — 42. Ecalez les pois, Spell the peaſe, read Ecalez les noix, 


ell the Walnuts, 
— 20.— 4. Nous avons ecale les pois, zue have /b-1l.d the peaſe, 
_ Nous avons &cale les noix, Ve — fuld ie 
Wit . 
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FRENCH CONVERSATION. 


— ** "= 


Taz v C AIT VL AM 


U papier, paper. Pe Vencre, 724. 

1 Des plumes, pers. Des oranges, oranges. 
Un canif, a penknifſe. Des poires, pears. 
Des pommes, apples. Des ceriſes, cherries. 
Des prunes, plumbs. Des citrons, /emons. 
Du chagrin, ſorrow, Du change, change. 
De Por, gold. De Pargent, money. 
Des ainandes, almends. Des groſeilles, gooſeberries, 
Des framboiſes, raſberries, Des amis, friends. 
Des raiſins, grapes. Des ſuperieurs, ſuperiors. 
Des ennemis, enemies. Des infcrieurs, inferiors. 
Des égaux, equals. 
Avora, To Have. 
'ai du papier. | TI Have paper. Te 
Il a de Vencre. He has ink. | 

Nous avons des plumes, Me hawe pens. 
Vous avez un canif. You have a penknife. 
Ils ont des oranges. They bave oranges. 
J'avois des poires. T had pears. 
Il avoit des pommes. He had apples. 
Nous avions des ceriſes. We had cherries. 
Vous aviez des prunes. You had plumbs. 
IIs avoient des citrons. They had lemons, 


B Peus | i had 


4 


Peus de la joꝛe. 

Il eut du chagrin, 
Nous eũmes du change, 
Vous eiites de Por, 

Ils eurent de Pargent, 


Paurai des amandes. 

II aura des groſeilles. 

Nous aurons des framboiſes. 
Vous aurez des fraiſes. 

Ils auront des raiſins, 


JP'aurois des amis. 


Il auroit des ennemis. 


Nous aurions des ſuperieurs, 
Vous auriez des inferieurs, 
Ils auroient des Egaux. 


1 had joy. 

He had forrow. 
W, E had C bange. 
You had gold. 


They had money. 


T ſhall have almonds. 

He. hall have geoſeberries. 
We ſball have raſberries. 
You will have ftrawberries. 
They will have grapes. 


1 ſhould have friends. 
He ſhould have enemies. 
Me would bave ſuperiors. 


| You would have inferior, 


T hey would bade equals. 


Avoient- ils des noiſettes ? 


— 


NE epee, a ſword. 
Une epingle, @ pin, 

Un conge, à Holiday. 
Des peches, peaches. 
Des figues, figs. 
Des chataignes, che/ſnuts, 
Des noix, uus. 
Des noiſettes, /ma!l nuts. 
De la Sincerite, Ancerity. 
De la politeſſe, politene/5. 


INTERROGATIVEMENT. | 
A-t-il-une epee ? 
Avons-nous conge? 
Avez-vous une Epingle ? 


- Ont-ils des peches ? 


Avoit-il des figues ? 
Avions-nous des chataignes ? 
Aviez-vous des noix ? 


Eut | 


De la modeſtie, mode/?y. 
Du degoat, d:/2uft. 

Des avelines, filberts. 
Des cocombres, cucumbers. 
Des tulippes, zulips. 

Des fleurs, flowers. 

Du profit, profit. 


Des roſes, ro/es. 


Des marchandiſes, wares, 

De Pappetit, apperite. 
INTERROGATIVELY, 

Has he a ford? © 

Hawe we a holiday? 

Hawe you a pin ? 

Have they peaches. 


Had he figs ? 

Had we cheſnuts ? 
Had you nuts ? 

Had they ſmall nuts? 
| RR 


Fat-il de la fncerits ? 


Had be fincerity ? 
Eümes- nous du degoilt ? Had we diſguſt ? 
Eütes-vous de la politeſſe? Had you politene/s ? 
Eurent-ils de la modeſtie? Had they modeſty ? 
Aura-t-jl-des avelines ? Will he have filberts ? 

- Aurons-nous des cocombres ? Shall we hade cucumber; ? 
Aurez - vous des tulippes ? Shall you have tulips ? 
Auront:-ils des fleurs ? Shall they have flowers ? 
Auroit. il du profit ? Would he have à profit ? 


Aurions-nous des roſes ? 

Auriez-vous des marchandi- 
ſes ? 

Aurotent-ils de Pappetit ? 


(3) 


Would we have roſes ? 
Would you have wares ? 


Would they have appetite ? 


— * 


N mouchoir, a Bandler- 
chief. 
Des jarretieres, garters. 


Des ſouliers, ./oes. 

Des boucles, buckles. 

Un chapeau, à hat. 

Des gants, gloves. 

Un peigne, a comb. 

Des bottes, boots. 

Une montre, a wach. 

Une tabatiere, a /nuff-box. 

Du plaifir, plea/ure. 

De Vamitie, Friendſbip. 
NEGATIVEMENT. 

E n'ai pas de, mouchoir. 
] Il n'a pas de jarretières. 
Nous n'avons pas de ſouliers. 
Vous n'avez pas de boucles. 
Ils n'ont pas de chapeaux. 


* n'avois pas de gants. 

| n'avoit pas de peigne. 

Nous n'avions pas de bottes, 

Vous n'aviez pas de montre. 

Ils n'avoient pas de tabatiere. 
B 2 Je 


THE VOCABULARY. 


Des ſerviettes, naphins. 

Un maitre, a ma/ter. 

De la reconnoiſſance, 
tude. 

Un habit, a /t of cloat li. 

Des bijoux, ewwels. 

Des cartes, carts. 

Des rivaux, rivals. 

Du fruit, f* wit. ' z 

Des domeſtiques, /erwants. 

Des richeſſes, riches, 

Du the, tea. 


gratis 


Du caffe, ce. 


Du ſucre, /ugar. 


NegGaTIVELY. 
7 Hawe no bandterchief. 
He has no garters. 
Ve have no ſboes. 
You hae ro buckles. 
They have no hats. 


Thad no gloves. 
He had no comb. 
We had no beets. 
You had no qwatch. 
They. bad no., ſnuff” box. 


-P 


J bad 


(4) 
Je n'eus pas de plaiſir. T had no pleaſure. 
Il n'eut pas d'amitié. Hie had no friendſhips 
Nous n'eumes pas deſerviettes. Ve had no napkins. 
Vous n'eiites pas de maitre. You had na. maſter. 
Ils n'eurent pas de recon- They had no gratitude. 


noiflance, | 
Je n'aurai pas habit. T ſhall bade no ſuit of cloaths. 
Il n'aura pas de bijoux. He will have no jewels. 


Nous n'aurons pas de cartes. Ve ball bade no carts. 
Vous n'aurez pas de rivaux. You will have no rivals, 
Ils n'auront pas de fruit. They wiil have no fruit. 


Je n'aurois pas de domeſti- I ſbould have no ſervants, 
ques, 


II n'auroit pas de richeſſes. H. would have no riches, 
Nous n'aurions pas de the, Ve ſhould have no tea. 
Vous n'auriez pas de caffe. You ſhould have no coffee. 
Ils n'auroient pas de ſucre, They would ade no /ngar. 


* 3 . 1 th 8 —_— 


Tus VOCABULARY. 


U velour, velvet. Une place, a place. 
Des couteaux, Ini ves. Une penſion, apen/ion. 
Une cuiller, @ /peon. Un coffre, a trunk, 
De la poudre, powder, Dies rideaux, curtains. 
Des ciſeaux, /ciYars. Des. bougies, wax candles. 
Un miroir, a leeling-glaſi. Des chandeliers, candle/ticis. 
Des rubans, ribbanas, Du pate, pye. | 
Des chaiſes, chairs. Des jardins, gardens. 
Une recompenſe, a reward. Des maiſons, Het. 
Un caroſſe, a coach, Les ſuffrages, the /uffrages. 
NEGATIVEMENT ET INTER- NEGATIVELY AND INTERRO-> 
ROGATIVEMENT. ; _ GATIVELY. 
Nc Atul pas du velour ? AS he no wvelwet ? 
N'avons-nous pas de Have we no knives ? 
couteaux 7 


N'avez- vous pas decuillers? Have you no /pcons ? 

N'ont- ils pas de poudre ? Have they no powder ? 

N'avoit-1]:pas de ciſfeaux? Had he mo ſcifſars ? | 

N*avions. nous pas de mirdir ? Had awe no Jooking glaſs ? 
N'avicz- Had 


(5) 
N' aviez-vous pas de rubans? Had you no ribband: ? 
N'avoient · ils pas de chaiſes ? Had they no chairs ? 


N'eut-il pas de recompenſe ? Had he no reward 7 
N*eames-nous pas de caroſſe? Had awe no coach? 
N'eũtes- vous pas de place? Had you no place? 
N'eurent- ils pas de penſion? Had they no penſon? 


N'aura-t-il pas de coffre? Vill be hawe no trunk ? 

N'aurons-nous pas de ride- Shall aue not have curtains ? 
aux ? | 

N'aurez- vous pas de bougies ? Vill you not have wax can - 
_— 8 

N'auront-ils pas de chande- Vill they not have candlſticias? 


hers ? 
NPauroit-il' pas de pate? Would he not have pye ? 
ao” 1 on pas de jar- Should wwe not have gardens © 


N'auriez- vous pas de mai- Would you not have houſes ? 


ſons ? 
N'auroient ils pas les ſuffra - Would they not have the ſuf- 
ges? frages? 


Me ee Stn 
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THE VOCABULARY. 
IE N aiſe, very glad. Diligent, diligent. 


Sincère, fincrre. Pareſſeux, idle. 
Occupe, 645. Dangereux, dangerous. 
Agréable, agreeable. Diſcret, diſcreet. 
Timide, fear ful. Doe, learned. 
Surpris, ſurpriſed; Econome, /aving; 
Aimable, lovely. Envieux, envious.- 
Tranquille, guiet. Expert, expert. 
Conſcientieux, confeientiouss Malade, ich. 
Conſtant, canffant. Suſpect, ſuſpected. 
Curieux, rurious. Trompé, deceived. 


Deſpotique, de/porical. Meẽthodique, merhodical., 
oF ye —— Admirable, e 


B 3; 3 | ET RE. 


- 


* « 


ErRE. 


E ſuis bien aiſe. 
Il eſt ſincère. 
Nous ſommes occupes. 
Vous etes agreables, 
s ſont timides. 


Jetois ſurpris. 

Il etoit aimable. 

Nous Etions tranquilles. 
Vous étiez conſcientieux, 
Ils étoient conſtans. 


Je fus curieux. 
11 fut deſpotique. 
Nous fümes diligens. 
Vous fütes pareſſeux. 
Ils furent dangereux, 

e ſerai diicret, 
Il ſera doe, 
Nous ſerons economes, 
Vous ſerez envieux. 
Its feront experts. 
Je {erots, malade. 
Ii ſeroit ſuſpect. 
Nous ſerions trompes. 
Vous ſeriez methodiques, 
IIs terotent admirables, 


” 8 ** ll... AM. 


(6) 


. 


To BE. 


T Am very glad, 
He is fancere, 


| We are buſy. 


You are agreeable, 


T hey are fearful, 


{ was ſurpriſed. 

He wwas lovely. 

We were quiet. 

You were conſcientious, 
T hey were conſtant, 


T avas curious. 


He aua deſpolical,' a 


We were diligent. 
You were idle. | 
They were dangerous: 


T1 fhall be diſcreet. 


He awill be learned. 
We ſpall be ſaving. 
You will be enviou:!. 


T hey will be expert. » 


T ſhould be fick. 

He would be ſuſpected. 
We jhould be decei ved. 
You would be methodical, 


| They would be admirable, 


1 eaſy. 
Fantaſtique, fantaſtical. 
Zele, zealous. 
Favorable, favourable, 
Ferme, firm. 
Fier, proud. 
Flatteur, Hartering. 
Foible, awweat. 
Frugal, frugal. 
GCnercux, gencrous. 


Tux VOCABULARY. 


a. that. * © mat. 


bk. 


Triſte, /orrowſul. 
Grave, grave. 
Habile, frillful, 
Illuſtre, //uftrivus, 
Immodeſte, immode/R. 


* Imparfait, zmpe ect. 


Melancolique, me/ancholical. 
Juſte, uſt. 
Judicieux, judicious, 
+ Laboricux, laborious, 
INTER» 


F 


INTERROGATIVEMENT. 
8 T. il facile? 


E 


Sommtes- nous fantaſti ques ? 


Etes-vous zeles ?. 
Sont-ils favorables ? 


Etoit-1l ferme? 
Etions-nous fiers ? 
Eticz-vous flatteurs ? 
Etoient ils foibles ? 


Fut il frugal ? | 
Fümes- nous genereux ? 
Fates-vous triſtes ? 
Furent-ils graves ? 


Sera-t-1l habile ? 
Serons-nous illuſtres? 
Serez-vous immodeſtes ? 
Seront-ils imparfaits? 


Seroit- il melancolique ? 
Serions- nous jultes ? 

Seriez-vous judicieux? 
Serotent-ils laborieux? 


ht 


(9) 


INTERROGATIVELY. 
S he eaſy ? | 
Are we fantaſtical ? 
re you zealous ? | 


Are they favourable ? 


Was he firm? 


Were we proud? 
Were you flatterers ? 
Were they weak ? 


Mas be frugal? 


ere we generous ? 


Mere you 2 ? 
Mere they grave | 


Will he be feillful ? 
Shall aue be illuſtrious ? 
Will you be immodeſt ? 
Will they be imperfect? 


Mould he be melancholical ? 


Should aue be juſt ? 
Mould you be judicious ? 
Would they be laborious ? 


* * 


—_—— — 


Tur VOC ABU LA Rx. 


INconſtant, incou⁰tant. 

I Imprudent, imprudent. 
Impudent, inpude nt. 
Incurable, mcurable. 


Incorrigible, incorr gible. f 


Indigent, indigent. ; 
Inépuiſable, inexhauſtible, 
Inhumain, inbuman. 
Inquiet, anea/y. 
Invincible, inwincibla. 
Inutile, let. 

Joyeux, jo3/ul, 


Laborieux, /aboricus. 

Lent, ow. 5 
Equitable, equitable. . 
Jeune, young. | 
Laid, wgly, 

Savant, learned. 


Riche, rich. 


Malicieux, malzicious, 


Litigieux, litigieus. 
Obſtine, ob/t:nates 
Imbecille, i. 


' Excuſable, excu/able; 


Ingenieux, ingentous. | 
| SITS 5 : 0 
NEGATIYEMENT 


NEGATIVEMENT. Na carry. 


JE ne ſuis pas inconſtant. I Am not inconflant. 

I weſt pas imprudent. He is not imprudent.. 

Nousne ſommes pas impudens. We are not impudent. 

Vous n'etes pas incurables. You are not incurable, 

Ils ne ſont pas incorrigibles. They are not incorrigible... 

Je n'etois pas indigent.. I was not indigent. 
n*etoit pas inepuiſable, He was not inexhauſflible. 

Nous n'etions pas inhumains, Ve avere not inhuman. 

Vous n'ẽtiez pas inquiets. You were not uneaſy. 

Ils n'ẽtoient pas invincibles. They were not invincible. 


Je ne fus pas inutile.. T was not uſeleſs. 

Il ne fut pas joyeux. He was not joyful. 

Nous ne fümes pas laborieux. Ve were not [aborious. 
Vous ne fittes pas lents. You were not flow. 

Ils ne furent pas equitables. T hey were not equitable: 


e ne ſerai pas jeune. J. Gall not be young. 

1 ne ſera pas laid. He «will not be ugly. 
Nous ne ſerons pas riches. Je all not be rich. 
Vous ne ſerez pas ſavans. You avill nor be harned. 
Ils ne ſeront᷑ pas malicieux. They auill not be maliciout.. 


Je ne ſerois pas litigieux. J. Gould not be litigious. 
Ane ſeroit pas obſtine. He would not be obſtinate. 
Nous ne ſerions pas imbecilles. Ve fbould not be filly. 

Vous ne ſeriez pas excuſables. Ton would not be excuſable.. 
Ils ne ſeroient pas ingenieux, They would not be ingenious. 


— TITEL 
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THE VOCABULARY. 
OD ESTE, mode}, Ponctuel, gunqual. 


Joli, pretty. Pointilleux, cavelling. 
Mortel, mortal. Poli; polite. 
Nonchalant, —_ Raiſonnable, rea ſanablt. 
Langoureux, languiſbing. uinteux, whimſical. 
Pale, pale. . Nrulier, J 0 
Morne, ſullen. Utile, / ul. 
Opulent, opulent. Sage, wi/e. 
Peremptoire, peremptory. Querelleux,. ęuarrelſome. 
Or gueille ux, r oud. | Tecmeraire, raſh, 


Vigoureux, 


\ 
\ 
h 


